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Abstract 

This thesis investigates two main topics concerning black holes in extensions of 
general relativity that can arise as low energy limits of string theory. 

First, the structure of the equations of motion underlying black hole solutions is 
considered, in theories of D-dimensional gravity coupled to scalars and vectors. 
The presence of scalar fields complicates the analysis of black hole solutions. 
However, for solutions preserving supcrsymmetry, the equations of motion have 
a dramatic simplification: they become first-order instead of the second-order 
equations one would expect. Recently, it was found that this is a feature some 
non-supersymmetric black hole solutions exhibit as well. We investigate if this 
holds more generally, by examining what the conditions are to have first-order 
equations for the scalar fields of non-supersymmetric black holes, that mimic the 
form of their supersymmetric counterparts. This is illustrated in examples. 

Second, the structure of black holes themselves is investigated. String theory 
has been successful in explaining the Bekenstein-Hawking entropy for (mainly 
supersymmetric) black holes from a microscopic perspective. However, it is not 
fully established what the interpretation of the corresponding 'microstates' should 
be in the gravitational description where the black hole picture is valid. There 
have been recent advances to understand the nature of black hole microstates in 
the gravity regime, such as the fuzzball proposal. A related idea says that black hole 
configurations with multiple centers are related to microstates of single-centered 
black holes. We report on work relating both pictures. As an aside, through 
a connection with the black hole deconstruction proposal, a relation between 
violations of causality for certain spacetimes (presence of closed timelike curves 
in the geometry) and a breakdown of unitarity in the dual conformal field theory 
is given. 
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My old man told me one time 
you never get wise, you only get older 
and most things, you never know why, but that 's fine 

The Dandy Warhols 



Voor mijn meisjes 



Reading guide 



This thesis gives an overview of the work performed during my doctorate. The 
aim is to gain a better understanding of various aspects in the theoretical study of 
black holes, in the wider context of string theory and supergravity. 

It consists of a general introduction, followed by four parts. The introduction is 
aimed at readers with some notion of (or interest in) physics, but not necessarily 
of this particular field. Part U gives the general context of the research, aimed at 
readers with a knowledge of physics at the undergraduate level (especially basic 
knowledge of general relativity). Then follow two parts describing most of the 
research done during the PhD. Each describes different aspects in the study of 
black holes and starts with its own introduction. In particular, part [TT| discusses 
the work on first order equations for non-supersymmetric black holes. Section 14.11 
to 14.31 constitute an introduction to the ideas presented in this part of the thesis. 
Part IIIII contains the research on black hole 'microstates' in the (super)gravity 
regime. The reader is advised to go to chapter for an introduction to this field. 
Finally, part IIVI gives a conclusion and a technical appendix. 

This version of my PhD thesis differs slightly from the printed version. The 
Dutch summary is left out, as it contains a very non-technical account of the work 
performed. For an online version of the printed PhD thesis including the Dutch 
summary, see |http://itf.fys.kuleuven.be/hep/phd/ThesisBert Vercnocke_Cover.pdf] 
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Introduction 



1.1 The large and the small 

Remember the last time you were walking in the outdoors. Imagine again how you 
looked around and noticed your surroundings, felt the wind in your face, smelled the 
fresh air. Your senses certainly gave (and continuously give) you the impression 
that there 'is' something outside of your own consciousness. We can call that 
something 'our world' or 'the universe'. Truth is that, whatever we called it, we 
humans have always tried to understand it, tried to answer the questions that pop 
into our heads when we look at the world. Who or what controls the weather 
elements that keep us dry or surprise us with a thunderstorm? How do things 
move? What makes the world go round? 

Luckily for us, we do not need all details of the world around us to understand parts 
of it: for example, we do not have to know the smallest structure of metal (atoms, 
molecules. . . ), to mend a bike or to build a car. We say that science, and physics 
in particular, is organized in scales. Science proposes models to describe the world 
at a given scale. The scales we are mostly interested in, and most comfortable 
with, are the scales set by our everyday lives. Distances of meters and kilometers; 
time laps of seconds, hours, years; the speed of pedestrians, bikes, cars. In these 
circumstances, a successful (and accurate) way to model physics is through classical 
mechanics: the movement of objects is given through their acceleration, which in 
turn is given by the forces that act on them. In this picture, forces can be of many 
kinds: frictional forces, like the headwind plaguing a cyclist, the normal forces that 



1 



2 



INTRODUCTION 



keep a bottle of wine on the table, the gravitational force that keeps us from flying 
off to touch the stars. What happens if we broaden our scope and go to smaller, 
or larger scales? Then the classical mechanics model loses accuracy. 

When speeds grow large and/or masses of objects are far beyond what we encounter 
in our daily lives (think of planets, stars, galaxies), we enter into the realm 
of Einstein's relativity theory. In the beginning of the last century, Einstein 
reformulated the laws of mechanics under two principles. First, he stated that 
the laws of physics should be independent of the observer (principle of relativity), 
second, that the speed of light in vacuum is the same for every observer^ Following 
these principles, the generalization of the laws of classical mechanics goes in two 
steps: first, one has special relativity (S.R.), which is the extension to speeds that 
are comparable to the speed of light. Second, with the inclusion of gravity, the 
observer- independence is assured through the extension to general relativity (G.R.): 
dynamics of particles is encoded in the curvature of space-time. 

When we go down to model the very small - sub-atomic scales, elementary particles 
- quantum mechanics and quantum field theory enter the picture. In quantum field 
theory, elementary particles are represented as points, moving around in space- 
time. Point particles interact with each other through the exchange (emission and 
absorption) of other particles. (For example, the electromagnetic forces between 
electrons is realized through the exchange of photons.) The theoretical model of 
quantum field theory that describes to extremely high accuracy all elementary 
particles observed so far and the forces between them, is called the standard model 
of elementary particle physics. 

We are able to model the world extremely well in the respective domains of 
these theories: general relativity ('the large') and the standard model ('the small'). 
Through them, we are able to describe phenomena from sub-atomic length-scales 
(10~ 15 m) up to astronomical scales (light years, 10 16 m). At small length scales, 
probed by present-day particle accelerators, the standard model describes the sub- 
atomic particles that are observed and the three forces between them relevant at 
those scales (electromagnetic force, the weak and strong force), while gravity is 
negligible at these distances (see below). In the intermediate range, at everyday 
scales, general relativity reduces to the gravitational force we experience in everyday 
life and the fundamental three forces of the standard model make up the remaining 
forces we experience. At cosmological scales, general relativity models accurately 
observed reality, for instance by explaining the observed expansion of the universe, 
or through the confirmed prediction of black holes. Maybe this is reason enough 
for you to say 'stop, we are done': if these theories work so well, where is the point 
in pursuing theoretical physics? 

Actually, there are enough reasons to believe that this is not the end of the story. 
Most of these reasons are not passed on to us by experiment, but are rather thorns in 

1 For special relativity, this is more correctly stated by saying that the laws of physics apply 
in any inertial system and that the speed of light in vacuum is the same in any inertial system. 
General relativity further eploits the principle of covariance to handle accelerated frames. 
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the theorist's eye, pointing to corners of the fundamental theories above that are not 
(fully) understood. Maybe the most compelling are the problems with gravity. First, 
relativity only works under the assumption that the world is purely classical and 
does not use the principles of quantum mechanics. But, as a classical theory, general 
relativity breaks down at singularities, points where the gravitational field becomes 
infinite. These occur for instance in the big bang model and in the descriptions 
of black holes (see below). Second, the standard model is only a good description 
when gravity is weak, and only works well when we exclude gravity from the picture. 
Even worse: trying to commonly describe quantum field theory with gravity results 
in severe problems. Said in another way, we do not have an accurate quantum 
theory describing gravity at the smallest scales. 

In the rest of this introduction, we treat these two problems. First, we go into the 
problems with general relativity related to the existence of black holes in the next 
section. We expect these problems to be addressed in a consistent quantum theory 
of gravity. This is the subject of the section thereafter, where we propose string 
theory as a good quantum gravity theory that reconciles the standard model and 
gravity in one common picture, and we discuss how this theory can explain black 
hole physics. Finally, the content of this thesis is placed against this background. 

1.2 Black holes can guide us. . . 

We need to go to general relativity, to really make the concept of a black hole 
clear. It is understood through the nature of the curvature of space-time induced 
by a massive object. When a mass is put in a region of space, it curves space- 
time around it. By stacking more and more mass in a given space-time volume, 
eventually the curvature will become so large, that particle trajectories and even 
light rays are so extremely bent around the mass, they cannot escape from its pull 
and fall back in: nothing can escape from the region around the mass. Since even 
light does not come out, we call this a black hole. 

The boundary between the black hole region, from which nothing can escape, and 
the rest of space-time is called the event horizon. Due to gravitational attraction, 
all matter inside the event horizon will eventually collapse into a single point. All 
mass of the black hole is then stacked into this point, making it singular: the mass 
density is infinite. We can thus picture the black hole as a singularity, hidden 
behind an event horizon (the singularity is hidden, because no information about 
it can pass through the event horizon). 

Black holes exist. This may seem like a lot of theoretical mumbo-jumbo, but 
black holes are really 'out there'. A black hole can form when objects collapse due 
to their own gravitational pull. In particular, this happens at the end of the life 
of giant stars. During its lifetime, a star is a huge fusion reactor. In the incredibly 
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Figure 1.1: Cartoon of a black hole as a singularity surrounded by an event horizon. 

hot star interior, light atom nuclei form heavier nuclei through fusion reactions, 
releasing energy. This energy is associated with an outward pressure, opposing the 
gravitational force that wants to make the star collapse. Near the end of the star's 
lifetime, when the amount of fuel inside the star becomes insufficient, the pressure, 
too, will drop and gravity starts winning. When the star is massive enough (mass 
of more than about 4 times that of the sun) , it will eventually collapse into a black 
hole. However, since black holes are 'black', we cannot detect them directly. By 
using indirect methods (influence of the black hole on its surroundings), certain 
systems have been identified as black holes and it is commonly believed that entire 
galaxies (including our own, the Milky Way) revolve around supermassive black 
holes in their midst. 

Black holes radiate. In a sense, black holes represent gravity at its strongest. 
Therefore they form a natural way to try to probe the possible simultaneous 
description of gravity and quantum physics. A first step towards a quantum 
mechanical understanding of gravity, was ignited by Stephen Hawking in the 
seventies [![. He considered quantum field theory in the fixed gravitational 
background of a black hole. Such a setup is called a semi-classical treatment of 
gravity. Hawking showed that, semiclassically, black holes are not really black: 
they emit radiation! Intuitively, this is understood from particle creation from the 
vacuum near the black hole horizon: one particle of the pair falls into the black 
hole, while the other one escapes to infinity. The main result is that the black 
hole emits particles with the spectrum of a perfect black body, attributing thermal 
properties to the black hole: we can associate a temperature and an entropy to the 
black hole. These results came as a real surprise. The temperature and entropy are 
defined through geometric quantities of the black hole space-time. In particular, 
the entropy is proportional to the area Ah of the event horizon. This entropy goes 
by the name of Bekenstein-Hawking entropy (Bekenstein was the first to advocate 
that the black hole horizon area should be seen as an entropy): 



(1.2.1) 
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where the proportionality constants are Boltzmann's constant kg and the 
combination HGn/c 3 , which has dimensions of length squared, made up out of 
Planck's constant H, the speed of light c and Newton'sconstant Gn- For instance, 
for a black hole with mass M, the entropy scales as Sbh ~ M 2 . The temperature 
typically goes as T ~ 1/M, i.e. grows smaller for larger black holes. (More 
information on black hole thermodynamics is given in the next chapter.) 

Black holes have problems. Through the semiclassical treatment of black holes, 
we can make an analogy with equilibrium thermodynamics. In thermodynamics, 
we do not know, or use, the microscopic degrees of freedom of the system. Instead, 
the system is described by a set of macroscopic properties: energy E, entropy S, 
temperature T. . . Likewise, in semiclassical gravity, a black hole is described by its 
mass M (or energy E = Mc 2 ), its Bekenstein-Hawking entropy Sbh, its (Hawking) 
temperature Tjj- However, there is a difference. In the case of thermodynamics, we 
have a microscopic description at hand, which can be related to the macroscopic 
description through statistical mechanics. In particular, we can relate the entropy 
of a system with a certain value of the macroscopic parameter (s) (e.g. fixed energy), 
to a number of microstates f2 that give rise to the same value of the macroscopic 
parameter (s) through 

S = k B ln(n). (1.2.2) 

For black holes, a microscopic description and a 'statistical mechanics' is not at 
hand, at least not in the context of (semiclassical) general relativity: there is 
only one black hole for a given mass M, we do not have access to a number of 
'microstates'. An interpretation of the entropy as in eq. (|1.2.2p is not possible. 

We expect a (or the?) quantum theory of gravity to provide us with an answer 
to the microscopic nature of black holes: how can we account for the entropy? 
Can we construct 'microstates' for a black hole? What do they look like? There 
are also other interesting problems a quantum theory should resolve. Think about 
the singularity, which we expect to be resolved somehow through quantum effects 
(in quantum theory, physics at small length scales can differ significantly from 
the classical theory). Or the information paradox: as a black hole radiates, it 
loses mass and will eventually evaporate. In the end, we would be left with a 
universe filled with thermal radiation that has a very high entropy: this radiation 
reveals no information about the initial state, leading to possible unitarity violation 
in quantum mechanics. More detailed information about black holes and their 
problems is given in the next chapter. 

We thus have a motivation for the study of black holes in the context of a quantum 
gravity theory. In particular, this thesis studies aspects of string theory, a promising 
quantum gravity theory, through black hole solutions. 
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1.3 ... to test string theory 

String theory. At the moment, there is a promising candidate that unites both the 
standard model and gravity in a consistent quantum theory, called string theory^ 
In string theory, the idea of a point particle is abandoned. Instead, particles are 
pictured as strings, moving around in space-time. The typical length l s of a string 
is much smaller than the smallest distance scales probed in experiments so far, such 
that in particle accelerators, strings effectively look like point particles. 



Why strings are so attractive. However simple the onset may be, any consistent 
quantum theory built out of the interactions of strings, instead of point particles, 
is very rich and has a whole range of beautiful properties, answering the difficulties 
raised in the first section. First, a consistent string theory includes gravity, since 
it always contains a state, called graviton, with the right properties to mediate 
the gravitational force (as for instance the photon mediates electrodynamic forces) . 
Moreover, it includes a whole range of other particles and forces, among which 
those of the standard model. (More particles and forces can arise, but there is 
not necessarily a clash with present-day experiments.) We thus get a natural 
inclusion of gravity and standard model physics in one picture, a unification of all 
fundamental forces. Furthermore, the fact that particles are no longer points, but 
are extended in space as strings, has two far-reaching consequences: on the one 
hand, it follows that the structure of the interactions is uniquely fixed by the free 
theory and there are no free dimensionless parameters: there are no arbitrary 
interactions to be chosen, as in the standard model (which has about 20 free 
parameters: particles masses, values of various coupling parameters determining 
the strength of the forces). E.g. string theory predicts the existence of a scalar field, 
the dilaton <f>. The vacuum expectation value of its exponential plays the role of 
an effective coupling constant g s = (e^). In principle this would suggest that there 
is a free parameter g s . However, as it is related to the dynamical scalar field cf>, its 
value is supposedly fixed by the string dynamics and is not put in arbitrarily. On 
the other hand, there are no short-distance singularities, and in this way one finds 
that string theory provides a consistent formulation of quantum gravity, at least 
in string perturbation theory (in powers of g B ), because perturbative string theory 
is finite order by order. Finally, string theory is essentially unique. There are in 
principle several consistent string theories that can be constructed, but they are 
all related by dualities (see below) and should be seen as different aspects of one 
underlying theory. 

There are more features a string theory automatically includes. First, string 
theory needs extra dimensions^ String theory lives in ten dimensional space- 
time (nine spatial directions, one time direction). Second, string theory requires 

2 Although there are other attempts at quantum theories of gravity, as loop quantum gravity, 
they do not consider the inclusion of standard model physics. 

3 This is for critical string theory. 
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super symmetry, a symmetry relating bosons (such as the particles that are 
responsible for forces) and fermions (such as the particles that build up matter). 
The prediction of supcrsymmetry is maybe the best candidate to be confirmed 
experimentally, thus supporting the ideas behind string theory. With the start 
of the operation of the Large Hadron Collider in CERN, Geneva, a new range 
of energy scales (up to 1.4 x 10 4 GeV) opens up and may lead to the detection of 
supersymmctric partners of known particles, since there are arguments (not relying 
on string theory, by the way) relating the scale of the weak interactions (around 
100 GeV), to the scale of supersymmetry breaking and the latter scale in turn 
determines the masses of the hypothetical supersymmetric partner particles. 

String theory is patchwork. It turns out that one can construct five consistent 
string theories, all having the properties above. These go by the name of type I, 
type IIA, type IIB and heterotic SO(32) and Eg x Eg superstring theory. In none 
of the string theories, we have a complete handle on the physics: in particular, 
we typically have an idea about perturbative string theory, but non-perturbative 
aspects are hazy. Things changed drastically when in the mid-1990s, it became 
clear that all five consistent superstring theories that had been constructed, are 
related through a web of dualities, i.e. they are physically equivalent. We recognize 
T-dualities, which relate different string theories on different space-time geometries, 
and S-dualitics, which map a weakly coupled string theory into another strongly 
coupled one. We thus have a handle on strongly coupled string theories through 
perturbative calculations in a dual, weakly coupled string theory. These dualities 
suggest that all five string theories are aspects of one underlying theory, dubbed 
M-thcory, a theory in eleven space-time dimensions. Through the web of dualities, 
we have several viewpoints to study this underlying theory. However, a complete 
view is lacking, since we can only study corners of the underlying theory, by 
considering perturbative calculations in each dual string theory. In particular, we 
do not have a handle on solutions (vacua) where the coupling is in an intermediate 
range, being neither small (amenable to perturbation theory) nor large (amenable 
to perturbation theory in a dual string theory picture). Rather, we have only 
caught glimpses of what M-theory should look like. 

Another breakthrough from the same period gave more information about the 
non-perturbative formulation of string theories. Even though string theory was 
introduced as a theory of strings, which extend along one spatial dimension, it 
became clear that there are also objects extending in more dimensions. These 
objects are called p-branes, where p stands for the number of spatial dimensions 
of the objects (the word 'p-brane' is a generalization of the two-dimensional 
membrane). All p-branes (except for the string itself) become infinitely massive 
as g s — > 0, explaining why they did not turn up in string perturbation theory. 
An interesting subset of these p-branes are Dp-branes, or D-brancs for short. At 
g s = 0, these D-branes are described as rigid surfaces in space-time on which open 
strings can end. However, when the string coupling is non-zero, these D-brancs 
have a dynamics of their own. They are characterized by masses that go as l/g s - 
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in strongly coupled string theory, these D-branes become light and should be seen 
as the fundamental degrees of freedom of the theory. 

We see that we know several patches of the fundamental theory, but that the story 
is far from being finished. In a sense, even though the theory is older than the 
author of this doctoral thesis, string theory is still in its childhood years. 

String theory and the real world. String theory has suffered from a lot of criticism, 
because it has not made any falsifiable predictions at the moment. How can we 
understand this? Before we noted that 'string theory has no adjustable parameters ' 
and 'string theory is unique'. If the theory is uniquely fixed, then where is the 
trouble with providing quantitative predictions? 

The answer lies in the fact that a unique theory need not have a unique solution. 
In case of string theory, there seems to be an enormous amount of solutions, which 
are (meta)stable, and many of which have properties that are similar to our world. 
These solutions have been referred to as the landscape of string vacua. If the 
number of solutions would be small, say ten, then we would be happy still, since 
we could check them one by one and compare them to the observed facts. However, 
the estimated number associated to these so-called 'string vacua' lies around 10 500 . 
Moreover, this is just an estimate: we are not able to construct all these solutions. 

To understand the appearance of this huge amount of possible solutions, consider 
how we can link string theory to the real world. All different string theories live in 
ten dimensions and the underlying M-theory even has eleven dimensions: this seems 
to be far off from the observed four-dimensional world (3 dimensions of space, one of 
time). To make contact with four-dimensional physics, one assumes that the other 
six (or seven) dimensions are sufficiently small, such that they escaped detection. 
In terms of the scales mentioned in the beginning of this introduction, this means 
that the length scale of these extra dimensions should be smaller than the length 
scales probed in particle accelerators. A compactification of string theory obtained 
in this way still is rich enough to account for our realistic world: it contains gravity 
and also fields of the correct form to describe the standard model (i.e. gauge fields 
and fermions). However, there are also many other (scalar) fields that appear, 
describing the geometrical details of the curled up extra dimensions. In total, 
there is a huge freedom in choosing the details of the compact space and this leads 
to a large number of solutions in four dimensions. 

Is the story of string theory over, if we cannot obtain real-life information? We 
cannot count on accelerator experiments to give us detailed information about 
string theory. Unless some of the internal dimensions are unnaturally large, the 
energy scale at which we would see string physics, is way beyond what we observe 
today. Therefore, we must go back to theory. Maybe the flaw is in the estimates 
of the number of vacua, as these use perturbative string theory, and a full non- 
pcrturbative formulation singles out a few, or maybe even one unique vacuum? At 
present, this is not really expected. The most conservative approach would be to 
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give up the hope to find an exact 'our world'-scenario from string theory, at least 
for the time being. This means we should focus on general results (as opposed to 
very concrete predictions) we can extract from string theory. We can divide this 
in two broad ideas. On the one hand, we can still try to use string theory still 
as a 'theory of everything' and look for general features the theory can teach us, 
e.g. by making statistical predictions from the string landscape. The other idea is 
to use string theory as a tool, for instance to study totally different systems, related 
through to string theory through dualities as the AdS/CFT correspondence. This 
correspondence relates string theory on certain geometries (Anti-de Sitter or AdS 
spaces) to quantum field theories with a scaling symmetry (conformal field theories 
of CFTs). The AdS/CFT correspondence has been used to obtain qualitative 
results for non-perturbative (and in conventional calculations inaccessible) results 
for quantum field theories describing for instance the strong interaction (QCD) or 
condensed matter systems (e.g. superconducting materials), through the study of 
string theory or its gravity limit in AdS geometries. 

The idea that is followed in this work is to see if string theory can teach us about 
microscopic features of black holes: we consider the study of black holes as a 
'theoretical test' for string theory as a quantum gravity theory. 

String theory and black holes. As string theory provides a window on quantum 
gravity, this opens perspectives to study the origin of the Bekenstein-Hawking 
entropy. In fact, it has been explained for the special class of super symmetric black 
holes and forms one of the major successes of string theory. 

The first microscopic derivation of black hole entropy from string theory is due 
to Strominger and Vafa [2|. They considered a certain black hole in a string 
theory compactification, made out of a set of D-branes (the D-branes are wrapped 
on the internal directions, such that in four-dimensions we see a point particle). 
By counting the number TV of quantum mechanical states associated to the D- 
brane system in string theory, they reproduced the Bekenstein-Hawking entropy as 
Sbh = k B IniV. 

There are two caveats. First, the calculation of the entropy is done in a regime 
where gravity can be neglected (formally, this is done by taking the string coupling 
g s to zero), such that the system under study is a gas of weakly interacting D- 
branes. A priori, it is unclear that the quantum states of this system should 
correspond to the number of states associated to description as a black hole, where 
gravity is no longer neglected. It can be shown that only for super symmetric 
black holes, the number of states is invariant under variation of the coupling g s . 
However, supersymmetric black holes carry charge and are extremal (they do not 
emit radiation and have zero Hawking temperature), which means their charge is 
maximal for a given mass. They are highly unrealistic, as a typical astrophysical 
black hole carries no (or very little) charge. 

Second, this type of calculation does not give an understanding of what the 
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structure of the black hole microstates is. As we only have an idea of these states 
in a dual regime, where gravity is weak, we do not know how to interpret a 'black 
hole microstate' in the gravity description. 

^ The above leads to two interesting research questions: what about non- 
super symmetric black holes? What is a black hole microstate? These are 
(partially) addressed in this thesis, see below. 

1.4 Overview of the research in this thesis 

In this thesis, we do not consider the full scope of string theory. Instead, we focus on 
classical extensions of general relativity that arc inspired by string theory, so-called 
supergravity theories. Supcrgravity is the effective description of string theory on 
length scales much larger than the string scale: the only relevant excitations of 
the string are massless point particles, coupled to the metric describing the space- 
time. We always consider classical supergravity, such that quantum effects are 
suppressed. 

It is in this regime, the supergravity description, that the gravitational attraction 
is strong and very massive states of string theory can form black holes. We study 
the two questions raised above in the context of supergravity: 

1. Properties of non-supersymmetric black holes in supergravity 

2. Interpretation of a microscopic black hole state in the regime where gravity 
effects are important, i.e. in supergravity 

We first discuss these subjects and then give an overview of the chapters to come. 

Topic 1: first-order formalisms for non-supersymmetric black holes 

String theory gives rise to many scalar fields. These are unobserved in nature 
and their presence complicates the connection of string theory to the real world. 
Also in the supergravity description, the low energy gravity description of string 
theory, scalar fields are omnipresent. Of special interest is the study of solutions 
to supergravity, think of black hole solutions in four dimensions, but also black 
p-branes in ten dimensions, which are essential in the formulation of string theory. 
Typically, these solutions are characterized by the presence of at least one (string 
theory dilaton) to many (compactification moduli) scalar fields. 

The first broad research topic treated in this thesis, concerns the structure of 
the equations of motion that govern the dynamics of these scalar fields for non- 
supersymmetric black holes. In general, in supcrgravity a black hole solution is 
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characterized by the metric (describing the black hole space-time) and a plethora 
of other fields (gauge fields generalizing the electromagnetic field and scalar fields). 
When we demand that the black hole solution is spherically symmetric, the form 
of the metric is very much constrained and the gauge fields are fixed by symmetry. 
However, the many scalar fields that are present have a non-trivial dynamics. The 
dynamics of these scalar fields is governed by equations of motion that are in general 
second-order differential equations. 

As we noted before, for black holes that preserve some of the supersymmetry, 
we have met with success in discussing questions as the entropy problem. The 
underlying reason is that the constraint of supersymmetry makes the black 
hole solution 'simple': it is more constrained because of the requirement of 
supersymmetry Also on the level of the equations of motion this simplicity is 
pertained: supersymmetric solutions obey first-order equations of motion, instead 
of second-order ones. 

It has been noticed in the literature that for some non-supersymmetric black holes, 
a similar simplification of the equations of motion takes place. Where does this 
extra structure in the field equations come from? Part of the work presented in this 
thesis is concerned with that question. In this thesis, we discuss generalizations 
of previous work on first-order field equations for non-supersymmetric black holes 
and find a condition for the existence of the first- order formulation. 

Topic 2: Interpretation of black hole 'microstates' in supergravity. 

The entropy of supersymmetric black holes has been explained by counting states 
in a dual regime of string theory, where gravity is negligible. However, this does 
not shed light on the nature of the microstates in the regime where we have an 
interpretation as a black hole, since this requires that the gravitational interaction 
cannot be neglected. 

A fruitful approach is the so-called fuzzball proposal, initiated by Mathur and 
collaborators in the early 2000s. This states that the correct interpretation of a 
black hole microstate is a state where the matter is spread out in a sort of 'fuzzy' 
ball, that is of a size comparable to the size of the black hole horizon. Each 
individual state has no horizon and no singularity. The black hole should be seen 
as an artefact of an averaging procedure over all these microstate geometries. This 
view is comparable to describing the gas in a room through a set of macroscopic 
parameters (volume, temperature, pressure). However, the correct state of the gas 
is one of very many possible microstates, possible configurations the gas molecules 
can have. Similarly, a black hole with Hawking temperature and a certain mass, 
is a thermodynamic description of very many possible microstates, i.e. smooth 
fuzzball geometries. This picture is supported by calculations in the context of 
string theory and supergravity. In particular, one can often construct a large set of 
classical solutions that have the same macroscopic parameters (charges, mass) as 
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the black hole and have the same form at large distance, but have no horizon. These 
solutions typically differ from the black hole on scales of horizon-size. It is hoped 
that a proper quantization of these solutions can explain the black hole entropy. 
There has been partial success in this direction, mainly for supersymmetric black 
holes in five dimensions. For these cases, one can often show that the supergravity 
state corresponds to one of the dual D-brane states that are used in deriving the 
entropy of the black holeQ 

The fuzzball programme is most successful for solutions in five non-compact space- 
time dimensions. It is of interest to understand black hole microstates in four 
dimensions. In this context, multi-center black holes have been shown to play 
an important role. Multi-center black holes arise naturally in four-dimensional 
supergravity as bound states of several black holes, when the gravitational 
attraction is exactly cancelled by the repulsion due to (generalized) electromagnetic 
forces. First, the five-dimensional analogs of these four-dimensional multi-center 
solutions play a role in the fuzzball proposal, see for instance the work summarized 
in the review [3(. Second, there are arguments that multi-center configurations in 
four dimensions can explain the entropy of ordinary, single-center black holes. The 
related research in this thesis follows this line and investigates the role of multi- 
center solutions in understanding the nature of black hole entropy and the role of 
multi- center configurations as microstates of black holes in the supergravity regime. 

Chapter overview 

This thesis is divided into four parts. Part U gives more background on black 
holes in general relativity and string theory. The two middle parts (part Hi] and 
part IIIip discuss the original work of this doctorate and the specific background 
material needed to understand it. Finally, part IIVI contains the final conclusions 
and appendices, including the Dutch summary. In detail, we have: 

Z> Part U Black holes as a playground 

This part is aimed at readers with no detailed knowledge of general relativity, 
nor of string theory. Researchers in these fields can skip this part. 

Chapter [2] treats black holes in general relativity and the appearance of 
Hawking radiation, black hole entropy and the issues it causes in some more 
detail. Special emphasis is laid on the concept of extremal black holes (which 
are stable, have vanishing Hawking temperature and do not radiatiate) and 
non-extremal black holes (which have a finite temperature and radiate). 

The purpose of chapter [3] is to show how black holes in four-dimensional 
(super)gravity fit into the framework of string theory. The microscopic 

4 Note that the existence of such fuzzball microstates only became clear after the advent of 
string theory - in general relativity alone (or even in Einstein-Maxwell theory), such microstates 
cannot be constructed. The fuzzball proposal can only hold in richer theories, as string theory. 
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derivation of the entropy for supersymmetric black holes is discussed and 
the relation between extremal and supersymmetric solutions is clarified. 

O Part UU A simplified description for non- supersymmetric black holes 

This part contains contributions in the research field of first-order formalisms 
for black holes and other (super)gravity solutions. The systems under 
study are classical extensions of general relativity inspired by string theory, 
containing gauge fields and scalar fields. We look at the properties of the 
equations of motion for the scalar fields. 

Chapter H] is built around the work |P3| @ It starts with a review of the 
appearance of first-order equations for supersymmetric solutions, in particular 
for black holes. Then follows a discussion of our work [P3l |. We investigate 
a general class of theories including gravity, a Maxwell field and a dilaton in 
arbitrary dimension greater than three. We show that timelike and spacelike 
p-brane solutions (not only black holes), can be derived from first-order 
equations, as opposed to the second-order differential equations one would 
normally expect. The novelty here is that the rewriting in terms of first-order 
differential equations is not restricted to supersymmetry or extremality, but 
applies to a generic p-brane Ansatz. 

Chapter [5] discusses the work in [P5| ■ It gives a systematic study of first- 
order equations for non-supersymmetric solutions. In particular, we study 
first-order flows for the scalar fields of black hole solutions and concentrate 
on the possibility of finding an existence criterion for a so-called 'fake 
superpotentiaP, a function of the scalars in the theory, which generalizes the 
role the central charge plays for supersymmetric solutions. The gradient of 
the fake superpotential determines the radial evolution of the scalars and 
the metric warp factor. We illustrate the criterion in several examples. 
For computational simplicity, we focus on supergravities where the scalars 
parameterize a symmetric space. 

Z) Part IIIII Entropy in super gravity: a search for microstates 

In this part of the thesis, the construction of supergravity solutions that are 
the classical counterparts of black hole microstates is considered. The focus 
is on using multi-centered configurations to construct such microstates. 

Chapter |S] gives an overview of the fuzzball proposal, an approach which has 
had most success in five dimensions, and the use of multi-center configurations 
to explain black hole microstates in four dimensions. 

In chapter [3 the work of |P4| is summarized, which relates certain fuzzball 
solutions in five dimensions to configurations of multi-center black holes in 
four dimensions. 

Chapter [5] reviews the work of [P7j |. which tried to understand the entropy of 
a four-dimensional black hole made from D-branes (namely the D0-D4 black 



5 Work I contributed to that has led to publications, will be referred as [Pll — [P8| . these citations 
correspond to the publication list that is given after the bibliography. 
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hole). In earlier work, a deconstruction of the D0-D4 black hole was proposed 
in terms of a certain multi-center system. Each center of the multi-center 
configuration has zero entropy and therefore the resulting configuration is 
one entropyless 'microstate' for the D0-D4 black hole. Two different ways of 
counting the microscopic entropy using this multi-center realization disagree, 
however (see [4( and [5(). The original aim of the work [P7j | was to settle 
the issue. The result was not conclusive, it could not answer the entropy 
question. However, it was still interesting in its own right, showing that 
M-theory admits a compactification to the three-dimensional Godel universe. 

Chapter |5] discusses the related work of |P8l |. where we reconsidered the 
three-dimensional Godel universe. The Godel universe is a space-time 
with closed timelike curves. However, the presence of closed timelike 
curves leads to problems as causality violation. By embedding Godel space 
into an asymptotically Anti-de Sitter space-time, we use the AdS/CFT 
correspondence to show that when closed timelike curves are present in Godel 
space, unitarity is violated in the dual CFT and vice versa. This leads to a 
quantum mechanical argument for causality protection. 



Z) Part IIVI Conclusions and Appendices 

We end the thesis with a conclusion in chapter [TO) Appendix [5] gives some 
technical background to clarify calculations in chapters [5] 



Part I 



Black holes as a 
playground 



2 

Introducing black holes 



Summary 

This chapter gives a short review of black holes in general relativity, for readers who 
have some idea about general relativity, but lack a detailed knowledge of the theory. 
The aim is to give a quick refreshing of the most important ideas and to introduce 
the concepts of black holes and the Hawking temperature and Bekenstein-Hawking 
entropy that can be associated to them. Section \2. 1\ gives a very brief sketch of 
general relativity, section \2.2\ treats the Schwarzschild and Reissner- Nordstrom black 
holes. In section \2.S\ the relation between black hole mechanics and thermodynamics 
is discussed and section\2.4\ gives a conclusion. 



2.1 General relativity 

In general relativity, the concepts of absolute space and time are abandoned. 
Instead, space and time are intricately related to the matter distribution in the 
universe. We can break this up into two steps. First, time and space are treated on 
an equal footing in a covariant framework. This is opposed to Newtonian mechanics, 
where time has a privileged role as being an outside parameter measuring the 
evolution of the system under consideration. Space-time is described as a four- 
dimensional manifold endowed with a metric, measuring distances between points 
in four-dimensional space-time. The peculiarity is that this metric is not just 
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the usual one describing Euclidean geometry: we arc not dealing with a four- 
dimensional Euclidean space! On the contrary, the metric is not even positive 
definite and has Lorentzian signature (—,+,+,+). Choosing coordinates x^,n = 
... 3, the metric can be written symbolically as 

ds 2 = g^(x)dx^dx u (2.1.1) 

The second step concerns the question: "What happens if we were to consider 
matter in an otherwise empty space-time?" The metric, with components <7 M „, is 
central in this discussion. First, since it governs the geometry of space-time, it tells 
matter how to move. This is not really shocking. But second, the theory of general 
relativity also shows us that matter tells space-time how to curve, which may come 
as a surprise. We conclude that the details of a space-time (encoded in the metric 
g) are determined by the type of matter content and vice versa. 

In general relativity, the relation between the geometry of space-time and its matter 
content is given by the Einstein equations. These are tensorial equations relating 
the curvature of the four-dimensional space-time manifold, to the matter content 
under consideration. The Einstein equations are written down as: 

Rp* - \R9^ = 8irG 4 T^ . (2.1.2) 

The left-hand side is given in terms of the metric, and contains the Ricci tensor 
and Ricci scalar R, who are built up out of contraction of the Ricmann curvature 
tensor with the metric. On the right-hand side, we recognize the energy-momentum 
tensor T^, which is in general a two-derivative expression containing the matter 
fields of the configuration one is studying. Finally, G4 is Newton's constant in four 
dimensions, it determines the strength of the gravitational coupling. The Einstein 
equations are second-order partial differential equations and can be used to find 
the solutions for the metric corresponding to a given energy-momentum tensor. 
For instance, in case of the vacuum [T^ v = 0), we find flat space as a solution. 
Strangely enough, as Schwarzschild showed in 1915, there is also a spherically 
symmetric black hole solution, describing empty space outside a concentration of 
mass located in a point. 

We continue with a discussion of black hole solutions to Einstein's equations, first 
in vacuum T^ u = 0, and then in general relativity coupled to the electromagnetic 
field (T M „ is then the energy- momentum tensor of electrodynamics). These black 
holes serve as prototypes for the black holes we study in string theory. 

2.2 Black holes in general relativity 

In this section we give an overview of black hole solutions in general relativity. We 
pick out two cases as guiding examples for the future, namely the Schwarzschild 
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solution and the Reissner-Nordstrom solution. The first one is the unique static 
spherically symmetric black hole solution in vacuum (i.e. no angular momentum) 
and will be used to obtain some intuition about black holes. The second one is 
the unique static solution with electric or magnetic charge and forms a useful toy 
model for more complicated charged black holes in string theory. We will not pay 
as much detail to the concept of rotating black holes. 



2.2.1 Vacuum solution: Schwarzschild 

A few months after the publication of Einstein's theory of general relativity, German 
physicist Karl Schwarzschild surprised the physics community with a publication of 
an exact non-trivial (i.e. not Minkowski) solution to Einstein's equation in vacuum. 
The Schwarzschild metric describes the metric outside of a spherically symmetric 
body with a total mass M. It is a solution to the Einstein equations in vacuum, 
R^ v — ^^J—gR = 0, since there is no energy-momentum outside of the body. If we 
denote the radial coordinate as r, the Schwarzschild metric is 

ds 2 = -(1 - ^)dt 2 + (1 - ^Mr 2 + r 2 (d9 2 + sin 2 6)dcj ) 2 , (2.2.1) 

The time coordinate is denoted t, while the spatial part of the metric is sliced in 
spheres of radius r, with a standard metric on the two-sphere in terms of angular 
coordinates 9 and (j>. The Schwarzschild radius r s is determined by the mass of the 
spherically symmetric object and is given by: 

r. = —±-, (2.2.2) 

with M the total mass (we put in the factor of c 2 for completeness). To understand 
the relation with gravitational physics in classical mechanics, take a look at large 
distance r — > oo. First, the Schwarzschild metric approaches that of flat Minkowski 
space arbitrarily closely: g^ v ~ diag(— 1, 1,1,1). Following a standard prescription, 
e.g. by examining the motion of a test particle moving around in the Schwarzschild 
metric at large r, at a speed that is low compared to the speed of light c, one finds 
the particle behaves as in classical mechanics, under influence of the Newtonian 
gravitational potential V(r), given through the asymptotic time-time component 
of the metric as 3 tt | r ^oo = -(1 + 2V{r)/c 2 ). One has V(r) = , which 

justifies the picture of the Schwarzschild metric as the relativistic description of a 
spherically symmetric body with mass M. 

The Schwarzschild metric has two apparent singularities. At r = r s and r = 0, 
components of the metric blow up. However, when describing the metric outside 
of a spherically symmetric body, one does not need to consider these cases. The 
Schwarzschild metric is an accurate description outside of the body and for real-life 
systems, like stars, the outer radius of the body is larger than the Schwarzschild 



20 



INTRODUCING BLACK HOLES 



radius. Take for example our sun: the radius of the sun measures 7 x 10 8 m, while 
the Schwarzschild radius is about r s = 3 x 10 3 ml 

However, we could imagine taking the Schwarzschild metric describing a geometry 
in the entire region r > 0. What does the Schwarzschild metric then describe? 
First, we need to consider the radii r = 0, r — r s : 

Z) At r — real trouble appears. This can be seen by calculating scalar 
invariants from the (curvature of the) metric. For instance, the square of 
the Riemann tensor blows up at r — > as: 

R^ P ,R^ pa = 12^| . (2.2.3) 

The point r = corresponds to a physical singularity, the curvature of space- 
time becomes infinite. 

Z> It turns out that r — r s , is just a singularity of the coordinate system we 
use to describe the solution. This can be seen for instance by calculating the 
curvature invariants and noticing that all of these are well-behaved at the 
Schwarzschild radius. 

The solution (|2.2.1|) is called a black hole and describes a singularity in space-time 
where the curvature blows up, which is not so surprising, as we have packed all 
mass into one point. Any celestial body (e.g. a very massive star) that shrinks (due 
to gravitational attraction) to a radius r < r s , will eventually collapse into such 
a black hole. The locus r = r s is an event horizon: all particles, including light, 
falling into the region behind the event horizon, can never re-emerge (hence the 
name 'black' hole). 



2.2.2 Solution in electromagnetism: Reissner- Nordstrom 

We now consider black holes with electric and magnetic charge. They are found by 
solving the Einstein equations with an electromagnetic radiation source: 

R^u - \V^9R = 8^G 4 T^ m) ■ (2-2.4) 

Writing electromagnetic fields through a four- vector potential , we introduce the 
field strength = d„A v - d v A^ We then have T^ m) = F w F v p - \F po FP° . 
The Einstein equations follow as Euler-Lagrange equations for the metric, from the 

1 The components of the electric and magnetic field E, B are related to the field strength as 
Foi = —Ei , Fij = y/—gtijkBk, where k are indices ranging over the spatial components and 
e is the antisymmetric symbol with £123 = 1. 
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Einstein- Maxwell action: 

S=j^^{^-R-\F^), (2.2.5) 
where g is the determinant of the metric g^ v . 



Reissner-Nordstrdm solution 

Analogously to the Schwarzschild metric, we can write down a solution to the 
Einstein-Maxwell system, describing the metric of a spherically symmetric mass 
distribution with total mass M, electric charge q e and magnetic charge q m . This 
solution is named after the two people who were first in writing it down as the 
Reissner-Nordstrom solution. One finds the metric is given by: 

ds 2 = -A(r)dt 2 + A(r)-Mr 2 + r 2 dtt , A(r) = 1 - + , (2.2.6) 

where Q is the total charge of the solution, given in terms of the electric and 
magnetic charges as Q 2 = q 2 + q 2 n . Spherical symmetry puts severe restrictions on 
the field strength as well. Only the radial components E r ,B r of the electric and 
magnetic fields are non-zero and give the following non-vanishing components of 
the field strength: 

F rt = %, F H = q m sinO. (2.2.7) 

For vanishing charges (Q = q e = q m = 0), we recover the Schwarzschild solution. 

As in the Schwarzschild solution, the point r = describes a physical singularity, 
where the curvature of space-time and the field strength blow up@ Again, there 
can be additional metric singularities of the metric, when g u — A(r) is zero. These 
additional singularities are no physical singularities, but denote shortcomings of 
the coordinate system. This happens for r = r±, with: 



r± = G 4 M ± y/(G 4 M ) 2 - G 4 Q 2 ■ (2.2.8) 
Again, r — r± correspond to horizons. We have three regimes: 

• G4M 2 < Q 2 . Now A(r) has no real zeroes (r± become imaginary). No 
horizons form and the singularity at r = is unshielded from the rest of space- 
time. The singularity is called a 'naked singularity'. On physical grounds, 
naked singularities are rejected by most physicists. In order to be able to 
exclude these solutions, Penrose stated the cosmic censorship conjecture 0], 



2 This is understood through the Einstein equations and equations of motion for the gauge 
field. The source is a massive, charged point: a delta-function source for the gravitational field 
and a delta- function charge density sourcing the gauge field. 
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saying that naked singularities are never formed. In the next chapter, we see 
how cosmic censorship is often guaranteed in extensions of general relativity 
with supersymmetry. 

• G4M 2 > Q 2 : In this case A(r) has two real zeroes r + > r_ > 0, 
corresponding to an inner and an outer horizon. The outer horizon r = r + is 
an event horizon. Nothing can escape from the region of space-time hidden 
by the event horizon. 

• G4M 2 = Q 2 : A(r) has only one zero and the two horizons coincide. The black 
hole has the maximal amount of charge for its mass M that is allowed by the 
cosmic censorship conjecture. The black hole is therefore called extremal. 
Note that this solution will not occur in nature, as this requires the black 
hole to have an enormous amount of charge. For instance, a one-solar mass 
extremal black hole would have a charge of more than 10 20 Coulomb. 



In conclusion, under the cosmic censorship conjecture, we consider two kinds of 
solutions: the extremal Reissner-Nordstrom solution {^/G\~M = Q, which is hard to 
obtain in nature) and the non-extremal Reissner-Nordstrom solution (y/G^M > Q, 
which covers the class of stationary, non- rotating astrophysical black holes) . 

In string theory applications, one has mostly studied extremal black holes, as these 
are easiest to study. For later reference, we write down the extremal Reissner- 
Nordstrom solution. In the coordinate system as above, it reads: 

= _ V^7Q )2di 2 + (1 _ V^ ) -2 dr 2 + r 2 dn (2 2 g) 

r r 

In following chapters, we always discuss spherically symmetric, charged black 
holes in another coordinate system, that is widely used in supergravity literature. 
Perform first the coordinate transformation r = r — ro, where ro = \JG4Q denotes 
the location of the horizon. In terms of this new radial coordinate, and dropping 
again the tilde, the metric can be written as 

ds 2 = -c 2U ^dt 2 + c- 2U ^ (dr 2 + r 2 (d9 2 + sin 2 d<t> 2 )) , (2.2.10) 

where the positive factor e 2U is 



c -zu = (1 + v^vy (2.2.11) 



2.2.3 Most general solution and black hole uniqueness 

Above we have presented spherically symmetric solutions. We can also consider a 
system that rotates, or think about what the most general stationary black hole 
solution is. This is a justified question, as we expect spherical collapse of an object 
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to result in a black hole, which should reach an equilibrium state asymptotically 
in time. Properties of equilibrium states were intensely studied in the 60s, 70s and 
also 80s of the last century. For a (partial) overview, see the book by Hawking 
and Ellis |7|. In that period, it was proven that the most general, stationary 
(equilibrium) solution to general relativity coupled to an electromagnetic field is the 
Kerr-Newman solution. It is a generalization of the Reissner-Nordstrom solution, 
depending on one extra parameter, the momentum J, describing a stationary 
rotating black hole. We do not give its form here, as we are almost exclusively 
interested in non-rotating, spherically symmetric black holes in this thesis. 

We see that a stationary black hole is fully determined by three parameters: the 
mass M, the total charge Q and the angular momentum J. This result is the 
product of a series of black hole uniqueness theorems, initiated by Israel in 1967 
and completed by many others. In the years 1967-1975 black hole uniqueness 
was investigated for 'vacuum' configurations (Q = 0), building on 8], by Carter, 
Hawking and Robinson in independent works [10. 1 111 \12\ (the only pure vacuum 



equilibrium states are those of the Kerr family, see table HO]) . Later it was shown 
that the most general stationary black hole solutions with charge are those of the 
Kerr-Newman family, by Mazur [13[ and independently by Bunting 14 1, see also 
151. (For a more extensive list of references regarding black hole uniqueness, see 



Black hole uniqueness for stationary solutions is linked to the 'no-hair theorem', 
first put forth as a conjecture by Wheeler in 1971 [13]: a black hole carries no hair, 
in the sense that there are no extra parameters (for instance, dipole, quadrupole 
moments of the charge distribution) determining the solution. Moreover, the no 
hair theorem states that gravitational collapse of a celestial body should result in 
a black hole with exactly the three parameters M, Q, J (all other properties of the 
collapsing body cannot be extracted from the resulting black hole). 

We give an overview in table 12.11 





M 


J 


Q 


Schwarzschild 


✓ 






Kerr 


✓ 


✓ 




Reissner-Nordstrom 


✓ 




✓ 


Kerr-Newman 


✓ 


✓ 


✓ 



Table 2.1: Overview of black hole solutions to general relativity (3+1 dimensions) with an 
electromagnetic field, in terms of (M, Q, J). The several black holes are named after their 
discoverers. A tick ^denotes that the corresponding parameter is non-zero. 



24 



INTRODUCING BLACK HOLES 



2.3 Black holes at the semiclassical level 
2.3.1 A suggestive parallel 

In the beginning of the seventies of the last century, Hawking proved that, at least 
in classical general relativity, the total area of the black hole horizon(s) can never 
decrease. We write AA > 0. For instance, an evolving black hole's horizon never 
shrinks, or the total area of the event horizons in a process of two black holes 
colliding grows larger. At that time, authors (including Hawking) noticed the 
parallel with the second law of thermodynamics, statin g th at entropy of a closed 
system never decreases (AS > 0). This led Bekenstein [18| to conjecture through 
a series of thought experiments, that the area of the event horizon really is an 
entropy, for some proportionality factor all 

S BH = a^-A = a^A (2.3.1) 

The subscript 'BH' stands for 'Bekenstein-Hawking' (and not 'black hole'), the 
Boltzmann constant k B and the Planck length Ip are included to obtain the correct 
dimensions. In the following, we will put c = % = k B = 1, so that Sbh = 

Hawking and others did not agree with this identification. After all, systems that 
have an entropy should have a temperature and associated (thermal) radiation. 
But nothing comes out of a black hole in general relativity: a black hole is black, 
right? According to Hawking, the area-entropy identification had to be seen as 
merely an analogy. Soon after, Bardeen, Carter and Hawking [l9j | put the analogy 
between black hole mechanics in general relativity and thermodynamics on a firmer 
footing, by proving the so-called l four laws of black hole mechanics' which hold for 
any black hole space-time. This suggests that not only the horizon area behaves as 
an entropy, Sbh = aA/G^, but that also the surface gravity k of the black hole at 
the horizon behaves as a temperature T B = g^jK, called Hawking temperaturejf] 
See table [221 

At this point, the parallel with thermodynamics is merely an analogy, since black 
holes do not exhibit any 'real' thermodynamic properties, as radiation. 

3 Intuitively, one can understand that for an outside observer, all classical information of 
collapsing matter is lost. One only has access to the black hole horizon, whose area gives an 
idea about the lack of information, measured through entropy. 

4 The surface gravity at the horizon is defined as the acceleration needed to keep a point particle 
at the horizon (thus opposing the gravitational attraction), when exerted from infinity. (Imagine 
the thought experiment of lowering the particle from spatial infinity on an infinitely long, massless 
wire up to the black hole horizon and pulling on the wire exactly hard enough to keep it in place). 
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Table 2.2: The parallel between the laws of thermodynamics and the laws of black hole 
mechanics for the Schwarzschild black hole. 



4 Laws in Comparison 



Law Thermodynamics 



1 st law 



law 



th law For a system in equilibrium, tem- 
perature T is constant 



Black hole mechanics (G.R.) 

On the black hole horizon, the 
surface gravity k is constant 



dE = TdS 



(energy is conserved) 



dM = — KdA 
8tt 



(mass is conserved) 



dS > 



dA > 



(The entropy of a closed system (The area of the horizon a black 



never decreases) 



hole system never decreases) 



3 rd law Zero temperature T = is never It is not possible to form a 



reached in a physical process 



black hole with vanishing surface 
gravity (k = 0) 



2.3.2 More than an analogy 

Hawking lifted the analogy with thermodynamics to a real identification, by 
considering a semiclassical treatment of black holes in general relativity. In a 
semiclassical treatment of gravity, one treats matter quantum mechanically, but 
the gravitational field (the metric) is treated classically on the level of general 
relativity. In particular, matter is represented through a quantum field theory in a 
curved background (as opposed to ordinary quantum field theory, which considers 
quantum fields in a Minkowski background). A good analogy to keep in mind is that 
of electrodynamics where one does not consider quantization of the electromagnetic 
field A^, such that 'quantum' electrons move around in a 'classical' background. 

In the semiclassical analysis, one finds that black holes emit radiation. Intuitively, 
this can be understood through quantum mechanical pair creation of the vacuum 
just outside the black hole horizon: one virtual particle of the pair falls into the 
black hole, while the other escapes to infinity. One finds the black hole acts as a 
perfect black body, radiating with temperature 



(2.3.2) 
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where k is the surface gravity at the horizon. This fixes the constant introduced 
above to a = 1/4. The Bekenstein- Hawking entropy of the black hole is then: 

Sb B = ±. (2.3.3) 

For the Schwarzschild black hole, we have, reinstating all constants, Sbh = 
2nk B M 2 /Mp = 2nk B j±M 2 (where M P is the Planck mass) and T H = ^ §¥5lM ' 
see also the example below. The expelled particles making up the radiation carry 
energy and one sees the black hole gradually loses mass. For astrophysical black 
holes, this effect is negligible, but it is most certainly there. The attentive reader 
may have noticed an inconsistency with the interpretation of the horizon area as 
an entropy: as the black hole loses mass, the horizon area will shrink, leading to a 
seeming violation of the second law of thermodynamics. The solution is that one 
has to consider the total change of entropy as the sum of the Bckenstcin-Hawking 
entropy of the black hole and the entropy of the world outside of the black hole, in 
a generalized second law of thermodynamics: 

AS tot = ASbh + AS outslde . (2.3.4) 

In particular, the thermal radiation carries an entropy, such that the sum of the 
black hole and radiation entropy is never decreasing. 



Example: the Reissner- Nordstrom black hole. For the Reissner-Nordstrom black 
hole, one finds that the Hawking temperature and entropy are given as (we put 
again k B = c = 1): 

For an extremal Reissner-Nordstrom black hole (r± = G\M 2 = G4Q 2 ), this is 

Sbh = ttG 4 M 2 = ttQ 2 , T = 0. (2.3.6) 

Note that the entropy scales as charge (or mass) squared, something we will 
encounter in following chapters for more intricate extremal charged black holes 
as well. An extremal black hole thus has zero temperature, and is unobtainable 
in a physical process. This links to the observation before, that extremal black 
holes are not realized in nature, as they carry an enormous amount of charge. All 
real-life black holes are non-extremal. 
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2.4 Lessons and open questions 

Issues. The identification of a black hole as a perfect black body with a 
temperature and entropy leads to several questions and problems. 

Z) Nature of Bekenstein- Hawking entropy: What is the meaning of the entropy? 
In thermodynamics, the macroscopic Clausius entropy S can be related to 
microscopic degrees of freedom through statistical mechanics as: 

S = k B lnQ 1 (2.4.1) 

where Q is the number of microstates corresponding to the observed 
thermodynamic microstate. Is there a similar meaning one can associate to 
the 'macroscopic' Bekenstein-Hawking entropy? In view of general relativity, 
or even its semiclassical treatment, such an interpretation is impossible: for 
any given value of the parameters M, Q, J, there is exactly one black hole. 
(In the context of Einstein Maxwell theory, we cannot associate a 'geometric' 
entropy to the black hole, that is found by having a certain number of 
geometries with the same macroscopic parameters, i.e. asymptotic charges, 
as the black hole that can account for the entropy. This is due to the black 
hole uniqueness theorems, see earlier. In extensions of general relativity with 
more electromagnetic fields, such as string theory and supergravity, such 
geometries can be constructed and can (hopefully) account for the entropy 
of the black hole. This is the subject of the research presented in Part IIII1 ) 

Z) Information paradox: (Discussion based on [20I 21 1) . The Hawking radiation 
process seems to allow for the possibility that quantum mechanical pure states 
evolve into mixed states. This would violate unitarity, since in a unitary 
quantum theory, pure states evolve into pure states^ Say we start with a 
pure state of infalling matter \tp) which collapses and forms a black hole. In 
density matrix language, we have p = \i/))(ip\. Once the black hole forms, it 
emits Hawking radiation, through a pair production process. One member of 
the pair flies off and is correlated with the other member that is drawn into 
the black hole. This process continues until the black hole has completely 
evaporated. However, in Hawking's original interpretation of the evaporation 
process, the infalling particles of each pair are destroyed in the singularity. 
This means that, if the black hole evaporates away, we are left with only 
radiation quanta. They are in a highly entangled state, but we no longer see 
any other states they are entangled with: the density matrix of the radiation 
is in a mixed state of the form p = ^2 i Pi\tpi}(tpi\- Thus the most direct 
interpretation of black hole evaporation through Hawking radiation leads to 
the violation of unitarity in quantum mechanics, as pure states can evolve into 



5 In density matrix language, a pure state \ip) is described as p = \ip)(ip\. Under unitary 
evolution, \ip(t)) = U\ip) = e tHt / h \ip) and p remains pure, it can never be in a mixed form 
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mixed states. The name information paradox derives from the consequential 
information loss, measured through an entropy difference of AS ~ M 2 , 
where S — Tr(— plnp) is the (Shannon) entropy of the state. Before the 
gravitational collapse, S = — Tr(plnp) = 0, while the entropy of the end 
state is of the order of the Bekenstein-Hawking entropy (S ~ Sbh ~ M 2 ). 
Alternatively, this entropy S ~ M 2 is obtained by noting that the Hawking 
radiation one is left with is thermal. 

One expects these issues to be dealt with in a consistent theory of quantum 
gravity. Remember that Hawking's calculations revealing black body radiation 
were performed in a semi-classical treatment of the black hole. Because the black 
hole horizon region is a region of low curvature (at least for large black holes) , this 
approach is a good approximation of a full quantum gravity theory, but still an 
approximation. Any quantum gravity theory should provide an answer to the two 
questions raised above: we can see those questions as a theoretical 'test' a quantum 
theory should pass. 

The research presented in this thesis mostly deals with black holes in the context 
of superstring theory, as a quantum theory of gravity. In the 'low energy regime' 
(energies low compared to the energy scale set by the string length), superstring 
theories are well described by (super)gravity theories. These gravity theories 
are extensions of Einstein-Maxwell theory. When we study black holes in the 
supergravity context we see that all properties and issues raised in this chapter 
remain: black holes in supergravity have a Hawking temperature, a Bekenstein- 
Hawking entropy, etc. Because of the relation to superstring theory, however, those 
issues are now amenable to study in the regime where the full string theory is valid 
and we can understand black holes from a quantum mechanical viewpoint. 

Some literature on this topic is reviewed in the next chapter, where it is also 
shown how the black hole entropy can be derived microscopically in string theory. 
Our work on black holes in supergravity theories is presented in part |H] and our 
work on the comparison of classical black holes in supergravity and their quantum 
mechanical origin in string theory is given in part IIII1 



3 

Black holes in supergravity 

and string theory 



Summary 

This chapter is aimed at readers with no detailed knowledge of string theory. Building 
on the concepts introduced in the previous chapter, the main goal is to give an idea of 
what a typical black hole in a compactification of string theory looks like and how its 
Bekenstein-Hawking entropy is explained. To elucidate the main ideas, an example 
of a black hole made from string theory objects called D-branes is presented. The 
focus is on the special class of supersymmetric black holes, for which the entropy 
can be explained from string theory. We end with an important discussion on the 
difference with the more realistic (and much larger) class of non- supersymmetric 
black holes. 



3.1 Supergravity in four dimensions 

Supergravity theories are supersymmetric extensions of general relativity that 
follow naturally from string theory. We consider the embedding of supergravity in 
string theory in the next section. In this section, we focus on black hole solutions 
in supergravity. 
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In four dimensions, we can have supergravity theories with up to 8 types of 
supersymmetry. We speak of A/"-extended supergravity, where J\f = 1 up to 8, 
depending on the theory. The more supersymmetry is present (the higher M), 
the more constrained the theory becomes. In general, we like theories with a 
low amount of supersymmetry, as there is more freedom in the possible couplings 
between the fields and it becomes possible to describe physics of the real world. On 
the other hand, when we want to discuss black hole solutions, we find that especially 
black hole solutions that preserve some of the supersymmetry are interesting, as 
these allow for a statistical derivation of the Bekenstein-Hawking entropy. We thus 
have to find a balance between the amount of supersymmetries Af of the theory 
and the possible amount of supersymmetry a solution preserves. Therefore, we shift 
our interest to M = 2 supergravity in four dimensions - the theory with the lowest 
amount of supersymmetry that can have supersymmetric black hole solutions. 

3.1.1 N = 2 supergravity 

We consider the TV = 2 supersymmetric extension of the Einstein-Maxwell 
Lagrangian and show how to construct charged black holes to this extension. As a 
minimal input, we take the metric g^ v and ny vector fields A" with a = 1 . . .ny. 
Due to the requirement of supersymmetry, each of these fields is accompanied 
by fermionic and bosonic superpartners. The collection of the metric and its 
superpartners is called the gravity multiplet, while each vector and its superpartners 
make up one vector multiplet. For each, we have: 

O Gravity multiplet: Contains the metric g^ v (describing excitations of a spin 2 
field called 'graviton'), 2 spin 3/2 fermions ('gravitinos') and a spin 1 vector 
field A^, called 'graviphoton'. 

Z) Vector multiplet: Each consists of 1 of the vector fields A", 2 spin 1/2 fermions 
('gauginos') and a complex scalar z a . 

We only consider the bosonic content of the theory, since we are interested in 
classical black hole solutions. In a classical solution, all fermions are put to zero. 
The bosonic part of the M = 2 supergravity Lagrangian contains ny + 1 vectors 
A 1 ^ = (A°^ , A^) and ny complex scalars z a , a — 1 . . . ny, coupled to the metric g^. 
Arranging the vector fields in field strengths F^ v — d^A^ — dyA 1 ^ we have: 



S = / d 4 xV^ff( 



1 



R+-{\mMu)F h 



-i I TpfJhUJ 



(3.1.1) 



16ttG 4 




1 



The first two terms on the first line are the straightforward generalization of the 
Einstein-Maxwell action (|2.2.5[) to ny + 1 vector fields A 1 ^ (As compared to the 
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Einstein-Maxwell action before, we rescaled the gauge fields A 1 — > \/2A ! , to make 
sure the black hole charges are integers, see below). The terms on the second line 
are required by supersymmetry and give an extra kinetic term for the vector fields 
and a term describing the scalars. The couplings in front of the vector field are set 
by a scalar dependent matrix Af(z, z) — Re N + ilmjV. The scalars can be seen 
as coordinates on a manifold with metric G a p(z, z). Due to the constraints set by 
supersymmetry, the form of Af and the details of this manifold are of a special type 
(special Kahler geometry, for reviews, see e.g. [22], [23j]). The bosonic action for 
the supergravity multiplet only (ny = 0, M = — i), is the Einstein-Maxwell action 
(|2.2.5p . while ny > 1 gives other interesting extensions of Einstein-Maxwell theory. 

We set out for black hole solutions to this system. If we leave out the scalars from 
the discussion, an asymptotically flat and spherically symmetric black hole is the 
straightforward generalization of the Reissner-Nordstrom black hole: it would be 
determined by a mass M and a set of ny + 1 electric charges qi and ny + 1 magnetic 
charges p 1 , one for each gauge field A^. However, due to the requirement of TV = 2 
supersymmetry, the scalar fields also couple to the vector fields and metric and 
we have to take their effect into account. We discuss this a bit below, a rigorous 
discussion of the effects of the scalar fields z a is the subject of part [IT] 

3.1.2 Supersymmetric black holes 

We derive the form of a spherically symmetric black hole solution and more 
specifically its Bekcnstcin-Hawking entropy for supersymmetric black holes. A 
detailed derivation of the equations of motion is found in chapter 31 here we 
concentrate on the form of the solution. 

A supersymmetric black hole is invariant under some of the supersymmetry 
transformations that relate bosons and fermions. It can be shown that such a black 
hole is also extremal (see section [3.51 below). A spherically symmetric, extremal 
black hole has a metric of the form: 



(Compare to the extremal Reissner-Nordstrom solution (|2.2.10p . for which e 2U = 
(1 — Q/r) 2 .) By spherical symmetry, also the gauge fields are fully determined 
by the electric and magnetic charges. We do not discuss their form here, but 
refer to chapter 2] for an in-depth treatment. We are thus left with finding the 
dynamics of U, z a . Demanding that the black hole is left invariant by some of the 
supersymmetry transformations, gives the following first-order equations for the 
redshift factor U(r) and the scalars z a (r), which are most easily written in terms 
of the inverse radial coordinate r = 1/r: 




(3.1.2) 



dU 
dr 



e \Z(q,p;z,z)\, 



dz° 
dr 




(3.1.3) 
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The function Z(q,p; z,z) is complex and is often called central charge. It is a 
function of on the scalar fields and the conserved vector charges. Its exact form 
depends on the details of the supergravity model (how many vector multiplets riy, 
details of the geometry of the scalars). 

The solution to these first-order equations can be inferred from the function Z. One 
can show that the radial dependence of the scalar fields is such that the solution for 
the scalars flows to definite values at the horizon (in terms of p, q) , regardless of the 
values z a — at spatial infinity. This behaviour goes by the name of attractor 
mechanism and the solution is called an attractor. It makes sure that the area of 
the event horizon depends on the charges only. In particular, one finds the area of 
the event horizon of the black hole solution is given in terms of the minimum of 
\Z\ defined as Z+(p, q) = min z Z(p, q; z, z): 

A H =AixG N \Z*{p,q)\ 2 . (3.1.4) 

We conclude the black hole has a Bekenstein-Hawking entropy: 

SBH(p,q) = n\Z+(p,q)\ 2 (3.1.5) 

In general, the function \Z+(p, q)\ is linear in the charges, such that this is the 
straightforward generalization of the entropy for the Reissner-Nordstrom black hole 
(Sbh = nQ 2 (qe,qm) — n{q 2 + see (|2.3.6p ). A detailed discussion of the 
attractor mechanism and the Bekenstein-Hawking entropy is given in chapter 3J 



Example: D0-D4 black hole. To make things less abstract, we give the explicit 
metric for one specific solution to the particular case of the so-called STU-model. 
This model describes AT — 2 supergravity with three vector multiplets (ny = 3). 
Its full action is given in chapter [7j for our purposes just note that there are in 
total four vector fields (A 1 = A ^ , A 1 , A 2 , A^) and a black hole can thus carry four 
electric charges <?o , 9i j <?2 , 93 and four magnetic charges p ,^ 1 ,^ 2 ,^ 3 . We consider 
the black hole with only the following four charges q^p 1 ,p 2 ,p 3 , called the D0-D4 
black hole. Its name is clarified below. The metric is given as: 

ds 2 = -{HoH 1 !! 2 !! 3 )- 1 / 2 ^ 2 + (HoH 1 H 2 H 3 ) 1/2 (dr 2 + r 2 dn 2 2 ) , (3.1.6) 

where dSl 2 , = d(9 2 + sin 2 Odtfi 2 is the metric on the unit two-sphere and Ho , H a are 
harmonic functions 

Hq = 1+ V2G^o^ ff a = 1 + 2^^ )(a=1 ... 3) . (3.L7) 
r r 

When we take all charges equal to Q, this describes the metric of the extremal 
Reissner-Nordstrom black hole (|2.3.6J) . (The factors of y/2 are due to the specific 
normalization of the vector kinetic terms (A 1 — s- ^A 1 )). The mass of the solution 
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is read off from the asymptotic behaviour of the metric component g tt : 

M= ^( go +pi+p 2 +/) . (3.1.8) 

Remember that the event horizon in these coordinates is located at r = 0, from 
which we find the area of the event horizon is Ah — 8itGn \J qop 1 p 2 p 3 , leading to 
a Bekenstein-Hawking entropy: 

Sbh = 2tt V^oP W ■ (3.1.9) 

In other words, for this black hole the central charge has the attractor value \Z\ 2 = 
2^qop 1 p 2 p 3 . We show below how this black hole is found from string theory. 



3.2 J\f = 2 supergravity from MA string theory 

Since all consistent string theories are related by dualities, we can concentrate on 
one of them to show how to obtain black hole solutions from string theory. We 
give the low energy description of type IIA string theory and then we show how 
this relates to the four-dimensional action given aboveQ 



IIA supergravity action. We give the low energy effective action of type IIA 
string theory. ('Low energy ' is relative and means energies E well below the 
scale set by the string length E -c l/l s - The energies reached in present-day 
accelerators are 'low' in this terminology.) In this limit, the only vibration modes 
of the string that are of relevance are the massless modes and are described by type 
IIA supergravity. Type IIA supergravity is one of the two possible ten-dimensional 
supergravity theories invariant under Af = 2 supersymmetry, namely the one for 
which the two supersymmetry generators (spinors) have opposite chiralityd We 
are only concerned with the bosonic content of the theory, given by the following 
fields (note that we use indices M,N . . . in ten dimensional space-time) : 

• The ten-dimensional metric, with components Gmn- 

• The dilaton <f>. This is a scalar field, its vacuum expectation value sets the 
value of the string coupling as g s = (e*). 

• An antisymmetric two- form field with components Bmn- 

• Higher-form gauge fields. These are generalizations of the Maxwell field 

of four dimensions. We have a one-form potential with components Cm and 
a three- form with components Cmnp- 

1 For more information on string theory see the classic textbooks [53, |25| . l2bl l27l [2^1 . 

2 The other Af = 2 supergravity in ten dimensions is the type IIB supergravity, the low-energy 
limit of IIB superstring theory, which has two supersymmetry generators with the same chirality. 
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From now on, we use differential form notation and write Br 2 \, C(3) (f° r 
instance Cm = Cm^x m and B( 2 ) — \Bmn&x M A dx N ) with associated field 
strengths Ht$\ = dBr 2 )> F(2) = dC(i), = dC( 3 ). All the fields above form the 
bosonic content of the type IIA supergravity action, which is, up to two derivatives, 
completely determined by supersymmetry to have the form 




where G10 is Newton's constant in ten dimensions, we introduced Fu\ — Fu\ — 
Cm A 77(3) and we have the notation li 7 ^)! 2 = ^f-F/i 1 ... J u„-P ,All '" Al " and likewise 
for |i?( 3 )| 2 . We do not give the contribution of the fermionic fields, as we are 
always concerned with classical solutions to the equations of motion (e.g. black 
hole solutions), for which all fermions are identically zero. 

Compactification to four dimensions. To relate ten-dimensional string physics 
to the four-dimensional world, we assume that ten-dimensional space-time with 
Minkowski signature is a direct product of four-dimensional space-time (Minkowski 
signature) and a six-dimensional (Euclidean) compact space: 

M 19 = Mi )3 x M e . (3.2.2) 

Furthermore, we assume the six-dimensional manifold Mq to have a very small 
volume, such that to very good approximation the world is four-dimensional. We 
say we have a four-dimensional compactification of string theory. 

The ten-dimensional HA theory has 32 real supersymmetries. Depending on the 
structure and symmetries of the internal manifold, the resulting four-dimensional 
theory is invariant under all, some, or none of these supersymmetries. Wc 
are intrested in four-dimensional theories with Af = 2 supersymmetry in four 
dimensions which have 8 real supercharges (see previous section), ft turns out 
that to break 3/4 of the supersymmetry, we need to compactify on a Calabi-Yau 
manifold, a Ricci-flat complex manifold with SU(3) holonomy. 

Four-dimensional action. The low energy effective action of a Calabi-Yau com- 
pactification of type IIA string theory, gives Af = 2 supergravity in four dimensions. 
The ten-dimensional fields arrange in Af = 2 multiplets (see table l3TTj) : 

• Gravity multiplet: The four-dimensional components of the metric Gmn give 
rise to the four-dimensional metric g^ v = G^ v . The components along the 
four-dimensional space of Cm, give rise to a graviphoton A° = C^. 
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• Vector multiplets: These contain a set of gauge fields from C^y. = C 
where i,j represent directions along the Calabi-Yau and a numbers the ny 
possibilities, which depend on the topological properties of the Calabi-Yau 
manifold. Furthermore, the components of the metric and the antisymmetric 
two-tensor along the internal manifold are scalars from the four-dimensional 
point of view. They arrange in complex scalars z a . 

• Hypermultiplets: All other field components arrange in hypermultiplets, 
containing scalar fields and fermions. We do not consider those here. 



Gravity multiplet 


6V 








K 






Vector multiplets 






c - 








9i j J ^i j 



Table 3.1: Ten- dimensional origin of the bosonic content of the four- dimensional M — 2 
action (|3 . 1 . 1 f) . 

In conclusion, we have a four-dimensional theory of gravity, scalars and vectors, 
described by four-dimensional J\f — 2 supergravity given earlier, see (|3.1.1[) . 

3.3 Four-dimensional black holes from p-branes 

Even though superstring theory was originally conceived as a theory of strings, also 
objects of higher dimensionality appear. We discuss these objects from the point 
of view of ten-dimensional IIA supergravity and show how they can form a black 
hole in four dimensions through compactification. 

Black p-branes. Consider a charged point particle. It can act as a source for an 
electromagnetic potential A^. Thus the one-form A^ — A^dx^ couples naturally 
to a point particle. In the same way, a (p+ l)-form potential A^ p+1 ^ couples to an 
object that is stretched out in p (spatial) dimensions. Such an object is called a p- 
brane. When the gravitational interaction is taken into account, the charged point 
particle can form a charged black hole and similarly we can have black p-branes in 
supergravity when (p + 1) forms are present. 

Type IIA supergravity has several (p + l)-forms: C^) and C7( 3 )jf| This suggests 
the existence of 0-branes (point particles) and 2-branes (surfaces). But there are 
more. One can show that in ten dimensions a (p + l)-form potential C( p+ i) not 
only couples naturally to p-branes (through an 'electric' coupling), but also to 
(6 — p)-branes (through a 'magnetic' coupling). In conclusion, in the supergravity 



3 There is also the two-form B^y The 1-branes it couples to are just the fundamental strings 
from which the theory is built. 
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approximation, the type IIA theory has black p-brane solutions: electric 0-branes 
and 2-branes, and magnetic 4-branes and 6-branes. For reasons to become clear 
below, these are referred to as DO, D2, D4 and D6 branes, see table 



p 


Source for 


Type of coupling 


4D Charge 





C(i) 


electric 


qo 


2 


C( 3 ) 


electric 


q a 


4 


C( 3 ) 


magnetic 


P a 


6 


c m 


magnetic 


p° 



Table 3.2: Various p-branes in IIA that source C^,C^ 3 y 



Ten-dimensional origin of four-dimensional black hole. In the four-dimensional 
M = 2 supergravity description, the black hole acts as a pointlike source for the 
gauge fields A 1 ^. The ten-dimensional origin of the gauge fields A 1 ^ lies in the forms 
C(i),C(3), which can have legs on the internal manifold. The configurations of 
(7(3) that give rise to the gauge field in four dimensions are exactly of 
the form that they couple to p-branes extending along the Calabi-Yau (see table 
13. ip . We conclude a four-dimensional black hole is made from black p-branes that 
extend along the internal directions. One finds the electric and magnetic charges 
(<?0j 1a\p a iP j of the four-dimensional black hole are due to branes of different 
dimensionality. Electric charges arise through placing qo units of 0-brane charge 
and q a units of 2-brane charge along the Calabi-Yau, while the magnetic charges 
are due to p a units of 4 brane charge and p° units of 6-brane charge, see table 13.21 



3.4 Explaining the entropy from D-branes 

The revolutionary insight by Polchinski in the mid ninetees (29|, was that the 
p-branes that act as (electric or magnetic) sources for the potentials C( p+1 ), are 
accurately described at small string coupling (g s — > 0) as Dirichlet p-branes, or D- 
branes for short. These D-branes are confined on submanifolds of ten-dimensional 
space-time, open strings can end on them0 In particular, D-branes of different 
dimensionality can form bound states and from the open string perturbation theory, 
it is in certain cases possible to count the quantum mechanical degeneracy of a state 
with a given fixed number of D-brane charges (fixed charges qi and p 1 ). 

By quantizing the open strings, one can determine the dynamics of the D-branes. 
From the discussion above, we find that type IIA string theory has DO branes, D2 
branes, D4 branes and D6 branes. The identification as Dp-branes, suggests we 
can find an estimate for the black hole entropy by finding the number of quantum 



4 These D-branes provide Dirichlet boundary conditions for the open strings, hence their name. 
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mechanical ground states that correspond to the given total D-brane charge of the 
four-dimensional black hole in the supergravity approximation. 

However, there is an important caveat: string perturbation theory and the 
supergravity description as a black hole are two different pictures. In terms of 
a typical number of D-branes Q, one finds that perturbation theory is valid (and 
we can easily study D-brane bound states) when g s Q <C 1, while supergravity (and 
the black hole picture) is a good approximation only when g s Q 1. 

If we were to study the number N of quantum mechanical ground states of the D- 
brane system in the 'microscopic' regime g s Q -C 1, there is no reason to believe this 
number gives the Bekenstein-Hawking entropy of the black holes as Sbh = InJV 
in the 'macroscopic' supergravity regime. However, there is a class of solutions 
for which the result is independent of the value of the coupling g s Q, namely for 
supersymmetric black solutions^ Following that idea, Strominger and Vafa where 
the first to successfully explain the entropy from a microscopic D-brane picture for 
five-dimensional supersymmetric black holes in jSQj ■ Many successful identifications 
followed, in particular the result of Maldacena, Strominger and Witten is of prime 
relevance [311 ]. It explained the entropy of supersymmetric black holes with D4, 
D2 and DO charges in Calabi-Yau compactifications of IIA string theory, from 
a microscopic point of view, through the connection with eleven-dimensional M- 
theory. Later, the microscopic entropy counting has been further understood 
and put on a firmer putting from the AdS/CFT correspondence, see for instance 
[32I ] for a review. So far, no successful counting has been done for general non- 
supersymmetric black holes. 



Example: D0-D4 black hole revisited. We show how the black hole with metric 
(|3.1.6|) of J\f = 2 supergravity is obtained from string theory. Consider type IIA 
supergravity compactified on a six-torus, which we take to be a direct product of 
three two-tori T\ x T 2 x T 3 . Wrap p 1 D4 branes on T 2 x T 3 , p 2 D4-branes on 
T\ x T3 and p 3 D4 branes on T\ x T 2 and consider qg 0-branes (points) in the 
T 6 . The reduction of the resulting supergravity configuration to four dimensions 
exactly gives rise to the black hole discussed in (|3.1.6[) . Strictly speaking, a torus 
reduction gives a four-dimensional J\f = 8 supergravity theory. By counting the 
number N of quantum mechanical states of the D-brane system with total charges 
(gojP 1 1P 2 ,P 3 ), one finds for large charges the leading order result [3l| 

N = eWwpVp 3 j (3.4J) 
which agrees with the Bekenstein-Hawking entropy (|3 . 1 . 9[) as Sbh = lniV. 

5 Actually, the number of supersymmetric (BPS) states with a given charge is only independent 
of g s when we consider large charges q,p. In that regime, the degeneracy of states is well 
approximated by an index that is guaranteed to be invariant under continuous deformations. 
Such an index counts the difference between bosonic and fermionic states. For an exponentially 
large number of states, one expects that the ground state consists mainly of either bosonic or 
fermionic states, such that the index is a good approximation to the total number of states. 
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3.5 Non-supersymmetric black holes? 

Above we discussed only supersymmetric black holes, which preserve some of the 
supersymmetry of the Af = 2 supergravity theory. In this section, we comment on 
non-supersymmetric black holes. The main point is to clarify the relation between 
the condition for supersymmetry and the condition for extremality. In short, all 
supersymmetric black holes are extremal, while non-supersymmetric black holes 
can be either extremal or non-extremal, see table 1X51 This distinction is important 
in light of the research in part [TTJ 

Table 3.3: Overview of general black hole solutions. Most are non-extremal, 
only a subset are extremal. When embedded in a supersymmetric theory, all 
supersymmetric black hole solutions are extremal as well. Note: there are extremal, 
non-supersymmetric solutions. 



Extremality and supersymmetry properties 

EXTREMAL NON-EXTREMAL 

Tjj = 0, no radiation Th ^ 0, emits radiation 

Supersymmetric OR Non-supersymmetric Non-supersymmetric 



Af = 2 supergravity and (non-)supersymmetric solutions. A solution of Af = 2 
supergravity does not have to be invariant under all Af — 2 supersymmetry. In 
terms of the amount of supersymmetry that is preserved, we distinguish three 
types of solutions: solutions invariant under all supersymmetry, half or none of the 
supersymmetry. It turns out that a black hole necessarily breaks at least half of 
the supersymmetry. We thus have two types of black holes: 

• supersymmetric black holes preserving 1/2 of the supersymmetries 

• non-supersymmetric black holes, breaking all supersymmetry. 

Black holes and the BPS bound. For black hole solutions in Af — 2 supergravity 
theories carrying electric and magnetic charges, one finds a relation between the 
mass M and the charges qi,p 2 ' : 

M > \/G^\Z{p, q; Zoo , Zo.)! . (3.5.1) 

where Z(p, q; z^, z^) is the evaluation at spatial infinity of the complex function 
Z that appears in the attractor equations (|3.1.3j) . In section 14.2.11 this relation 
is explained as a consequence of the superalgebra underlying the supergravity 
theory. In this context, this relation is known as the BPS bound. Solutions that 
saturate this bound (M = \/Un\Z\oo), are called BPS states and leave half of the 
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supersymmetry unbroken, states with M > \JGn\Z\co break all supersymmetry. 
(We use oo solely to refer to spatial infinity in this section.) We summarize in 
table !3.4l The appearance of the BPS bound is strikingly similar to the extremality 



Supersymmetric ('BPS') 


M = y/UN\Z{p,q;z 00 ,z 00 \ 


Non-supersymmetric 


M > ^/G~^\Z(p,q;z 00 ,z 0C \ 



Table 3.4: Black hole solutions in M = 2 supergravity and the BPS bound. 



bound of the Reissner-Nordstrom black hole. Remember from the previous chapter 
that, to exclude naked singularities (cosmic censorship), one has to impose 

M > y/G^Q(q e ,q m ), (3.5.2) 

where q e and q m are the electric and magnetic charges of the Reissner-Nordstrom 
black hole and Q = y/<ti+ <lm- A Reissner-Nordstrom black hole with M = ^GnQ 
is extremal (Hawking temperature Tu = 0, no radiation) and with M > ^/G~nQ 
is non-extremal (Tjj > 0, radiates). This suggests that for charged black hole 
solutions in supergravity, supersymmetric black holes are extremal and vice versa. 
In many instances this is true: the BPS bound often acts as a 'cosmic censor', 
ensuring that naked singularities cannot appear. This was first shown for dilatonic 
black holes in Af = 4 supergravity in 33] , where it was detailed how the extremal 
dilatonic black hole is supersymmetric. However, in general, all supersymmetric 
solutions are extremal, but not necessarily vice versa, see below. 



Black holes and the extremality bound. We follow the discussion of [34j. A black 
hole solution to J\f = 2 supergravity with mass M, temperature T and Bekenstein- 
Hawking entropy Sbh, can be shown to obey the constraint □ 



M 



2T h S B h + G N \Z(p,q; z 



2 


dz a 




dr 



> GatIZ^^JZocZoo)! 2 + ~ 



dZ 

o „ \HlV1 z oa, Zca, 

oz a 



2 


dz a 




dr 



(3.5.3) 



The two last squares on the right-hand sides are formed with the scalar metric G a p 
and the inequality follows because we have that 2ThSbh > 0. We have equality 
only for extremal black holes (Tjj = 0). 



6 To understand where the relation <3.5.3|l originates, we have to jump ahead to chapter |4] 
There it is shown that a spherically symmetric black hole solution to Af = 2 supergravity obeys 
the constraint l|4.3.16|l . Evaluation of this constraint at spatial infinity gives Q3.5,3|l . (To compare 

,2 , 1 | dZ(p,q;z,z) | 2 



to the quantities U, Vbh, and c 2 in eq. Q4.3,16|l , note that Vbh 
U\ = -M and c 2 = T H S B H-) 



\Z(p,q;z,z)\ 2 + : 
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When the scalars are constant, the extremality bound (13.5. 3p coincides with the 
BPS bound (|3.5.1I) (e.g. for the Reissner-Nordstrom black hole) and supersymmet- 
ric black holes are extremal (Tjj = 0) and vice versa. However, for non-trivial 
scalars z a , the extremality bound (|3.5.3[) and the BPS bound (|3.5.1[) can differ. 

We can classify supersymmetric and non-supersymmetric solutions as: 

Z) Supersymmetric black holes saturate the BPS bound (|3.5.1J) and the scalars 
obey the first-order equations (|3.1.3D (which read at spatial infinity | ^ = 
_i G a^ 3|z(g,P^oc,^oo)l > since 1/^=0), such that we conclude from (IS1T3D 
that Tjj = 0. A supersymmetric black hole is extremal. 

Z) Non-supersymmetric black holes do not saturate the BPS bound and do not 
obey the first-order equations (l3~T3D : ^ _ig«g glgfe|gpigggll, . We 

have two possibilities 

1. The case ThSbh > describes a non-extremal black hole with non- 
vanishing temperature, with two non-coincident horizons. It evaporates 
quantum mechanically until Th = 0. 

2. The second possibility describes the endpoint of the evaporation process 
above. The black hole has vanishing temperature Tjj = and is 
extremal. But since still ^ —^G a/3 d\Z\/dz^ , it has no unbroken 
supersymmetry. 

In summary, we have the setup of table 13.41 

3.6 Looking forward 

We have discussed an embedding and entropy counting for supersymmetric black 
holes in string theory. 

In the following, we look at two types of extensions. Part[n]is concerned with the 
field equations for the scalars of extremal and non-extremal black holes solutions 
in extensions of general relativity inspired by string theory (such as various 
supergravity theories). The aim is to extend the property of supersymmetric 
solutions, that obey first-order equations, to both extremal and non-extremal non- 
supersymmetric solutions. Part lllll is concerned with finding the interpretation of 
the microstates one counts for the entropy of supersymmetric black hole solutions 
in the regime where supergravity is valid, instead of in the perturbative string 
theory regime. 



Part II 



A simplified description 
for non-supersymmetric 
black holes 
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A first look at first-order 
formalisms in supergravity 

Summary 

For a generic solution to a gravitational system, coupled second-order equations have 
to be solved. However, first-order equations that follow from writing the action as 
a sum of squares have been found for supersymmetric and extremal black holes for 
some time now. Recently, Miller, Schalm and Weinberg f3A l have shown that it is 
even possible to construct first-order equations for non-extremal Reissner- Nordstrom 
black holes in this way as well. In this chapter, we show that this idea can be 
extended to branes of arbitrary dimension and, more importantly, to time- dependent 
solutions. We present the first-order equations of this type for all stationary branes 
(Lorentzian world volume) and all time- dependent branes (Euclidean world volume) 
of an Einstein-dilaton-p-form system in arbitrary dimensions. The account is mainly 
based on our work work with Bert Janssen, Paul Smyth and Thomas Van Riet, see 
ref. Jp|/. 

4.1 Introduction and overview 

In this chapter, we wish to investigate the structure of the equations of motion 
underlying many interesting solutions to gravity and supergravity. As was stressed 
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in the introductory chapters, we always keep black hole solutions, be it in four 
dimensions or not, in the back of our heads. Here, also specific p-brane solutions 
are discussed, with both radial and time-dependence0 In general, one has to 
solve coupled second-order PDEs in order to find a typical p-brane solution to a 
gravitational theory. Often, symmetry arguments have been used to show that 
the equations of motion simplify. For instance for supersymmetric solutions, the 
equations of motion reduce to a set of first-order equations. In this chapter, we 
begin an investigation to see if such a simplified structure can exist for solutions 
that are not supersymmetry, or exhibit a similar property as extremalitj|^|. We use 
such a simplifying principle to shed light on the structure of black hole and p-brane 
solutions, but also to see if we can learn more about time-dependent solutions of 
supergravity and string theory, since especially these latter ones are ill understood 
in the context of string theory. 

It has been known for a long time that particular stationary p-brane solutions of 
supergravity preserve some fraction of supersymmetry. Typically, one considers 
solutions where only bosonic modes (such as the metric and scalar fields) are 
excited and the fermionic fields are put to zero. Practically this means that the 
solutions fulfill some first-order differential equations that arise from demanding the 
supersymmetry transformations to be consistently satisfied for vanishing fcrmions. 
E.g. for a supersymmetric black hole Ansatz in D dimensions, such first-order 
equations for the scalar fields <fi a , provide an integrated form of the second-order 
equations of motion and are of the type 



where Z = Z(<f>) is a complex function of the scalars (more on this function below). 

Such first-order equations have become known as Bogomol'nyi or BPS equations, 
after Bogomol'nyi's [III, and Prasad and Sommerfield's [13] work on first-order 
equations and exact solutions for magnetic monopoles in Yang-Mills-Higgs theory. 
In those works, and generalizations thereof, first-order equations were obtained 
for certain solutions to non-gravitational field theories by rewriting the energy (a 
functional of the fields) as a sum of squares plus a boundary term. Letting <f> denote 
the collection of all fields, one finds: 



where Gi are functions of the fields <f> and their (first-order) derivatives, and the 
second integral on the right-hand side is a boundary term, evaluated at spatial 
infinity. This expression shows that all solutions to this system must obey the 

1 Such p-branes have a (p + l)-dimcnsional world volume. In this terminology, a black hole is 
a 0-brane and has a one-dimensional worldline, much like a relativistic particle. 

2 Extremal black holes and branes are those that are stable, in the sense that they do not 
emit Hawking radiation. They are seen as the endpoint of the radiation process of a general, 
non-extremal black hole/brane. 



j> a = ±G ab d b \Z\, 



(4.1.1) 




(4.1.2) 
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so-called BPS bound E > J g2 H. Moreover, the solutions that saturate this 
bound are obtained by putting each individual term Gi to zero, thereby giving 
rise to first-order equations the fields have to obey. Note that these solutions are 
stable, since they cannot decay to configurations with less energy. From now on 
we exclusively use the term Bogomol'nyi equations as a shorthand for equations 
of motion that are inferred by rewriting the energy (and later also the action) as 
a sum of squares as in eq. (|4.1.2J) F1 It was later shown that the saturation of 
the BPS bound is intimately linked to the preserved supersymmetry of solitons 



in supersymmetric theories by Witten and Olive [38J. They showed that when 
embedded in a supersymmetric theory, the BPS bound can be derived from the 
associated supersymmetry algebra and it is only saturated for a supersymmetric 
solution. In addition, the first-order Bogomol'nyi equations correspond to the ones 
obtained by putting the supersymmetry variations to zero. 

So much for the discussion about non-gravitational field theories. What can we say 
when gravity is included? Consider for example stationary non-extremal or time- 
dependent solutions. Such solutions cannot preserve supersymmetry in ordinary 
supergravity theories. From the field theory intuition, one therefore expects that 
such solutions cannot be found from Bogomol'nyi equations, but rather by solving 
the full second-order equations of motion. Luckily, there are at least three instances 
in the literature where it has been shown this view has been too pessimistic: 

1. Not all extremal black hole solutions of supergravity have to be supersym- 
metric. It turns out that many non-supersymmetric but extremal solutions 
fulfill first-order equations in a given supergravity theory (see for instance 
Si, EE EI)- More surprisingly, Miller et. al. showed that the non-extremal 



Reissner-Nordstrom black hole solution of Einstein-Maxwell theory can be 
found from first-order equations [35j by a clever rewriting of the action as a 
sum of squares a la Bogomol'nyi. The method of [35[ is the main tool for the 
results presented in this chapter. 

2. Many stationary domain wall solutions that do not preserve any supersym- 



metry have been shown to allow for first-order-equations [42], |43], |44J . The 
resulting solutions are called fake supersymmetric, and the formalism has 
been dubbed fake supergravity. 



3. FLRW-cosmologies are very similar to domain walls [45|, |46|, |47(. The 
difference in the metrics of both kinds of solutions are given by a few 
signs. Up to these sign differences, the same first-order equations for domain 
walls exist for cosm olog ies. These relations have become known as pseudo- 



BPS conditions [46|, |47| (see also [48|, |49( for the first-order framework in 



3 Note that in the literature, the term 'BPS equations' is often used for equations of this 
type, but this does not necessarily mean the solutions are supersymmetric. On the other hand, 
the term 'BPS solution' is often used to express that a solution preserves a certain amount of 
supersymmetry. To avoid possible confusion, we refer to equations of motion that are found by 
rewriting the action as a sum of squares as 'equations of Bogomol'nyi type' or as 'Bogomol'nyi 
equations'. We come back to this below. 



46 



A FIRST LOOK AT FIRST-ORDER FORMALISMS IN SUPERGRAVITY 



cosmology), the formalism in this context is often referred to as pseudo- 
super ■symmetry. As for domain walls one readily checks that these first-order 
equations arise from the fact that the action can be written as a sum of squares 
[501 ] . The structure underlying the existence of these first-order equations can 
be understood from Hamilton- Jacobi theory 51, 52, 53 



Especially the first point merits further attention. It is clear that there is a big 
difference between properties of solutions to field theories without and with the 
inclusion of gravity. As the authors of [35| point out, for stationary solutions to 
gravitational field theories, the action functional, rather than the energy, is crucial 
in deriving Bogomol'nyi equations. A relation of the form Q4.1.2p can be written 
down, but for the action instead of the energy, with the crucial difference that the 
different terms G\ can appear with relative minus signs. This allows for a broader 
class of solutions that can be found by putting each individual term d to zero, 
but such solutions do not have to saturate a bound any more. We conclude there 
exist solutions that follow from Bogomol'nyi equations (by writing the action as a 
sum and difference of squares ), but that do not saturate a BPS-like bound. In this 
chapter, we show that also many p-brane solutions to supergravity are of this form. 

Note that the examples given above (1-3) are only a subset of the different p- 
branes that exist, namely timelike 0-branes in D = 4 (the Reissner-Nordstrom black 
holes) and (D — 2)-branes (domain walls and FLRW-cosmologies) . It is the aim 
of this chapter to understand in general when (non-extremal) stationary and time- 
dependent p-branes in arbitrary dimensions can be found from first-order equations 
that follow by writing the action as a sum of squares. We generalize the method [IH 
to such p-brane solutions. A broader understanding of the underlying principles 
that guarantee first-order equations of the form presented below, is investigated in 
chapter [5] for black hole solutions in D dimensions. 



The rest of this chapter is organized as follows. In section 14.21 we give an 
overview of the use of first-order formalisms in the literature. We start with non- 
gravitational field theory and work our way up to the appearance of first-order 
equations for solutions to (super)gravity. The focus is on the underlying principle 
of supersymmetry. In section 14. 3[ we give a detailed account of the appearance 
of first-order equations of motion for black hole solutions that can be derived by 
rewriting the action as a sum of squares. We stick to J\f = 2 supergravity in four 
dimensions and discuss supersymmetric and extremal solutions, to end with some 
comments on non-extremal solutions. 

4 In ordinary supergravity theories the pseudo-BPS relations cannot be related to 
supersymmetry preservation. However, in the case of supergravity theories with 'wrong sign' 
kinetic terms the pseudo-BPS relations are related to true supersymmetry 54, 55, 5(j, l57l l5a| . In 
this thesis we consider ordinary supergravity theories and therefore pseudo-BPS conditions are 
not related to supersymmetry. Practically this means that we have first-order equations which 
can be understood to originate from a Bogomol'nyi rewriting of the action. 
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After the introductory part, we delve into the possibilities of extending the first- 
order properties of the equations of motion to non-supersymmetric solutions. In 
section 14.41 we consider Einstein-Maxwell theory and repeat the construction of 



35| for the first-order equations for the non-extremal Reissner-Nordstrom black 



hole. Also in section 14^41 we discuss the generalization of the argument of 35 1 
to stationary and time-dependent p-brane solutions to Einstein-Maxwell theory 
coupled to a dilaton in an arbitrary number of D space-time dimensions. We explain 
how the BPS equations for general p-branes follow from for the BPS equations of 
(— l)-branes via an uplifting procedure. We finish with conclusions in section T4.51 
where we lay the basis for the more systematic investigation of chapter [5] of first- 
order formalisms for static, spherically symmetric black holes. 



4.2 Historical overview of first-order formalisms 



4.2.1 BPS-Monopoles and supersymmetry 

We review Bogomol'ny, Prasad and Sommerfield's (BPS) description of 't Hooft and 
Polyakov's magnetic monopole as an energy-minimizing object 36|, 3?| in a form 



that is applicable in other non-gravitational field theories. We show the relation 
between the so-called BPS-bound for the energy and supersymmetry that was first 
explained by Witten and Olive [38| and repeat the argument showing that solutions 
that preserve some supersymmetry always saturates a BPS-like bound on its energy. 
Often, such solutions can be found by solving first-order equations. 



BPS-bound 

Consider Yang-Mills theory coupled to a Higgs field (i.e. a scalar with a potential 
that allows for spontaneous symmetry breaking), 't Hooft and Polyakov [59l. l60| 
showed that there exist magnetic monopole solutions to this theory of a specific 
nature. They considered the gauge group SU(2). Through the Brout-Englert- 
Higgs mechanism, the Higgs scalar acquires a vacuum expectation value and the 
gauge symmetry is spontaneously broken to U(l). The electric and magnetic fields 
E, B associated with the unbroken U(l) symmetry, obey Maxwell's equations with 
sources given in terms of the scalar field, allowing for monopole-like solutions 
carrying magnetic charge. 

Bogomol'nyi [36| , and independently Prasad and Sommerfield j3?| showed that the 
't Hooft-Polyakov monopole solution has minimal energy, ensuring stability, and 
can be obtained by solving first-order equations. This is realized by rewriting the 
energy, a functional of the fields describing the solution, as a positive integral and 
a boundary term. The positive integrand is a sum of squared expressions. Such a 
rewriting has later also been achieved for many other solutions to non-gravitational 
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field theories and can schematically be written as in equation (|4.1.2|) . 

E = j d 3 x^(G,(^V0)) 2 + j 2 HfaVfi, (4.2.1) 

where the the scalar(s) and gauge fields are collected into one notation <f> and the 
second term is a boundary term, obtained by evaluated an integral over a function 
H of the fields at a 2-sphere at spatial infinity. For specific examples, the functions 
Gi have explicit and often simple forms. For instance in the special case of the 
't Hooft-Polyakov monopole, there is only one quadratic term in the action of the 
form G\ = (Wip ± B) 2 , ip being the Higgs scalar field and B the magnetic field. 

The equation (I4.2.ip shows two things: 



1. The existence of a lower bound on the energy: 




(4.2.2) 



The integral on the right hand side gives a contribution that is solely a 
function of the topological charges of the solution. In the case of the Polyakov- 
't Hooft monopole, this would be the magnetic charge. For obvious reasons, 
we refer to the bound ()4.2.2j) as a BPS bound. 

2. Solutions that minimize the energy are such that the squared terms between 
brackets in eq. (|4.2.ip are identically zero and obey first-order equations: 

Gi(0,V0=O. (4.2.3) 



The BPS authors showed that the 't Hooft-Polyakov monopole, and its generaliza- 
tion to solutions including both magnetic and electric charges, are exactly those 
solution that saturate the BPS bound. 

Note that in the literature, equations of the type (|4.2.3|) are often referred to as BPS 
equations. However, we refer to such equations as Bogomol'nyi-type equations and 
refer to a rewriting of an energy or action functional in terms of a sum of squares as 
in (|4.2.1| as a rewriting a la Bogomol'nyi. We reserve the epithet BPS for solutions 
that preserve part of the supersymmetry, as we explain now. 



BPS bound and supersymmetry 

Around the time of the description of the monopoles above, also supersymmetry 
entered the game. Soon it was discovered by Olive and Witten [38| that the BPS 
bound (|4.2.2j) has a deeper meaning, when the system described above, or any other 
system with topological charges, can be embedded in a supersymmetric theory. 
They make use of the fact that the supersymmetry algebra contains central charges, 
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which are non- vanishing for solutions with topological charges. The supersymmetry 
algebra for iV-extended supersymmetry is (we suppress spinor indices): 

{Qi,Qj}=(8 ij 'fP li + Z ij )C- 1 , i = l...N, (4.2.4) 

where C is the charge conjugation matrix. The first term expresses the fact that 
two subsequent supersymmetry transformations act as a space-time translation P^. 
The second term was introduced in 61J, where Z^ is an antisymmetric complex 



matrix that plays the role of a central charge in the supersymmetry algebra: it 
commutes with all other elements of the algebra. 

For concreteness and later reference, we focus on the case of M = 2 supersymmetry. 
In that case, since any two-dimensional antisymmetric matrix is proportional to 

e-ij = ^ , the matrix Z^ in the central charge term is determined by one 

complex number We have Zij — ey(ReZll + ilmZjs) and we henceforth use 
the term 'central charge' exclusively for the complex number Z. 



One can then construct combinations Q of the supersymmetry generators Q and 
their complex conjugates Q* , such that one obtains {Q,Q*} as an expression in 
terms of the mass M and central charge Z^ It can be shown that the requirement 
that {Q,Q*} > 0, leads to a bound, relating the mass and the modulus of the 
complex central charge: 

M > \Z\ . (4.2.5) 

There is even more that one can say. From the expression {Q,Q*}, it follows that 
when a solution is supersymmetric, such that at least one of the supersymmetry 
generators Q gives zero when evaluated on the solution, the BPS bound is saturated. 
The reverse argument also holds: whenever the BPS bound (14.2.5[) is saturated, a 
solution preserves part of the supersymmetry. 

One can compute the central charge for a certain theory in terms of the topological 
charges. In the case of the BPS monopole, the central charge is just the expression 
Z = j S 2 H above. In this way, Olive and Witten showed that for the BPS- 
monopole (and its generalizations carrying both electric and magnetic charges) 
the BPS bound on the energy (|4.2.2j) follows from supersymmetry. Of course, the 
existence of a BPS bound and its relation to supersymmetry preservation applies 
to all extended supersymmetry theories with topological charges. 



5 It is common in the literature to denote the central charge as Z. We include a tilde to differ 
between the central charge Z of the superalgebra and the function Z appearing in the discussion 
of the attractor mechanism, see section [1.31 

6 Rcmember that for a massive state, we can always do a Lorentz transformation to the rest 
frame, such that the only non- vanishing component of the four-momentum is P° = E = M is the 
rest energy, which is equal to the mass M of the state, since we work in units where c = 1). 
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^ Upshot: We highlight two main points for later reference. The BPS- 
bound, (14.2. 5|) in its general form, is saturated for a solution to a 
certain supersymmetric theory if and only if the solution preserves part 
of the supersymmetry. Moreover, such solutions can often be found by a 
Bogomol'nyi trick of completing the squares. 

4.2.2 Supersymmetric solutions in supergravity? 

So far, we have concentrated on the use of first-order equations and their relation 
to supersymmetry, in theories without gravity. Our ultimate goal is learning more 
about black holes, so the question naturally rises what the equivalence is of the 
first-order formalisms discussed above in supergravity and more specifically what 
we can learn from applying it to black hole solutions. In the rest of this historical 
overview, we restrict to J\f — 2 supergravity in four dimensions for concreteness. 

Two of the central issues raised above have found their place in the framework of 
supergravity. On the one hand, we have the existence of a BPS bound from the 
supersymmetry algebra. In supergravity, as in any other theory of supersymmetry, 
a representation of the symmetry algebra satisfies the BPS bound. In the case of 
N = 2 supergravity, this bound again takes on the form 



where Z is the (complex) central charge of the supersymmetry algebra. A 
supersymmetric solution to the supergravity equations of motion (forming a 
representation of the local Af — 2 supersymmetry algebra) minimizes this bound, 
being a stable solution of course. On the other hand, supersymmetric solutions 
to supergravity satisfy first-order equations as well. This can be heuristically 
understood as follows. When studying black hole solutions to supergravity, people 
mostly consider bosonic backgrounds, in which the bosonic degrees of freedom are 
excited and have a non-trivial profile, while all fermions are zero. In order to see 
the appearance of first-order equations such solutions have to satisfy, one takes the 
realization of the supersymmetry variations on the fields into consideration, with 
supersymmetry parameter e: 

5 e | bosons) ~ | fermions) , 

(5 e |fermions) ~ |bosons) . (4.2.7) 

The supersymmetry variation on the bosons corresponds to an operator acting on 
the fermions, while the supersymmetry variation of the fermions is some other 
operator acting on the bosons. We can now ask how we can find a solution 
that is invariant under (part of) the supersymmetry transformations. When one 
chooses a bosonic background solution, where all fermions are put to zero, the 
first of the equations (j4.2.7|) implies that the supersymmetry transformations for 



M>\Z\, 



(4.2.6) 
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the bosons are zero (<5 e |bosons) = 0). The only non-trivial information follows 
from putting the second equation in (|4.2.7I) to zero. The key thing to note is that 
in supergravity theories, the operator appearing in the supersymmetry variation 
of the fermions, gives rise to a set of first-order differential equations on the 
supersymmetry parameter e and on the bosonic fields: 

£J fermions) = ( + '\' = ,°. n (4.2.8) 

1 ' \ ^(bosons) • e(x) = . v ; 

where A is a field-dependent matrix, containing first-order derivatives of the bosons 
and acting on the spinor e. The first equation of (|4.2.8j) comes from demanding 
the supersymmetry variation of the gravitino (the superpartner of the graviton) to 
vanish, while the other equations follow from vanishing supersymmetry variations 
of the other fermion fields. One sees these so-called Killing spinor equations give 
rise to a set of first-order equations for the bosonic fields and a set of differential 
equations and possibly projection conditions on the spinors e. To solve for the 
Killing spinor e, one makes an Ansatz e = B(x) ■ eo, where B is a space-time- 
dependent matrix and eo is constant. If we denote the (real) dimensionality of the 
space of spinors eo as N, than a solution to the equations (14.2.8[) is characterized 
by the number n of independent real spinors eo that can be found, that satisfy the 
Killing spinor equations. It follows that the solution is invariant under n/N of the 
total symmetry. One says the solution is n/N BPS. In particular, we concentrate 
on 1/2 BPS solutions of J\f = 2 supergravity. 

B® 3 Summary: A supersymmetric bosonic background (like a black hole solution), 
can often be obtained by solving the Killing spinor equations (|4.2.8p . When 
a solution for the spinor parameter e is found, this comes down to solving 
first-order equations for the bosonic fields under consideration. 



4.2.3 First order formalisms for specific black hole solutions 

Now we discuss how supersymmetric black hole solutions were found from first- 
order equations. A lot of attention in the literature has gone to supersymmetric 
black hole solutions to J\f — 2 supergravity and higher dimensional analogs, so we 
focus on those. The Killing spinor equations can be solved to find supersymmetric 
black hole solutions to Af = 2 supergravity coupled to vector multiplets (containing 
vectors, scalars and their fermionic superpartners)Q After one makes the correct 
Ansatz for the vector gauge fields, one obtains a set of first-order equations 
determining the radial flow of the scalars and warp factor of the metric. The main 
structure leading to solving these equations and givin g on e the details of the near- 
horizon geometry, lies in the attractor mechanism 64, 30|, 65 1: whatever the initial 



^Already earlier, the most general form of a supersymmetric solution had been discussed in 
|63| and supersymmetric solutions were found from the supersymmetry transformations in 
other theories, as Af = 4 supergravity in four dimensions, see for instance 13311 - 
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values of the scalars at radial infinity, they take on universal values at the black 
hole horizon. These values are determined by black hole charges only, assuring the 
horizon area depends on the electric and magnetic charges, but are insensitive to 
the initial conditions of the scalar fields. This is particularly useful to obtain the 
(macroscopic) Bekenstein-Hawking entropy of those solutions, since the black hole 
geometry (and the horizon area determining the Bekenstein-Hawking entropy) is 
fully determined by the black hole charges. For generic non-supersymmetric black 
holes this is not true - for such black hole solutions, the horizon area and other 
near-horizon quantities will depend on the values of the scalars at radial infinity. 
We go into the attractor mechanism in more detail in section 14.3.11 

It was later noticed that the attractor behaviour of the scalars and the associated 
first-order equations, are not just a matter of supersymmetry. In [66| already it 
was noted that the attractor mechanism is in fact due to the extremality of the 
solution. Indeed, one can obtain the attractor equations by reducing the second- 
order equations of motion to a set of first-order equations without reference to the 
Killing spinor equations. This can be done on the level of the equations of motion, 
but also by considering an adapted Bogomol'nyi trick on the effective Lagrangian 
of the system. Again, we expand on this in section [4.3.11 It was only a few years 
ago that the full potential of the attractor mechanism for extremal solutions was 



realized, see references [66j, |67|, [68|, l34[ , whence several groups started investigating 



the structure of the attractor equations for non-supersymmetric extremal black 



holes [69|, |39|, l70| . References on later work are given below. 



We now go back to the two leading ideas we posed at the end of section 14.2.11 
We saw how supersymmetric solutions saturate the BPS bound and that the fields 
of the solution satisfy specific first-order equations of motion. What can we say 
when a solution is no longer supersymmetric? Obviously, the BPS bound is longer 
satisfied by definition. But does this also hold for the existence of first-order 
equations? For a long time, the existence of first-order equations has been thought 
to be tantamount to supersymmetry. But the attractor behaviour of extremal non- 
supersymmetric solutions contradicts this. Moreover, in 2006 Miller, Schalm and 
Weinberg [35| showed that for the Reissner-Nordstrom black hole, even its non- 
extremal (and thus non-supersymmetric) solutions can even be found by solving 
a set of first-order equations. The article [35| formed the starting point of the 
our work on first -order formalisms for non-supersymmetric black holes and branes 
published in P3J . Both articles are the subject of section 14.41 



4.3 Attractor mechanism and first-order equations for 
black holes 



We now discuss the status of the application of first-order formalisms for black 
hole solutions prior to the result of Miller, Schalm and Weinberg 35[, or in other 
words, a state of affairs at the end of 2006. First we treat the supersymmetric case, 
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then the non-supersymmetric extremal case. The focus is on M = 2 siipergravity 
in four dimensions. A clear account can for instance also be found in [7ll . l72j | for 
supersymmetric solutions and [69[ for extremal ones. In [73[ some more physical 
thoughts can be found. We follow a similar line of argument as in those references. 

4.3.1 Attractor mechanism for supersymmetric black holes 

As we have seen in the previous chapter, supergravity coupled to a number of 
vector multiplets is a natural (supersymmetric) extension of Einstein-Maxwell 
theory. Again, this supergravity theory has black hole solutions, but generically 
they exhibit a richer structure than solutions to Einstein-Maxwell theory. This 
is because the supergravity setup also includes scalar fields, which in general 
have a non-trivial behaviour in a black hole solution. For supersymmetric, static, 
spherically symmetric black hole solutions to Af = 2 supergravity coupled to ny 
vector multiplets one can show that the black hole metric and the scalar fields can 
be derived from a set of first-order equations. Moreover, these equations show that 
the values of the scalars at the horizon on the black hole only depend on (electric 
and magnetic) charges. As we mentioned above, this is known as the attractor 
mechanism. Let us consider this mechanism in detail. 

We start from the action for M = 2 supergravity coupled to ny vector multiplets. 
The bosonic part of this Lagrangian contains a metric, coupled to ny scalar fields 
and ny + 1 vectors with scalar-dependent gauge couplings: 

S = / d 4 *^ (R - 2g» v G a ^z a d v zP) (4.3.1) 

+ ^Glj d * x V=9 Q(ImA/}.7)^^ J - ^^(ReAfuje^F^F^ . 

The constant G4 is Newton's gravitational constant in four dimensions, while the 
constant 7 is convention dependent. The latter constant is kept as a book-keeping 
device and it encodes the normalization of the vector fields. For example, by taking 
7 to have dimensions of length (or mass" 1 ), in natural units where H = c = 1, we see 
that we can describe vector fields and charges which are dimcnsionless in natural 
units. We later put 7 = 1, as in 72]. Note that ImM is a negative-definite matrix 
in order to have a positive energy density of the electromagnetic fields. We show 
how static, spherically symmetric black hole solutions to this action can be obtained 
from an effective action depending on one (radial) parameter. 

Symmetries and Ansatz 

Starting from symmetry arguments, we can make a very restrictive black hole 
Ansatz for the metric, and even determine the form of the gauge fields completely. 
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This justifies the result advertised before, namely that we can obtain an effective 
theory for the scalars of the theory. First note that requiring the metric to describe 
a static, spherically symmetric space-time, dictates it should be of the form: 

ds 2 = ~e 2U ^dt 2 + e- 2U ^ ( ^r—dT 2 + -^^(df? 2 + sin 2 Odtp 2 )) , (4.3.2) 

\sinh ct sinh cr / 

in terms of a radial coordinate r, c is a constant. The function U is often called 
redshift factor or black hole warp factor. It measures the redshift in the frequency 
of radiation as it moves away from the black hole. Both the metric warp factor and 
the scalars can only depend on the radial parameter, due to spherical symmetry: 

U(t), z q (t). (4.3.3) 

The constant c determines the curvature of the three-dimensions spatial metric 
(i?( 3 ) c 2 ). It should be interpreted as a non-extremality parameter: for extremal 
black holes, which have vanishing Hawking temperature, we have c = 0, while for 
non-extremal black holes this is no longer the cased The interpretation as a non- 
extremality parameter in our context becomes clear below eq. (|4.3. 16|) . For later 
use, we give the Ricci scalar of the metric (|4.3.2p : 

R = 2e 2uS -^L (c 2 - U 2 + U) , (4.3.4) 

where a dot means differentiation w.r.t. the radial parameter t. 

To relate the Ansatz (|4.3.2|) to a more familiar expression for the metric, consider 
the relation of the coordinate system above to more standard radial coordinates: 



c 



2 



sinh 2 (cr 



= (r- r y -c 2 = {r - r+){r - r_) , (4.3.5) 



where we defined the constant ro as a reference point on the r-axis and r± are the 
roots of the quadratic polynomial (r — ro) 2 — c 2 . This coordinate identification is 
done, anticipating the expected near-horizon behaviour. For general, non-extremal 
solutions (c^ 0), the black hole has two horizons, located at r = r± = ro ± c. For 
extremal solutions, c = and the two horizons coincide, at the radius r = 7'o. Note 
that for the extremal solutions, the radial coordinate r is related to the standard 
radial coordinate r as r = l/(r — r ). 

Let us discuss the asymptotic form of the metric. As the radial parameters r — > 
oo, t — y 0, we go to spatial infinity. Demanding that we have an asymptotically flat 
solution, sets the warp factor e 2U ^ to 1 as t approaches zero. Moreover, from an 



asymptotic analysis of the gu component of the metric, see for example 74|, the 
ADM mass M of the solution is given by g tt = e 2U \ = 1 - 2G 4 Mr + 0(r 2 ). 



8 The constant c is actually given by c 2 = 2SbhTh, where Sbh is the entropy and Tjj is 
temperature of the black hole, see for instance l'34H . 
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There are more boundary conditions one can put on the metric. As r -> oo 
(r — > r_|_), we approach the black hole horizon. Therefore, the black hole horizon 
area Ah is determined by the warp factor U(t = oo). The boundary conditions 
at spatial infinity and the horizon are summarized in table 14.11 We will use the 
asymptotic expansions of the warp factor U later. 



REGION 


RADIAL COORDs. 


METRIC 


Spatial infinity 
Near-horizon 


t — > 0, r — > oo 
t — > oo, r — > r + : 


U = 0, U = -G 4 M . 
A H /4tt = e - 2U ^r- 

11 1 smn cr 

_ e -2U^ r _ — T-) . 



Table J^.l: Asymptotics for the metric function U in terms of the radius. 



Note from table |4~T1 that general (non-) extremal solutions have the same, universal 
near-horizon geometry, as for t — > 0, r — > r + the metric can be written as: 



As 2 



(r — r + )(r — r_) 



dt 2 



1 H 



H 



(r — r+)(r — r_) 



dr 2 +r^(d6» 2 + sin 2 



(4.3.6) 



where the radius th is defined in terms of the area of the event horizon as Ah = 
Airrfj. Notice that this is the near-horizon geometry of a Reissner-Nordstrom black 
hole, see section B. 2. 21 For extremal solutions (c = 0), ro = r + = r_. By a shift of 
the radial variable f — r — ro, the near-horizon region takes on the universal form: 



As 2 



-dt 2 



H 



2 d^ 2 



r 2 H (dd 2 



sm 



(4.3.7) 



This metric describes the direct product space AdS2 x S 2 , which is known as the 
Bertotti-Robinson metric (AdS2 is spanned by (t, r), while the S 2 is parametrized 
by (9, (j>)). The radius of the two sphere and the Anti-de Sitter space are both equal 
to rn = \J Ah /47T. We note that this geometry is the same near-horizon region 
as the one for the extremal Reissner-Nordstrom metric, see section 12.2.21 These 
extremal black holes have Bekenstein-Hawking entropy: 



S 



BH 



A H 

4G 4 



' H 



Ga 



(4.3.. 



We will see later how the constant rn is found in terms of the black hole charges 
by solving the equations of motion for the metric, gauge field and scalars. 

What about the gauge fields? We have ny + 1 vectors in the game, representing a 
global (U(l)) n+1 symmetry. The solution is specified by giving the charges under 
these symmetries. In terms of the gauge fields, the solution carries electric and 
magnetic charges. As for the Einstein-Maxwell case, these are determined by Gauss' 
law: the enclosed charges are given as the surface integrals of the electric and 
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magnetic flux through a closed surface S surrounding the source. The complication 
now is that, due to the scalar-dependent gauge couplings, the field strengths have 
a more intricate relation to the electric and magnetic charges. Denoting the ny + 1 
electric charges as qi and magnetic charges as p 1 , we have 

P' = il f 5/ = i / G t , (4.3.9) 



4-7T 7e2 4-7T J S 

i.e. the magnetic charges p 1 are defined in the usual fashion in terms of the field 
strengths F 1 , while the electric charges are defined in terms of a dual field strength 
Gj. The field strength Gj is defined through the Lagrangian as 

dS 

G IliV = e liVp<r — r => Gi = ImA/jj * F J + Rc Afi.;F J , (4.3.10) 

pa 

where * denotes the Hodge dual. For Einstein-Maxwell theory (one vector, Af = — i) 
this definition correspond to the usual G = — * F. Note that integer charges are 
then found up to a factor of 7: denoting Q = (q,p), we have that 

(4.3.11) 



\/ G4 

with r a vector of integer charges. See [zlj]. E.g. by putting the normalization 
constant 7 = VG4, we would obtain Q — T and (p, q) are then integers. 

The requirement of staticitjH and spherical symmetry dictates how the angular 
components of the field strengths are determined by the charges: F 1 e<f, — 
p 1 sin 6, Gi84> = qi sin 9. Using the definition of Gi (|4.3.10|) . we can translate 
the requirement of spherical symmetry into an Ansatz for both the electric and 
magnetic components of the field strengths F 1 and Gj: 

Q = OM Q e 2U dt A dr + Q sintfdtf A d0 , (4.3.12) 
where Cl = ( ^ . ?j and the (2ny + 2) x (2nv + 2) symplectic matrix M.(z, z) is 



V -U 1, 

defined in terms of the period matrix JV as: 

M =( K I I R i I R lR RI j-i^ . # = ReA/\ 7 = ImyV. (4.3.13) 

We summarize the vector field content (including charges) and effective potential 
for Af — 2 supergravity in table 14.21 



9 In a static space-time, one demands the fields to have vanishing Lie derivative along the 
timelike Killing vector, to have a static solution. This translates to CxF 1 = CxGi = 0, where 
X = dt is the timelike Killing vector of the space-time. 
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Theory / truncation 


Af — 2 supergravity 


Einstein-Maxwell 


Content 

Gauge fields 
Elec. charges 
Magn. charges 
Gauge couplings 
Scalars 

Eff. potential 


gravity multiplct 

+ny vector multiplcts 

F I ,I = 0...n 

g J ,7 = 0...n 

Pi, I = . . .n 

Afu 

z a 


gravity multiplet 

no vector multiplets 

F = F° 

Qe = q°, 

q m = Pa 

A/" 00 = i 

z a = est 

V BH = h 2 (<?e + ?m) 



Table £.2: The field content of Af = 2 supergravity coupled to vector multiplets and a 
truncation to Einstein- Maxwell theory used in this thesis. Only the non-zero fields are 
given. We also give the notation used throughout for the excited gauge fields and non-zero 
charges. 



Effective one-dimensional action 

The Ansatz for the gauge fields solves the equation of motion and allows us to 
eliminate the gauge fields from the Lagrangian (|4.3.1|) . One should be careful in 
doing this: eliminating fields in terms of an Ansatz is a matter best dealt with on 
the level of the equations of motion. It can be shown that the equations of motion 
for U and the scalars can be derived from an effective action in one dimension, 
which should be seen as the equivalent of the action (|4.3.1D per unit time T: 

S cS = S l T = -^Qlf dr(u 2 + G a p(z,z)z a zP + e 2U V BH (z,z)-c 2 y (4.3.14) 

where a dot means differentiation w.r.t. the radial parameter The terms 

U 2 — c 2 in the effective action originate from the Ricci scalar (|4.3.4|) (the term U 
in the Ricci scalar only contributes a total derivative to the action and is omitted). 
The black hole potential encompasses the effects of the gauge fields, it is given by: 

Vbh = h 2 (P Q)M(*)>0. (4.3.15) 

The inequality follows because Im Af is a negative-definite matrix, so A4 is positive- 
definite. Remember that the kinetic terms of the gauge fields have scalar dependent 

10 Remember this action cannot be obtained from direct substitution of the Ansatze into the 
four-dimensional action 14.3.11 One can however write down another, equivalent, action for the 
vector fields, such that it is possible to plug in the Ansatz in the equations of motion. Therefore, 
one needs to find a form of the action for the vectors which is manifestly duality invariant. Such 
an action fails to be generally covariant, however. This is discussed for example in [75l . [73| 
and for general stationary black hole Ansatze (describing rotating black holes and multi-center 
configurations) in my work with Antoine Van Proeyen [Pill . Below, we encounter many more 
effective actions obtained in this way, but we will not keep repeating the subtleties one can 
encounter in deriving an effective action. 
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couplings, hence it is no wonder that eliminating the gauge fields in terms of their 
charges through the Ansatz (|4.3.1l)p . gives rise to a scalar potential. This scalar 
potential, a non-negative function, is proportional to the electromagnetic energy 
density and is invariant under electric-magnetic duality transformations^ The 
one-dimensional effective action (|4.3.14[) is that of a particle living on R x M sca x, 
subject to an external force field given by the effective black hole potential Vbh, 
where R denotes the black hole warp factor and M sca i is the scalar manifold. The 
radial parameter r plays the role of time. 

To make sure that solutions to the effective action (|4.3.14[) are also solutions to 
the full supergravity system (|4.3.1D . we have to check that the Einstein equations 
stemming from other metric modes than the [/-mode are also fulfilled. One can 
verify that the only extra information residing in the Einstein equations is the 
following equation, which acts as a constraint that solutions to the effective action 
should obey: 



What is the meaning of the constraint equation (|4.3.16jl ? First notice that the 
Lagrangian has the form T—V, whereas that the constraint equation takes the form 
T + V = 0. Hence the name 'Hamiltonian constraint'. More on the interpretation 
of the effective black hole description as a Hamiltonian system, with r playing the 
role of the time coordinate, can be found in the next chapter, in section 15. 4. II One 
can check that for any solution to the action (|4.3.14D the left-hand side of (|4.3.16[) 
is constant. We conclude that the constraint only fixes this integration constant 
to be equal to the non-extremality parameter c 2 . In principle this information 
should be contained in the boundary conditions: the values of the fields at spatial 
infinity. An intuitive understanding of the extremality parameter can be obtained 
by referring for example to an electrically charged Reissner-Nordstrom solution. 
This is a solution to the Af = 2 supergravity Lagrangian, where all scalar fields 
are constant and ImAf = — i, see table |4~^1 Evaluating the Hamiltonian constraint 
()4.3.16p at spatial infinity then gives G\M 2 — "f 2 q 2 + c 2 , where q e is the total 
electric charge. Only when c = do we have an extremal black hole. 

Deriving a BPS bound, finding first-order equations 

We show how we can easily obtain supersymmetric solutions to the one-dimensional 
effective action (|4.3.14p . obtaining a relation to the BPS bound and first-order 
equations along the way. The key thing to note is that the black hole potential 
Vbh has a very restrictive form. Using the special geometry properties of the scalar 
manifold, one can show that it has the quadratic form: 



U 2 + G a0 {z,z)z a t 



e 2U V BH (z,z) = 2c 2 . 



(4.3.16) 



V BH (z, z) = ~f 2 {\Z\ 2 + iG a ^d a \Z\Bg\Z\) 



(4.3.17) 



^Electric-magnetic duality acts on the vectors {F x ,Gi) and (p J ,<J/) through multiplication 
with symplectic matrices (elements of Sp(rn/ , See section [5.4.41 for some more information. 
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The complex function Z(z, z) £ C takes complex values on the scalar manifold and 
it is defined by: 

Z = e K/2 {X I q I -F I p I ) (4.3.18) 

where X 1 = (X°,X a ) are projective coordinates on the scalar manifold, such 
that z a = X a /X° and Fj denotes derivatives of a scalar prepotential F(X) as 
Fi = dF/dX 1 . The scalar prepotential is a homogeneous function of degree two in 
the X 1 that is specific to the J\f = 2 supergravity Lagrangian under consideration. 
Finally, K, is the Kalher potential that determines the scalar metric as G a p — 
d a dpfC(z,z). 

Evaluated at spatial infinity, the function Z equals the central charge of the Af = 2 
supersymmetry algebra. For this reason, people refer to the function Z as the 
central charge function, or even plainly central charge. Note that this is misleading 
terminology, since Z is not a constant! 

Having obtained the quadratic form (|4.3.1 7[) of the black hole potential, we see 
that the effective action (|4.3.1 4[) is a sum of quadratic terms. This begs for an 
application of the Bogomol'nyi trick. By completing the squares, we can rewrite 
the action (j4.3.14|) as a sum of squares plus a boundary term: 



Scff = / dr (({/ ± jlZle") 2 + \ \z a ± 2 1 e u G a ?dp\Z\ 



| 2 -c 2 



± -L^\Z\e u 



4ttG 



4 



(4.3.19) 



r=0 



II i 1 2 

The norm • is taken w.r.t. the metric G on the scalar manifold. 



We discuss two far-reaching consequences of this form of the action, similar to the 
discussion for the BPS monopolc. 



1. BPS bound. Remember that we are discussing static solutions, i.e. they are 
independent of time t in the coordinates 114. 3. 2p. As such, the associated 
Hamiltonian can be written as minus the action 12 !: For the solution at hand, 
we know that the Hamiltonian w.r.t. the time coordinate t corresponds to 
the ADM mass of the black hole (up to a proportionality factor depending 
on chosen normalizations). This leads to the BPS bound: 

G 4 M > 7|Z| T=0 (4.3.20) 

12 Remember that for a general mechanical system with generalized coordinate vector q and 
momenta p, the Hamiltonian density H and the Lagrangian density C are related by the Legcndrc 
transform H{p, q, t) = — C(q, §f ) In our case, the generalized coordinates q are the scalars 

2 and warp factor U. Since we describe a static solution, the velocities 22 are zero. 
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z 



zh(p, q) 




r -r H 

Figure J^.l: The attractor mechanism for the scalars z a in terms of the radial distance 
r — rH from the horizon. The horizon values z = zh{q,p) are fixed by the electric and 
magnetic charges (q,p). 

We dropped the r — oo boundary term in (|4.3.19f) . since we expect the warp 
factor e u to vanish at the horizon. Any solution for which each individual 
term of the squares in (|4.3.19|) is identically zero, satisfies this bound. We 
show below that these correspond to supersymmetric black hole solutions. 

2. First order equations. We can saturate the BPS bound (|4.3.20[) by demanding 
that all the individual squares in (|4.3.19D are zero. This leads to a system of 
ny + 1 first-order differential equations for the scalars z and the warp factor 
U: 

U = T1 e u \Z\ 

z a = T^e u G a ^dfs\Z\ (4.3.21) 

These equations fix the radial dependence of the scalars in terms of a gradient 
flow on the scalar manifold, determined by the scalar function Z(z,z). We 
can readily throw away the solutions with the lower (plus) signs, as these 
give rise to solutions that are gravitationally repulsive (negative ADM mass 
G4M = —U, as seen from table ET~Tj) and do not correspond to well-behaved 
black hole solutions. 

Attractor mechanism 

The first-order equations contain a lot of physics we can extract without having to 
solve the system explicitly. In particular, we show that the scalar fields converge to 
fixed values at the black hole horizon (t — > 00) and these values are given entirely in 
terms of the conserved electric and magnetic charges, but insensitive to the initital 
values of the scalars at spatial infinity (r = 0). This feature goes by the name of 
attractor mechanism and is presented pictorially in figure ETT1 



ATTRACTOR MECHANISM AND FIRST-ORDER EQUATIONS FOR BLACK HOLES 



61 



In order to unravel this behaviour, we focus on the second of the equations (|4.3.2ip . 
Using this equation, we see that (remember we stick to the upper (minus) signs) 

= -2e u G a ^d a \Z\d s \Z\ < 0. (4.3.22) 
dr p 

The inequality on the right-hand side follows because the scalar metric is positive 
definite. We conclude from this equation that the modulus \Z\ of the central charge 
is a decreasing function of r. Furthermore, since the modulus \ Z\ > 0, it is bounded 
from below and we conclude it will reach its minimum value \Z\ = |Z| m i n as r — > oo 
(and we approach the black hole horizon). 

The condition \Z\ = \Z\ m i n at the black hole horizon puts severe restrictions on the 
horizon values of the scalar fields. In particular, the values of the scalars at the 
black hole horizon are found by solving the minimizing condition: 

#^=0. (4.3.23) 

dz a v ; 

The solutions z a = Zjj for which (|4.3.23[) holds are found without reference to the 
initial conditions. For instance, if we were to continuously vary the values of the 
scalars at spatial infinity, the values z% for which (|4.3.23[) holds would of course not 
changelil We conclude the scalar fields flow to fixed values at the horizon, which 
only depend on the electric-magnetic charges, but are insensitive to the values of the 
scalar fields at spatial infinity. This feature is known as the attractor mechanism. 

From the first of the equations (|4.3.2ip . for r — > oo, the warp factor is: 

g u = j\Z\ min T , as t — y oo (4.3.24) 

This behaviour justifies the interpretation of r — > oo as the near horizon region: the 
timelike Killing vector d/dt, whose norm is given as e~ u , becomes null at r — > oo. 
Plugging the near- horizon behaviour Q4.3.24p into the metric Ansatz (|4.3.2p . we 
see the black hole horizon is a sphere of radius 7T7 2 |Z|^ lin and the near horizon 
geometry (r — > oo) has the AdS2 x S 2 form (|4.3.7p . with the radius rjj = 7|Z| min . 
The Bekenstein-Hawking entropy of the supersymemtric black hole is thus: 

„ 7T7 2 |Z|min 

obh = 75 , (4.3.25) 

and only depends on the black hole charges, not on the values of the scalar fields 
at infinity. Note that we really need the attractor mechanism in order to have 
agreement with microstate counting methods to obain the entropy from string 
theory, as for supersymmetric solutions, one finds the number of ground states 
only depends on the electric-magnetic charges. 

In conclusion, we see that the central charge function is really 'central'. It gives 



5 Barring crossing walls of marginal stability, see for instance |76ll77l|. 
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the lower bound on the mass of a solution (the value of \Z\ at infinity, the true 
central charge of the supersymmetry algebra, turns up in the BPS bound), giving 
the ADM mass for supersymmetric solutions, but it also determines the behaviour 
of the scalars as a gradient flow. The scalars reach fixed values at the black hole 
horizons, which are found by minimizing the central charge function. We proceed 
below with a discussion of non-supersymmetric solutions. Some properties are 
readily extended to extremal solutions, but non-extremal solutions were for a long 
time an open question. 



4.3.2 Attractor mechanism for non-supersymmetric black holes 

In this section, we discuss some properties of black hole solutions that do not 
preserve any supersymmetry. The aim is to give a flavour of the literature on the 
subject, before we start with the discussion of new research in section T4. 41 

Up till now, we restricted to black hole solutions of J\f = 2 supergravity in four 
dimensions that preserve half of the supersymmetries. We have seen that the scalars 
for those supersymmetric black hole solutions are driven to fixed values at the black 
hole horizon by the attractor mechanism and that the attractor flow equations that 
govern this behaviour are derived from writing the action as a sum of squares. 

Following the logic of section 14.21 one could be tempted to think that the first- 
order equations and the attractor behaviour derived from them are solely a 
manifestation of supersymmetry. Indeed, in the context of the non-gravitational 
theories discussed before, the saturation of the BPS bound for a supersymmetric 
solution was related to rewriting the energy functional as a sum of squares from 
which first-order equations of motion followed. Since non-supersymmetric solutions 
do not saturate the BPS bound (G4M > j\Z\), we would conclude that the 
attractor mechanism does not hold for solutions that break supersymmetry. 

We explain now that for gravitational theories, this view is too pessimistic. It 
has been shown in the literature that the attractor mechanism still holds for 



extremal solutions [78j, |66j, [67], [68j, |34[ (including all supersymmetric and some 
non-supersymmetric solutions). And recently, it has been shown that also non- 
supersymmetric extremal black holes can allow for flow equations analogous to 
those of the non-supersymmetric case 0, [H, [7o| . 



Extremal black holes (c = 0) - attractor mechanism holds 

The flow equations (|4.3.21| and the attractor mechanism were first described in 
64, 30|, based on supersymmetry arguments. It was soon noticed 78, 6(| that the 
attractor mechanism has a broader validity and is a feature common to extremal 
black hole solutions to J\f = 2 supergravity. Examples of non-supersymmetric 
extremal attractors were worked out in detail from 2005, for instance in refs. 179, 
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1671 . |8(X l8ll . |82| . We give an argument based on demanding the scalars to be regular 
(have finite values) at the horizon and follow the clear explanation of 34, 69[. 



Intuitively, one can understand the attractor behaviour by analogy with systems 
in classical mechanics. In that context, fixed points of the motion are only reached 
in the limit t oo, where t is the natural evolution parameter (mostly time). For 
extremal black holes, a natural evolution parameter that determines the flow of the 
sclar fields is the 'physical distance' to the black hole horizon. This physical distance 
is defined as follows. Consider a point Xq in space-time outside of the horizon. 
Choose a path 7 by keeping the time t and angles 9, <fi fixed in the black hole metric 
(I4.4.2[) and varying only the radial parameter from the point Xq to the black hole 
horizon. The total metric distance p = J^ds measured over this path is called the 
physical distance (this is the analog of proper time for spacelike separations). The 
physical distance can be obtained as a certain function (coordinate redefinition) of 
the radial coordinate r. In the near-horizon region of extremal black holes, this 
redefinition is given as p — rn log(r/r Jr ) = r# log((r — r Q )/(r+ — r )), where t* (or 
r*) is the radial position of the reference point Xq and th = yj Ah /An, with Ah 
the area of the event horizon. The near-horizon metric (|4.3.7|) is then written as: 



'H 



dp 2 +r^(d0 2 + sin 2 



(4.3.26) 



It follows that for extremal black holes, the physical distance p from any point at 
t = t* in space-time to the event horizon is infinite, since p = m log( T /' r *) °o 
as t — > 00 : extremal black holes develop an infinitely deep 'throat', with the 
horizon at the bottom. Since the natural evolution parameter p goes to infinity 
as we approach the horizon, one can intuitively understand that the scalars 'lose 
their memory' and attain values at the horizon that are independent of their initial 
conditions at spatial infinity. 

This can be made more precise. From the (second-order) equations of motion to 
the effective action (|4.3.14|) . it follows that near the horizon, the scalars behave 



as z 



4>=4>h 



Since p — > 00 as we approach the black hole horizon, 



regularity of the scalar fields demands that the black hole potential reaches an 
extremum: 



z a regular at horizon 



8V B h(z,z) 



dz a 



0. 



(4.3.27) 



Since the potential Vbh{z,z), defined in eq. (|4.3.15D . depends only on the scalar 
fields and the electric and magnetic charges (qijP 1 ), it follows that the values of 
the scalars z — Zh for which the potential is minimized are completely determined 
by the conserved charges (qijP 1 ). In particular, the horizon values of the scalars 
Zh do not depend on the values of the scalars at spatial infinity. We conclude that 
the attractor mechanism holds for all static, spherically symmetric, extremal black 
hole solutions, supersymmetric or not. Note that the argument is similar to that for 
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supersymmetric solutions: for supersymmetric solutions, the attractor mechanism 
follows from minimizing the central charge function \Z(z, z)\, for general extremal 
solutions, one minimizes the effective black hole potential Vbh(z, z). 

But there is more to say. It took almost ten years after the discovery of the 
attractor mechanism to realize that not only the attractor behaviour extends to 
non -sup ersymmetric solutions, but also the form of the flow equations (|4.3.2ip . In 
iol . 39L 7(3], it was noted that formally, equations of the form (|4.3.21|) . where the 
central charge \Z\ is replaced by a scalar-dependent function W(z, z), also give rise 
to extremal solutions. For these solutions, the black hole potential has the form: 

V{z, z) = j 2 (W 2 + AG a ^d a Wd rj W) . (4.3.28) 

When W = \Z\, we are describing supersymmetric solutions, but when W ^ \Z\ 
the solutions necessarily breaks all supersymmctry. For now we take this novel 
way of deriving first-order equations for non-supersymmetric, extremal solutions 
by rewriting the black hole potential as in equation (14.3. 28)1 as an encouraging 
result. We thoroughly review the observations of [iol. l39l. |70| in chapter [SJ when 
we discuss the form of the flow equations. In particular, we review the literature 
on this subject in section 15.2.31 



Non-extremal black holes (c 7^ 0) - attractor mechanism cannot hold 

In this case, the attractor mechanism is no longer applicable, see for instance 



for a discussion. One can see this from a similar argumentation as before, 
by considering the concept of 'physical distance' as defined above. Starting at a 
certain position outside the black hole horizon, it follows that the physical distance 
to the black hole horizon is finite, for any starting point. For the near-horizon 
region of non-extremal solutions (r — > 00), we have sinh(cr) ~ e CT and we see from 
table 14. ll that e~ 2U ~ e 2cT . The coordinate redefinition from r to a radial variable 
p measuring the physical distance between spacelike separated points (still in the 
near-horizon region), is then given through dp = rnce~ CT dT and the metric (|4.3.2D 
takes on the form: 

ds 2 = - (r ~ r+) 2 (r ~ r - } dt 2 + dp 2 + r 2 H (d9 2 + sin 2 9d(j) 2 ) . (4.3.29) 

Integrating the defining condition for p, we get p — rn (e~ CT * — e _cr ), where r* is 
the radial position of the reference point. We see that as r — > 00 (we approach the 
horizon), p tends to a finite value. 

Because the physical distance from a point in space-time to the horizon is finite, 
one sees that in general the scalars do not 'lose their memory' and the values of 
the scalars at the horizon depend on the boundary conditions they obey at spatial 
infinity. On the possibility of first-order equations for non-extremal solutions, we 
cannot yet make a conclusion. We immediately proceed with this discussion. 
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4.3.3 Questions about the non-extremal case 

We have studied in some detail supersymmetric and non-supersymmetric extremal 
black hole solutions and we have seen they exhibit a simple structure. The scalars 
for these solutions reach fixed universal values at the horizon due to the attractor 
mechanism and explicit solutions for extremal black holes can be obtained through 
solving first-order differential equations. These equations can be found by writing 
the action as a sum of squares — as a result the BPS bound for supersymmetric 
solutions follows. But what about their non-extremal counterparts? Two things we 
know for sure. We know that non-extremal solutions do not saturate any BPS-type 
bound: their mass is not minimal for a given amount of charge, these black holes 
expel the excess mass by emitting Hawking radiation. Furthermore, we know from 
the argumentation in section 14.3.21 that non-extremal black holes do not allow for 
the attractor mechanism to work: the horizon values of the scalars vary as one 
changes the boundary conditions at spatial infinity. Does this imply that no nice 
features, as finding a set of first-order equations, of the extremal case survive at all? 
For years, physicist have thought, but not proven, the answer to this question to 
be a convincing 'no'. It was commonly believed that non-extremal solutions cannot 
be obtained from Bogomol'nyi-type first-order equation^. On top of this, people 
silently assumed that a rewriting of the action a la Bogomol'nyi is tantamount to 
having supersymmetry. We have seen that indeed such a rewriting of the action 
is possible for spherically symmetric black holes which are supersymmetric and 
even for some non-supersymmetric extremal ones. But what about non-extremal 
solutions (which necessarily break all supersymmetry)? 

Recently, in [35j Miller, Schalm and Weinberg came up with a surprising result. 
In the context of a simple theory, Einstein-Maxwell theory in four dimensions, 
they pointed out that also non-extremal Reissner-Nordstrom solutions can be 
obtained from a set of first-order equations that are of Bogomol'nyi-type. Thus 
first-order equations of motion can be derived for non-extremal solutions, from 
a clever rewriting of the action as a sum (and difference) of perfect squares F^l 
This contradicts the common lore that such Bogomol'nyi equations would not 
exist for non-extremal solutions. As a bonus, the authors of [35} were able 
to show that, under one mild assumption, these solutions are not embeddable 
as supersymmetric solutions to any supergravity theory, thereby destroying the 
common belief that the existence of Bogomol'nyi-type first-order equations are 
indicative of supersymmetry. 



Given the intriguing results of 35j, the question that naturally comes to mind is 



14 Remember that we speak of Bogomol'nyi equations whenever a set of first-order equations of 
motion can be found be rewriting the action as a sum of squares. 

15 A little warning for the reader is appropriate here. In [35ll . the authors refer to first-order 
equations that can be found by rewriting the action as a sum of squares as 'BPS equations', even 
if the solutions to this equations do not preserve supersymmetry. Since this is easily confused with 
common usage 'BPS solutions' for solutions that preserve a certain amount of supersymmetry, we 
dislike this terminology and opt for the notion 'Bogomol'nyi equations'. 
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how general their observations really are. Can one extend their results to a more 
general setup than Einstein-Maxwell theory? Can a generic non- extremal black 
hole solution be derived from first-order equations, either or not of Bogomol'nyi 
type? Of special interest are the non-extremal black hole solutions to TV = 2 
supergravity. And what about objects of different dimensionality: is it possible to 
reach conclusions for extremal vs. non-extremal branesl We wish to answer t hese 
questions in several steps. In the remainder of this chapter, we discuss our work IP3 I 
with Bert Janssen, Paul Smyth and Thomas Van Riet. We took the results of [35 1 
at face value and extended them to Einstein-Maxwell theory coupled to an extra 
scalar (dilaton), in arbitrary space-time dimensions. The BogolmoPnyi trick can be 
applied and all non-extremal brane solutions to this setup can be found from first- 
order equations. The class of branes studied also includes time-dependent solutions 
and forms a fruitful step to a better understanding of time-dependent solutions in 
supergravity and even string theory, to date an outstanding issue. For the case of 
generic black hole solutions with more than one scalar field, the question of the 
possibility of Bogomol'nyi type equations and a possible richer structure of these 
equations in terms of a gradient flow reminiscent of the extremal case is deferred 
to the next chapter. 



4.4 A first-order formalism for timelike and spacelike 
brane solutions 

In this section, we pre sent the work with Bert Janssen, Paul Smyth and Thomas 



Van Riet, reported in P3J. First we repeat the arguments of Miller, Schalm and 
Weinberg 35J for the appearance of first-order Bogomol'nyi-type equations for the 
non-extremal Reissner-Nordstrom black hole, which formed the starting point of 
our work, in section liXTf^l In section 0X2] we sketch the condition presented in 



35j for their first-order formalism to be applicable. In section 14.4.31 we explain 
that those conditions are met for both radial and time-dependent p-brane solutions 
to Einstein-Maxwell theory coupled to one scalar (a dilaton) . In sections 14.4.41 
and 14.4.51 we explicitly perform the Bogomol'nyi trick for non-extremal and time- 
dependent solutions to that system. A conclusion and an extensive discussion can 
be found in the next section T4. 51 



4.4.1 First order equations for non-extremal Reissner-Nordstrom 

We repeat the argument of [35| for non-extremal black ho les i n Einstein-Maxwell 
theory. In the subsequent sections, we discuss our work P3] that extends their 

16 Note that the Bogomol'nyi trick was first applied in the context of gravitational systems to 
self-gravitating solutions in the case of cosmic strings )84(l ; see also [§5, 86] for recent discussions. 
The same procedure can be applied to time-dependent gravitating solutions |50l . 
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result to black hole, p-brane and cosmological solutions to Einstein-Maxwell 
theories with an extra scalar ('dilaton') and a scalar-dependent gauge coupling. 

Consider Einstein-Maxwell theory in four dimensions, consisting of gravity coupled 
to an electromagnetic field. The Lagrangian for this system is given by: 

Again, 7 is a constant that is convention dependent, cfr. (|4.3.1I) . Note this is a 
subsector of the full Af = 2 supergravity Lagrangian 14.3.11 where only the gravity 
multiplet is excited. In terms of the Af — 2 supergravity fields, we have put 
Ffj, v = , and none of the other gauge fields F 1 nor the scalars are present, 
see also table 14.21 The Reissner-Nordstrom solution to this action was discussed 
in section 12.2.21 It is a static, spherically symmetric solution carrying electric 
and/or magnetic charges. We wish to see how the Reissner-Nordstrom solution is 
derived from a first-order formalism. For the extremal case, the result is already 
contained in the discussion of the attractor mechanism, while the non-extremal 
case is discussed here. 

As in section T4. 31 we take a static spherically symmetric Ansatz. This would lead 
to the metric ((4.3.14)1 . but following 353, we ma ke a slight generalization: 

ds 2 = -e 2U ^dt 2 + e~ 2U ^ (e 2C Me 4S Mdr 2 + c 2B ^dX 2 ) , (4.4.2) 

again in terms of a radial variable r. The function C(t) expresses the 
parametrization invariance of the radial direction and corresponds to the freedom in 
choosing a radial coordinate. Later, we will see that by fixing the parametrization 
invariance of the r direction by putting C = 0, the equations of motion dictate 
c 2B = c 2 /sinh 2 (cr) and we reproduce the earlier metric Ansatz (|4.3.2p . We give 
the Ricci scalar of the metric (|4.4.2[) for later reference: 

R = 2 q 2 (u- b - c ) (i) -U 2 -tlC -2B + 2BC + 5 2 ) + 2c 2{JJ - B) . (4.4.3) 

For the gauge field, we only consider turning on electric charge. The earlier gauge- 
field Ansatz (|4.3.12p for the Einstein-Maxwell truncation, with one electric charge 
q e = q° and all other charges put to zero, reads (see table 14.2]) 

F = q e e 2U+c dt A dr . (4.4.4) 

As explained in the discussion of section 14.3.1) the above Ansatz for the gauge 
field allows us to obtain an effective action for the warp factor U. Plugging in the 
Ansatz into the equations of motion, one sees that they can be derived from the 
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following effective action: 

S cS = J dr (e- c (b 2 - U 2 ) + e c (e 2B - j^e 2 ") ) (4.4.5) 

+ [e- c (-2B + U)] T T Z7 , (4-4.6) 

where a dot again denotes a derivative w.r.t. t. In the rest of this section, we drop 
the prefactor 87r g and we keep the boundary terms explicit. 

We know that the field C does not appear with a derivative in the action and is 
therefore not a propagating degree of freedom. This was to be expected, since it 
expresses the reparameterization invariance of the radial direction. It acts as a 
Lagrange multiplier, enforcing a Hamiltonian constraint. In the gauge C = 0, the 
constraint becomes: 

(B 2 - c 2B ) - (U 2 - 7 2 <Z e 2 c 2t/ ) = . (4.4.7) 

Note that we shuffled some terms for later convenience. By using the correspon- 
dence in table !4.2l we can compare to the discussion of section l4\3.1l and the effective 
action (|4.3.14p obtained for a more general Af = 2 setup. Remember that the 
scalars are constants now. The difference in the effective action and the constraint 
equation lies in the new terms involving B(t), whereas earlier we had the non- 
extremality parameter c 2 . We see below that plugging in the solution for B exactly 
reproduces this term. 

One can obtain the Reissner-Nordstrom solution by writing the effective action as 
a sum of squares, both for extremal solutions as for non-extremal solutions. Let us 
discuss these two cases in detail. 



The extremal solution 

Obtaining first-order equations for extremal solutions, follows the arguments of 
section 14.3.11 We go over the procedure quickly, since this is just an extension 
of the general setup for J\f = 2 supergravity with the field B(t). Applying the 
Bogomol'nyi trick as in section f4. 3. U gives us: 

S eS = JdT((B±e B ) 2 -(U± iqe e u ) 2 ^+Z M sw- (4.4.8) 
The boundary term is given by: 

/d 
dr— (-2B + U T 2e B ± 2 7 q e e u ) . (4.4.9) 

The first two terms follow from completing the squares, the last two carry over from 
(|4.4.6p . As before, demanding that the squared terms in the action vanish gives rise 
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to first-order equations of motion. Again, the solution with the lower signs gives 
is not a well-behaved black hole solution (negative ADM mass). We restrict to the 
equations with the upper signs. Solving the first-order equations then gives us: 

e~ u = l+-yq e r, e~ B = T, (4.4.10) 

where we fixed the integration constant by demanding the asymptotics of table I4TT1 
In the last equation, we absorbed the integration constant in a shift of the origin of 
the t axis. If we perform the change of coordinates r = 1/r, then we see that this 
solution is none other than the electrically charged extremal Reissner-Nordstrom 
solution of chapter [2 

ds 2 = -H{rfdt 2 + H{r)~ 2 {dr 2 + r 2 {d6 2 + sin 2 dd(j> 2 )) , 

F = d(H(r) dt) = -^pdi A dr , H(r) = 1 + — . (4.4.11) 

We see that the ADM mass M of the black hole solution is given as G4M = jq e . 
In other words, the solution saturates the BPS bound, as can also be seen by 
evaluating the action (|4.4.8|) on the solution and remembering the standard relation 
between (minus) the action and the (potential) energy for static solutions (the only 
non-zero contribution comes from the boundary term and reads G4M ~ Zmsw = 
jq e e u \ T =o = 79e)- 



The non-extremal solution 

What about the non-extremal case? The effective action (|4.4.6p for the Reissner- 
Nordstrom solution can be written, up to boundary terms whose form we do not 
further discuss, by completing the squares in the more general way: 

S cS = ~Jdr + Ve 2B + P 2 ) 2 ~(u + \/7 2 <zf e 2£/ + p^j ^ . (4.4.12) 

The addition of a constant > under the square roots still allows to rewrite the 
action as a difference of squares, since the cross-terms are again total derivatives. 
From now on, we only consider the sign possiblity in each squared term that gives 
a well-behaved black hole solution. Note that this specific rewriting of the effective 
action as a sum/difference of squares only holds when kinetic and potential terms 
decouple. For a generic effective supergravity action as (|4.3. 14|) . the potential 
Vbh is a complicated function of the scalar fields and a naive sum/difference of 
orthogonal terms is not possible. One could also wonder if it is possible to consider 
two different constants under the square root. However, this is undesirable, since it 
would require the addition of an infinite boundary term. Moreover, one can check 
the Hamiltonian constraint dictates these constants to be the same. 
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A stationary point of this action is given by a solution to the following first-order 
differential equations: 



U = -Jj 2 q 2 e 2U + B 2 



B = -y/e 2B + B 2 . (4.4.13) 
The solutions of the first-order equations (|4.4.13D are 

e- u = 7ge Slnh( ^ + ° u) , e- B = Slni y r) , (4.4.14) 

where cjj is a constant and we put the integration constant in the solution for B to 
zero by shifting the origin of the r-axis. If we compare to the metric Ansatz (|4.3.2p . 
we see the constant B is just the non-extremality parameter introduced earlier: 

B = c. (4.4.15) 

Substituting the above solution into our Ansatz may not yield a metric that is 
easily recognized. Therefore, we go to standard coordinates: 

, . srahiBr + cjj ) 1 B , , „ „ . 

r(r) = iq e \ (R , U> , t= r^—t , 4.4.16 

sinh(pr) jq e smh crj 

such that the area of the two-sphere slicing in the metric (|4.4.2[) is given by 4irr 2 . 
We can then also use our intuition that c is a non-extremality parameter. Defining 
a mass M through 

B 2 = c 2 = G\M 2 - j 2 q 2 e , (4.4.17) 

we see that the solution takes the form (|2.2.6p for the non-extremal electrically 
charged Reissner-Nordstrom solution 

ds 2 = -A(r)di 2 + A(r)- X dr 2 + r 2 dfl 2 , (4.4.18) 

A(^l-^ + f. (4.4.19) 

We recognize the constant M as the ADM mass, which obeys the BPS bound 
dM > j 2 q e from equation (|4.4.17|) . 



4.4.2 Mechanism behind first-order equations for non-extremal 
Reissner-Nordstrom 

We can find first-order equations for the scalars of the non-extremal Reissner- 
Nordstrom black hole by starting from the equations for the extremal case through 
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a constant parameter j3 feq. (|4.4.10|) vs. e g. ( | 4.4.14p ). We investigate how general 
this observation is. The idea is taken from [35| and is the following. Say we have an 
effective action for a set of scalar fields q % , such that we have a solution that obeys 
first-order equations q l = f l {q)- When can we find another solution that obeys 
similar equations q l — p(q), with f l = -J (f 1 ) 2 + {ft 1 ) 2 , with /3 1 a set of constants? 

Consider an action with a potential for a collection of scalar fields q l 

dr(0«( 9 )«V'+V(g)) , (4.4.20) 

where the fields depend on r as q l {r). We allow the metric Q to have indefinite 
signature. (This is the straightforward generalization of the effective action (|4.4.6D 
for the Reissner-Nordstrom black hole, which has scalars q l = (U,C)). Suppose 
the potential can be written in terms of a vector with components f l (q) as 

V{q) = GuPP , (4.4.21) 

such that the functions /* are determined by the gradient of a function W(q): 

<hf-^. ) 

Typically this rewriting in terms of W(q) is possible for a supersymmetric solution 
(think of the role the central charge Z played before) and also applies to the 
extremal Reissner-Nordstrom black hole. The action can then be written in terms 
of squared expression^] and a boundary term: 

S = / drQa (q 1 - f{q)) (q 3 - f («)) - 2W . (4.4.23) 

J T = 



We ask the question if it is possible to write the action (and the equations of motion) 
in terms of a second set of functions f l (q) ^ p (q) such that also 



Clearly, this can be done if V = Qijpp = Gij f l f J '■ For the rest of the discussion, 
we choose to work in terms of the one forms fi — Gijf-* and /, = Gijf 3 ■ Then the 
condition for J4.4.24|) to hold reads: 

S iS (fifj-fifi) = 0- ( 4 - 4 - 2 5) 

If the (inverse) metric Q %3 is positive definite, we have fi — ±/j, which means no 
new rewritings would open up. However, in gravity theories, the effective action 



17 This is not necessarily a 'sum' of squared terms, since we have not specified the signature of 
the metric Q yet. We only get a true sum of squares when the metric is positive definite. 
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can have a metric Q of indefinite signature, such that null vectors (3 l exist. This 
opens up new possibilities. 

We consider the metric Q to have indefinite signature and make two simplifying 
assumptions: 

1. The metric Gij is diagonal. Then we can solve (|4.4.25p in terms of a null 
vector f3i of the inverse metric (i.e. Q n ' 0if3j = 0) by demanding that 



We take the null vector (3 to be constant. 

2. Every function /j depends on the corresponding q l only. It immediately fol- 
lows from (|4.4.26[) that /j can indeed be written as in equation (|4.4.24D . When 
the metric Gij is constant, this can be rephrased as having a potential V which 
is a sum of terms that each depend on one q 1 , as follows from eq. (|4.4.21[) . 

When these two conditions are met, a solution with equations of motion q 1 = f l (q) 
automatically guarantees that we have another solution with equations of motion 
q % = f 1 (q) = y/ (f l (q)) 2 + (P 1 ) 2 , by the Bogomol'nyi rewriting (|4.4.23p in terms of 
f and fr s \ In chapter [SJ we turn to the question when a rewriting of the action is 
possible in terms of functions fi = djW, without any simplifying assumptions. 

4.4.3 Possible generalizations 

We now motivate three ways in which we can generalize the derivation of 
Bogomol'nyi equations for the Reissner-Nordstrom example. We consider an 
extension to Einstein-Maxwell theory coupled to a dilaton in an arbitrary number 
of space-time dimensions, which allows for p-brane solutions which can have radial 
or time dependence. 

How can we generalize? 

We have discussed Bogomol'nyi equations for the Reissner-Nordstrom black hole, 
the most general static solution to Einstein-Maxwell theory (the theory of general 
relativity coupled to a vector field or 'photon'). 

What can we say about the generality of the argument? Does it extend to other 
theories than Einstein-Maxwell, which are more capable of describing real-world 

18 The effective action l|4.4.6jl of the Reissner-Nordstrom black hole is a special case of this setup. 
The coordinates are q l = (U, B), the metric is Q = diag(l, —1) and we have fi = (e s , -fq e e u ). The 
two conditions above are satisfied and the null vector (/3, 0) gives another Bogomol'nyi rewriting 
in terms of fi as in 14.4,261 1, giving the equivalent action 14,4.121 1, 




(no sum) . 



(4.4.26) 
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phenomena? Do such theories also hide a first-order structure in their defining 
equations of motion? And what class(es) of theories can form a star ting point for a 
systematic study of the problems raised by these questions? In P3], we considered 
these issues and saw three possible ways in which one would naturally like to seek 
an extension. We restrict to solutions that are determined by one coordinate, much 
like the radial dependence of the static Reissner-Nordstrom solution. Then we see 
three natural ways in which one can ask if a rewriting of the equations of motion 
a la Bogomol'nyi into first-order equations is possible: 

1. Generalize the kind of solutions. This does not (yet) require to go beyond 
Einstein-Maxwell theory, but is a question of taking other classes of Ansatze. 
If we consider dependence on one coordinate only, why should we stay 
with radial dependence? We can try to have a time coordinate as the one 
variable in the problem. Conceptually, this is interesting since finding a 
simplified description for time-dependent solutions is much sought after in 
the literature: time-dependent backgrounds are especially ill understood in 
string theory. A handle on implementing time-dependence in the formalism 
of the previous section can be found from knowledge of the domain wall- 
cosmology correspondence, as was briefly touched upon in the introduction 
to this chapter, section PETTI Domain walls are codimension-one objects which 
only depend on the transverse radial coordinate, while cosmologies describe 
the time evolution of a codimension-one spatial slice. The correspondence 
between these two dictates that both seemingly different types of solutions 
have similar properties, as for instance an analogous description in terms of 
Bogomol'nyi equations. The differences between the forms of these equations 
lies in but a few minus signs. These similarities and subtle sign differences can 
be proven by performing a double Wick rotation, mapping the radial variable 
of the domain wall to the time variable of the corresponding cosmological 
solution and vice versa. We use this idea and describe time-dependent metrics 
and gauge fields, related to their static counterparts by a Wick rotation of 
the radial and time coordinates. 

In addition, we consider solutions for which the transverse space need not 
necessarily be sliced by spheres as in the Reissner-Nordstrom case, see the 
metric (|4.4.2j) . We generalize to transverse spaces whose hypersurfaces 
of constant radius/time coordinate are maximally symmetric spaces (i.e. 
hyperbolic, flat or spherical). 

2. Generalize to more involved theories. From a phenomenological point of view, 
it is certainly interesting to investigate theories with a richer spectrum than 
Einstein-Maxwell theory. On the bosonic side, we immediately think of trying 
to perform the Bogomol'nyi trick for theories including more vector and scalar 
fields or even for a bosonic truncation of a full-fledged supergravity svstemF^I 
This links to our original motivation of understanding black hole solutions in 



19 Remember that most focus is given to bosonic background, with vanishing fermions. E.g. the 
black holes we study in this thesis fall under this class. 
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string theory and supergravity, as a starting point for testing string theory 
as a quantum theory of gravity. For simplicity, we initiate the study of more 
general theories by considering the toy model consisting of Einstein-Maxwell 
theory with an extra scalar, dubbed dilaton. The dilaton is taken to dictate 
the value of the electromagnetic coupling through the exponential 1/g 2 = e a ^, 
with a a constant and g the electromagnetic coupling. The addition of this 
type of scalar is well-motivated, since Einstein-Maxwell-dilaton theory can 
be obtained as a truncation of many supergravity theories. 

3. Generalize to other dimensions, both of space-time and of the branes we are 
considering (remember we were only talking about black holes, or 0-branes, 
up till now). In the light of string theory and its low energy limit, supergravity, 
there is no reason we should restrict to four-dimensional space-time or 
even zero-dimensional objects (as black holes). Many higher dimensional 
supergravity theories do exist, going up to eleven dimensions. And while 
conventional wisdom tells us that general relativity in four dimensions 
with static spherical symmetry (only radial dependence see chapter [5]) has 
unique black hole solutions, more possibilities appear in higher dimensions. 
Especially higher dimensional objects are of prime importance. Think of 
the D-branes of type II string theory, or strings themselves, for instance. 
Therefore we upgrade the number of space-time dimensions from four to a 
general number D > 4 and study p-brane solutions. These p-brane solutions 
are defined below in detail. For now, know that p is an integer and think of 
p- branes as objects tracing out a (p + l)-dimensional world volume in space- 
time. From the physical interpretation in terms of the world volume, we 
consider all cases p > — 1. 

Setting the stage 

Taking the above three points together, we have motivated the study of p-brane 
solutions to gravity, coupled to a (p + l)-form gauge field and a dilaton in D 
dimensions. These p-branes solutions can be static and have radial dependence, or 
can have time dependence, according to the first generalization we wish to make. 
We first give the action of the theory and then consider the details of the radial- or 
time-dependent p-brane Ansatze. 

We start with the action of general relativity in D dimensions, coupled to a (p + 2)- 
form field strength and a dilaton: 

where R is the Ricci-scalar, Gd is the D-dimensional Newton constant, 4> is a scalar 
field (the dilaton) and F( p +2) is the field strength of some (p + l)-form if p > — 1. 
Again, jd is a convention-dependent constant. In order for the gauge field and 



A FIRST-ORDER FORMALISM FOR TIMELIKE AND SPACELIKE BRANE SOLUTIONS 



75 



dilaton to have standard dimensions, one takes 7d to have dimensions of L~s~ , 
where L is a length and we set K = c = 1. Often, the notation kd = Jd/V% 
is used to denote this gravitational coupling. For the special case p = —2, the 
field strength F( p+2 ) = Fq is a zero-form, in other words a scalar. In that case we 
consider F( p+2 ) to be a cosmological term (giving rise to a scalar potential). The 
parameter a is fixed and is called the dilaton coupling. Note that in the following, 

2 

we always drop the normalization 4 ^q d in front of the action, as it plays no role 
in the mathematical results we derive. 

The potential ^4( p +i) is sourced by extended objects. The equations of motion 
derived from the action (|4.4.27[) allow for electrically charged p-branes and 
magnetically charged (D — p — 4)-branes. We only consider electric charge. By 
electrically charged p-branes, we mean solutions to the action (|4.4.27p which: 

• depend on one coordinate, which can be either timelike or spacelike. 

• have a (p+ l)-dimcnsional world volume. In this sense we call them p-branes. 
The world volume is taken to be flat. 

• only carry electric charge under the gauge field. This means the gauge 
potential lives on the world volume, i.e. the pullback of the (p + 2)-form 
j4(p + 2) on the transverse space is zero. In a less abstract formulation, 
letting z\ . . . z p+ i denote the coordinates on the world volume, the only non- 
vanishing component of the gauge potential is A Zl ... Zp+1 . 

We now discuss in detail the Ansatz and start with the metric. The brane solutions 
we wish to consider can be stationary or time-dependent. The metric of a stationary 
p-brane is given by 

d4 = f(r) V^dx^dx" + g 2 (r) dr 2 + h 2 (r) dY? k , (4.4.28) 

where rj is the usual Minkowski metric in p + 1 dimensions, r\ = diag(— , +,..., +), 
and dEj: is the metric of a d-dimensional maximally symmetric space with unit 
curvature k = —1, 0, 1, such that the Ricci scalar is given by Rd = kd(d— 1). When 
k = 1 the solutions possess a rotational symmetry and can be asymptotically flat 
(in contrast to A; = —1). For D = 10 and specific values of a and p, the solutions can 
correspond to D-branes in string theory. For example static, spherically symmetric 
black holes in four dimensions fall under this class. They correspond to D = 4, p = 
and k — 1 (spherical symmetry). 

The metric of the time- dependent p-branes is similar 

ds 2 D = f 2 (t) S^dx^dx" - g 2 (t) dt 2 + h 2 (r) dE| , (4.4.29) 

where 5 is the usual flat Euclidean metric inp+1 dimensions, S = diag(+, +,...,+). 
In the k = — 1 case the transverse space possesses a Lorentzian symmetry and can 
be asymptotically flat (in contrast to k = +1 solutions). These solutions are 
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the spacelike branes (S-branes) introduced by Gutperle and Strominger [87], who 
conjectured that such branes correspond to specific time-dependent processes in 
string theory. As stressed before, these solutions should be understood in terms of 
their world volume. 

For the stationary solutions, the world volume has Minkowski signature, which 
makes the time direction stand out as a natural evolution parameter of a p- 
dimensional extended object. Time-dependent solutions, on the other hand, have a 
Euclidean world volume, which puts all the internal directions on the same footing. 
No unique coordinate can be picked out as an evolution parameter. Instead, it is 
better to recognize the time-dependent solutions on the level of the world volume 
and consider these objects to be (p + l)-dimensional. They can then be interpreted 
as 'instantaneous' solutions stretching out inp+ 1 dimensions in space, but localized 
in time, much like stationary p-branes are localized in the radial direction. 

Finally, note that the Ansatze for stationary branes (|4. 4.28ft and time-dependent 
branes (|4.4.29p can be written in the same form, by including a parameter e ± 1 : 

ds% = f 2 (u) if^dx^dx" + eg 2 {u) du 2 + h 2 (u) dZ 2 , (4.4.30) 

7? e = diag(-e,+l,...,+l). 

Depending on the value of the parameter e, we describe the stationary or time- 
dependent case. When e = +1, the coordinate u — r is a radial coordinate and we 
revert to the stationary Ansatz (|4.4.28p . When e = — 1, the coordinate u = t is a 
timclikc coordinate and we reproduce the time-dependent p-brane Ansatz (j4.4.29l) . 

From now on we call the stationary branes with spherical slicing (k = +1) timelike 
branes and the time-dependent branes with hyperbolic slicing [k — —1) spacelike 
branes. We focus on these cases, as these are the only ones with Minkowski 
asymptotics. We summarize in table 

All the other possible slicings are also covered here, but we choose to highlight 
only these two cases, as they can have a natural interpretation in string theory 
(D-branes and S-branes, respectively). 

Towards a Bogomol'nyi approach to timelike and spacelike p-branes 

Now that we have set out the lines, we can go ahead and start looking for the 
possibility of applying a Bogomol'nyi trick on the action (|4.4.27p . following the 
ideas of [35[. This should then lead to first-order equations from which we can 
derive the explicit form of the p-brane solutions (I4.4.30|) . To build up to the main 

20 This terminology refers to the world volume of the object containing a time direction or not 
and should not be confused with the type of coordinates these solutions depend on. I.e. timelike 
p-branes depend on a radial coordinate and have Minkowskian world volumess in our terminology, 
while spacelike p-branes have Euclidean world volumes and are time-dependent. 
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Table 4-3: An overview of the different brane Ansdtze covered by the metric (|4.4.30[1 . We 
call the case with e = k — +1 timelike branes and e — k = — 1 spacelike branes. 







e=+l 


e = — 


1 


Brane type 




STATIONARY 


TIME-DEPENDENT 


Coordinate 


u 


radial (it = r) 


timelike (u = t) 


Transverse 


geom. (S fe ) 










k = -1 


Hyperboloid 


AdS 


('spacelike branes') 




k = 


Euclidean plane 


Minkowski 



Sphere ( 'timelike branes ') dS 



results of our paper [P3|, we follow the logical line of the argument given in the 
three points of the beginning of this section. First, we generalize the first-order 
equations for the non-extremal Reissner-Nordstrom solution (spacelike 0-branes in 
four dimensions) to timelike 0-branes, in section EL 4. 41 We immediately show that 
the same technique allows one to rederive the SO-branc solution of Einstein-Maxwell 
theory [83]. In the same section we obtain the straightforward generalization of 
these solutions to Einstein-Maxwell theory coupled to a dilaton. In section 14.4.51 
we consider a general number of D space-time dimensions and consider a p-brane 
Ansatz, with p > — 1. We explain how the Bogomol'nyi equations for the spacelike 
and timelike p-branes can be obtained from the BPS equations for (— l)-branes via 
an uplifting procedure along the brane's world volume. 



4.4.4 Generalizing to time-dependent dilatonic 0-branes 

First we consider the inclusion of time-dependent 0-branes solutions to Einstein- 
Maxwell theory, and then we describe such solutions with an extra scalar (dilaton) 
in the theory. The novel feature here is that we are able to derive those 
solutions from first-order Bogomol'nyi equations, while the solutions themselves 
were previously known in the literature. 



Adding time dependence 

A first step towards a decription of first-order Bogomol'nyi equations for radial- 
and time-dependent p-brane solutions is to generalize the argument for Reissner- 
Nordstrom black holes in Einstein-Maxwell theory to time-dependent 0-brane 
solutions. 
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Einstein-Maxwell theory in four dimensions is described by the action (14.4. ip and 
has electric and magnetic 0-branes solutions. Motivated by the discussion in section 
14.4.31 we consider the following Ansatz for the 0-brane metric which turns out to 
be useful (compare with ||4.4.30|l ) 

ds 2 = _ e e ^(«)dz 2 + e~ 2U ^ (e e 2C ^e 4B (" W + e 2S ^d£ 2 ) . (4.4.31) 

The one coordinate u on which the solution depends can be either a radial 
coordinate or a timelike coordinate. As in equation 14.4.301 the parameter e = ±1 
determines which of the two cases applies. If e = +1 then z is time (z = t) and the 
metric is static (u is a spacelike coordinate). For spherical slicings (k = +1) this 
is the appropriate Ansatz for a black hole, where u is then some function of the 
familiar radial coordinate r, cfr. the black hole Ansatz (|4.4.2p . When e = — 1 the 
metric is time-dependent and for hyperbolic slicings (k = —1) this is the appropriate 
Ansatz for an SO-brane [871 ] with a one-dimensional Euclidean worldvolume labelled 
by z, and u is some function of the time-coordinate r used in the Milne patch of 
Minkowski space-time. 

The Ricci scalar for the metric 1|4.4.31[) is given by 

R = 2 e e 2 ( u - 2B - c ) (fj _ jj 2 - 2B + 2BC + B 2 ) + 2ke 2{u - B) , (4.4.32) 

where a dot indicates a derivative with respect to u. The Ansatz for the gauge 
field is also the straightforward generalization of the Reissner-Nordstrom case. For 
electrical solutions, the Maxwell and Bianchi equations are solved by 

F = q e e 2U+c du A dz . (4.4.33) 

As in the case of the Reissner-Nordstrom black hole discussed in section I4.4.3) it 
is possible to derive the equations of motion for U, B,C from a one-dimensional 
effective action, this time in terms of the coordinate u. The calculation goes as 
before and it is straightforward to see that the equations of motion can be obtained 
by varying the following action (up to boundary terms) 

S = J du (e- c (B 2 - U 2 ) +e c (ek e 2B - e j 2 q 2 e e 2U ) ) . (4.4.34) 

Again, the field C acts as a Lagrange multiplier enforcing the following constraint 

e -c (b 2 - U 2 ) - e c (e ke 2B - e 7 2 9e 2 e 2C/ ) = . (4.4.35) 

In the following we again choose the gauge C = 0. Note that for the case e = 
k = +1, we indeed find the effective action for the Reissner-Nordstrom solutions of 
eq. (|4.4.6|) . 

It is straightforward to generalize the Bogomol'nyi rewriting discussed in section 
I4.4.H to include both stationary and time-dependent configurations with arbitrary 
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slicing of the transverse space k = 0,±1. The action (I4.4.34|l is, up to boundary 
terms, equivalent to 



S= du 



(B + sJeke 2B + [3 2 ^ -(if + yferftf" + /3f ) , (4.4.36) 



where f3\ and (3% are constants. The Bogomol'nyi equations are 



B = -Jeke 2B + f3 2 , 



U = - ] /ej 2 q 2 e 2U +p%. (4.4.37) 

The constraint (|4. 4.35ft implies that there is only one deformation parameter /3: 

fil = fil = P 2 . (4.4.38) 

In section 14.4.21 this is just the requirement of (j3i,02) to be a null vector of the 
scalar metric. 

Note that for time-dependent solutions with charge (e = — 1, q e ^ 0) the limit of 
j3 — > does not exist, while for q e = the limit only exists for k = — 1. 

For later use, we give the general solutions to the first-order equations. The 
Bogomol'nyi equations are all of the form 



D± = -\/P 2 ±K 2 e 2D ± , (4.4.39) 

where K is a constant, depending on the case under consideration. The solutions 
to these equations are given by 

e _ D+ = K siMPu + c + ) c _ D _ = x cosh(^ + c _) (4 4 4Q) 

where c± are constants of integration. In the extremal limit — > the solution for 
D + becomes e~ D + = Ku + c+. 

• Rediscovering Reissner- Nordstrom black holes (timelike 0-branes): Putting e = 
k = +1 reproduces the results of Miller, Schalm and Weinberg for the 
Reissner-Nordstrom black hole, see section 14.4.11 

• Rediscovering spacelike 0-branes: For spacelike branes (e = k = — 1) we find 

c -u = ge Coah(ftu + eg) e _ B _ smh{l3u) (4441) 
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Once again, shifting the origin of the u-axis, the integration constant in the 
equation for B has been put to zero. Using the coordinate transformation 

f= coah^ + c^) (4A42) 
sinn pu jq e cosn cjj 

the solution then takes the following form 

ds 2 = G(t)dx 2 -Git^dt 2 +t 2 dUl, F tx = ^ , (4.4.43) 



t 2 



with 



G(t) = 1 - _ f|l , (4.4.44) 

where we introduced the metric for the hyperboloid dH 2 = dS_^. Again, 
this solution is asymptotically flat. Moreover, we see that this reduces to the 
metric for the SO-brane of [87J after a constant rescaling of x and t. Taking 
the limit /3 — > 0, the metric is easily seen to describe flat space in Milne 
coordinates. 



Addition of a dilaton 

We consider the coupling of the vector field to a dilaton, as this is the generic 
situation in supergravity theories. The action describing four-dimensional Einstein- 

2 

Maxwell-dilaton theory is (remember we do not write the normalization 4 J G4 ) 

S=f dx^g^R - i(90) 2 - \e a *F 2 ) . (4.4.45) 

The Ansatz for electrical solutions is now given by 

F = q e e 2U+c - a<ll du A dz . (4.4.46) 
In the gauge C = the effective action becomes 

S=- J du (B 2 - U 2 - 7 2 </> 2 + e ke 2B - e 7 2 g 2 e 2t/ - a<# ') . (4.4.47) 

The potential for the metric field U and the dilaton <fi mixes both fields. In light 
of the conditions presented in section 14.4.21 under which the Bogomol'nyi trick of 



35j works, we see we need to rewrite the potential in terms of a sum of decoupled 
terms, while keeping the metric diagonal. Therefore we perform a rotation in U, <f> 
space, which is orthogonal w.r.t. the scalar metric: 



f U\ 1 / 1 -a/2\ (U 
J J b U/2 7 2 1 



(4.4.48) 
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where b is a normalization constant: 

" 2 = *'(„/2 7 * ~f)= 1 + ^- < 4 -« 9 > 

This rotation is such that the potential is now a sum of a independent term and 
a [/-dependent term, while the scalar metric remains diagonal and it even takes 
on the same form in the new basis B, U,4> as before, since the rotation matrix in 
equation (|4.4.48jl is orthogonal w.r.t. the original metric. By the criteria of section 
14.4.21 we conclude we can apply the Bogomol'nyi trick, similar to the previous case 
without a dilaton. 

Writing the action as a sum of squares, we introduce three constants and ^3: 

S = - J du (B+^Jeke 2B + - (u+^Je 7 2 q 2 e 2bi} + /3 2 ^ -^{fr-faf . (4.4.50) 

In this case the equivalent of the constraint (|4.4.35D implies that only two of the 
three integration constants are independent: 

fil - $1 - = . (4.4.51) 

The Bogomol'nyi equations are those from before and an extra equation for <fi: 

B = -^eke 2B +/3 2 , tl = —■\Jej 2 q 2 e 2b ^ + /?§ , j> = As (4.4.52) 



We can compare the solutions to the Bogomol'nyi equations to the literature, by 
plugging the solutions for U, B and (j> back into the Ansatz. When e = k = 1, 



we are describing the familiar dilatonic black hole solution [88|, |89J. One then 
also notices that the two independent /3-parameters appear in a fixed combined 
way as to effectively form one deformation parameter, as follows. Naively, we 
have seven integration constants: /3i, /32, /?3, M, q e , E, 4>ooi where M is the ADM 
mass, £ = <^|oo the dilaton charge and the dilaton at spatial infinity. Only 
three of these constants are independent, since we have four equations to relate 
them (the constraint equation and the three Bogomol'ny equations evaluated at 
spatial infinity) . By fixing the dilaton at spatial infinity, , one obtains two free 
parameters M, q e and effectively one deformation parameter relating those two in 



a BPS-bound. This is standard convention in the literature, see for instance 
When e = k = — 1, we are describing the dilatonic SO-brane, derived before by 
Kruzcensky, Myers and Peet [9(|. For the other values of e,k, we have explicit 
solutions but are not aware of a good interpretation in terms of known objects in 
the literature. 



B® 3 Summary: All static, spherically symmetric black hole solutions and time- 
dependent 0-brane solutions to Einstein-Maxwell theory in four dimensions 
coupled to a dilaton allow for first-order equations a la Bogomol'nyi, by 
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writing the action as a sum of squares. We reproduce the known results 
for (dilatonic) black holes and SO-branes. 

4.4.5 Generalizing to time-dependent dilatonic p-branes 

In this section, we discuss the generalization of the first-order formalism for 
timclike and spacelike 0-branes in four dimensions discussed above to p-brancs 
in D dimensions. 

Before we delve into the necessary calculations, let us take a step back and ask 
ourselves what was essential in the successful application of the Bogomol'nyi trick 
in the four-dimensional setup. First, we obtained an effective action as an integral 
over one (radial or timelike) coordinate we called u. The dilaton and metric warp 
factors are scalars in this action, while the gauge field is eliminated through its 
equation of motion. Second, we saw in sect ion 14 . 4 . 2 1 that the Lagrangian could be 
written as a sum over kinetic and potential terms for each scalar field separately. 
This allowed us to rewrite each contribution (kinetic term + potential) as a perfect 
square plus a boundary term. We briefly discuss how these features can be applied 
to a more general p-brane Ansatz. 

^ One- dimensional effective action: The following discussion applies to both 
the timelike and the spacelike solutions of section 14.4.31 We stick to the 
timelike case (black holes) for concreteness. For the four-dimensional black 
hole, the effective action is obtained by performing a reduction along the 
time direction (with coordinate z). The fields in the original theory are time- 
translation invariant: d/dz is a Killing vector. A priori the dimensional 
reduction gives rise to a three-dimensional effective theory. The truncation 
to this three-dimensional theory is then in one-to-one correspondence to the 
black hole system in the original theory, because of time independence. It 
is only because we made a very restrictive static Ansatz, that the three- 
dimensional theory also does not depend on the angular variables and is 
fully determined by its radial dependence (coordinate u). Therefore, the 
description is effectively one-dimensional. 

To exploit this mechanism for a p-brane, notice that the time direction (z) 
of the black hole, along which the reduction was performed, is actually the 
one-dimensional world volume of a 0-brane. Similarly, when we demand that 
we have translation invariance along the directions of the (p+ l)-dimensional 
world volume of a p-brane, we can in principle perform a reduction along its 
world volume to a (D— p— l)-dimcnsional system. Because of the translational 
invariance, solutions of the lower-dimensional system are then in one to one 
correspondence to those in D dimensions. Finally, if we restrict the metric of 
transverse space such that it describes a static solution, we should in principle 
be able to further reduce the problem to a one-dimensional one, in terms of 
one coordinate we again denote as u. 
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^ Sum of squares and decoupled first-order equations: Once we have obtained 
an effective one-dimensional description, the main question still stands if the 
action can be written as a sum (difference) of squares. Again, we expect to 
extend the results of the calculation for 0-branes in four dimensions trivially. 
Indeed, by investigation of the action (|4.4.27|) . one sees the gauge field only 
gives rise to one potential term in the effective action, which is a function of 
a certain combination of scalar fields. After a rotation in the scalar target 
space, such that the potential depends on one scalar only and we can readily 
apply the BogomoPnyi trick, as in section 14.4.21 



We see it should in principle be possible to find timelike and spacelike p-brane 
solutions of the form (|4.4.3(J|) from a Bogomol'nyi trick, by performing a reduction 
over the brane world volume. The dimensional reduction of a p-brane along its 
world volume is a (— l)-brane: a solution with a zero-dimensional world volume (its 
transverse space covers the entire space-time). Essentially, this means we should 
perform the calculation of 35j for a (— I)-branes and can then derive the solution for 
a p-brane by uplifting the along the (p + l)-dimensional world volume. Therefore, 
we first consider the calculation for (— I)-branes in d = D— p— 1 dimensions and use 
this result to show that a first-order formalism a la Bogomol'nyi exists for p-brane 
solutions to the Einstein-Maxwell-dilaton theory (|4. 4.27ft in D dimensions. 



Preliminary result: (-l)-branes in arbitrary dimensions 

A (— l)-brane couples electrically to a 0-form gauge potential (a scalar) often 
referred to as the axion. We call this scalar x- The world volume is zero-dimensional 
and, in the case of a timelike (— l)-brane, this implies that the whole space is 
Euclidean since it is entirely transverse, while for spacelike (— l)-branes, it has 
Lorentzian signature. The action in d dimensions is 

S= £kJ ddxV ^{^l Rd - 5 + 4 e ^x) 2 ) ■ (4-4.53) 

Note the 'wrong sign' kinetic term for the axion when e = +1, which is normal 
for Euclidean theories. From a higher-dimensional perspective, this wrong sign 
appears because the action above is obtained after a dimensional reduction over 
the p-brane world volume. The p-brane world volume has a time direction and it 
is exactly the time component of the metric that contributes an extra minus sign 
to the axion kinetic term. 

The entire solution is taken to depend on the coordinate u only. In order to describe 
a (— I )-brane, we take the following Ansatz for the metric and the gauge field. 

ds 2 d = ee 2 ^ B ^e 2C ^du 2 + e 2B (">d£ 2 fe , (4.4.54) 
X = qee C{u) - b ^ u} , . (4.4.55) 
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Again, a dot denotes differentiation w.r.t. the coordinate u. Notice that for d = 3, 
this Ansatz reduces to the three-dimensional part of the timelike and spacelike 
0-brane solutions we described in the last section, see eq. (|4.4.31|) . The one- 
dimensional effective action that reproduces the equations of motion for the metric 
fields B, C and the dilaton <j> is 



S = Jdu (e~ c (\(d-l)(d-2)B 2 +1 2 tf)+e c (eke 2 ^ B - ee^q 2 ) ) • 

(4.4.56) 

The field C is again not propagating and we can choose it at will; we choose the 
gauge C = 0. At C = 0, the constraint arising from the equation of motion for C 

(±(d - l)(d - 2)B 2 + 7 2 ^ 2 ) - {eke 2 ^ B - ee^^q 2 ) = . (4.4.57) 



Up to boundary terms, the effective action is equivalent to the following BPS form 
(remember we choose to work in the gauge where C = 0) 



du 



(J> + y/eqie-^ + Pi) 2 ) . (4.4.58) 



7 2 ' 



The signs in the brackets are chosen such that we describe well-behaved, finite 
solutions. The first-order equations are: 



B = - Jekc 2 ( d - 2 ) B + pf 



eq 2 e -b<f, + p2 (4.4.59) 



When we evaluate the constraint equation (|4.4.57|) on any solution to those first- 
order equations, we see there is only one effective deformation parameter: 

j 2 Pi = ^d-l)(d-2)p 2 . (4.4.60) 



We give the explicit solution to the first-order equations found by putting the 
individual squared terms in the action (|4.4.58|) to zero below. We choose to only 
highlight the timelike (— l)-brane (e = k = 1) and the spacelike (— l)-brane (e = 
k = —1), since only for these cases we have a good interpretation and can compare 
with the literature. 
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Timelike case. We first solve the Bogomol'nyi equations for k = e 
a radial coordinate. 



1. Now u is 



Consider the case with vanishing deformation parameters first: j3\ = P2 = 0. If we 
define the coordinate p via dp = — e^~ 1 ' B ^ u 'du, then the BPS equation, dB/du — 



, implies that p 



est. Shifting the origin of the p-axis we can put 



the constant in this equation to zero and we find that the metric describes the 
Euclidean plane in spherical coordinates: 



ds 2 d = dp 2 +p 2 dfll_ 1 . 
The solutions for the scalar fields are 



b 

e2< 



2(d-2) p' 



d— 2 



6 

-e2< 



(4.4.61) 



■e-5*-)+Xoo, (4.4.62) 



where (poo , Xoo are integration constants denoting the values of the scalars at s pat ial 



infinity (p = 00). This is indeed the extremal instanton solution, see 9ll. 192 
For non-zero /3i,/?2 the solution becomes 



c -(D-2)B(u) = 1 sinh((d _ 2)/3l . 
Pi 



e^(«) = iM sinh (|^ lt + C2 ) 

P2 



X(u) 



2 

bq e 



q 2 e -bMu) + /3| + C 3 



-^-^r coth (|/3 2 u + c 2 
b\Qe\ 



(4.4.63) 

(4.4.64) 

l + c 3 , 
(4.4.65) 

These solutions 
. In ref . 



where ci , c 2 and c 3 are arbitrary constants of integration, 
correspond to the super-extremal instantons that were constructed in 92 
[92|, it was already noted that for extremal solutions, the second-order equations 
of motion can be written as first-order ones. This feature was correctly seen as a 
hint of supersymmetry. However, for the non-extremal far as we know, a 

first-order description had not been given for the super-extremal instantons. 
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Spacelike case. Finally, the time-dependent S(— 1) brane solution (with k = e = 
— 1) that was first constructed in [90[ can be rederived (again in the frame C = 0) 

e (2-D)B(u) = 1 ginh ((d _ t + Ci) i (4.4.66) 

Pi 

e |0(„) = M cosh (1^ u + C2 ) , (4.4.67) 

P2 



= -fcl~\/ q e e ~ mU) ~ Pi +C3 = -fcft t£lIlh « + C 2 ) • 

(4.4.68) 

Again, altough the form of these solutions was known before, the derivation from 
first-order equations of Bogomol'nyi type is new. 



p-Brane Ansatz 

Now we come to the main point of this chapter. We can piece together previous 
elements and present the Bogomol'nyi trick for timelike and spacelike p-brane 
solutions to Einstein-Maxwell-dilaton theory in D dimensions. The action for this 
setup in D dimensions is given by (|4.4.27[) . which we repeat for convenience (up to 
a proportionality factor ^/AttGd)' 

S = J & D x^—g (^R D - \{dcj>f - ^ e ^F ( 2 p+2) ) . (4.4.69) 

From now on we drop the factor of 1/16itGd in front of the action. 

The field strength F( p+2 ) is related to a (p + l)-form potential ^4( p +i) as Fr p+2 ) = 
d^4( p+1 ) The corresponding p-brane solutions we wish to look at can all be reduced 
to (— l)-brane solutions via reduction over their flat world volumes. Therefore 
we should be able to produce the Bogomol'nyi equations from the (— l)-brane 
calculation above, where the space-time dimension in which the (— l)-branes lives 
is now given as: 

d = D-p-l. (4.4.70) 
A typical electrically charged p-brane Ansatz takes the form 

ds 2 = e 2/3 v{u)^ mnAz m Az a + & 2 a V (u) ^ ^ ^ = ^ 

A p+1 (u) = x(u) dz 1 A dz 2 A ... A dz p+1 . (4.4.71) 

Let us give some more information about this Ansatz for the gauge field and the 
metric. For the (p + l)-form A, we have chosen to take an electric Ansatz. The 
electric potential is given by the function x(u), it will be a scalar in the effective 
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action and play the role of the axion. The metic ds d of the o?-dimensional transverse 
space to the brane world volume is taken to be the d-dimensional (— l)-brane metric 
(|4.4.55[) . The coordinates z l (i = 1 . . .p + 1) parameterize the (p + l)-dimensional 
world volume of the p-brane, which has a Minkowskian or a Euclidean metric, 
determined by the value of the parameter e = ±1: 

if =diag(-e,+l,...,+l). (4.4.72) 

Again, choosing e to be either +1 or — 1, comes down to describing resp. radial- 
or time-dependent solutions. Finally, the metric factor describing the warping of 
the world volume w.r.t. transverse space, is no longer called U, as in the four- 
dimensional description of section 11.4.1 1 but tp. We do this to have agreement with 
common notation used in Kaluza-Klein reductions. The constants a and 13 are 

1 I „ 1 



■ 2 7 V 2(d +P - + i)(d-2) ' P ~ 2 7 V 2(d+p-i)( P +i) ■ (4.4.73) 

They are chosen such that tp has a conventionally normalized kinetic term in the 
effective action obtained after the dimensional reduction over the world volume. 
The p-brane Ansatz (I4.4.7ip is a straightforward generalization of a 0-brane Ansatz 
(|4.4.3ip in the four-dimensional setup. Note that one should take U = \p to find 
agreement for p = 0, D = 4. 

We now reduce the Ansatz (|4.4.71|) over the world volume coordinates z and obtain 
a lower-dimensional Ansatz of the form (|4.4.55p . The equivalent reduction of the 
action (|4.4.69[) leads to the cf-dimensional action 



S 



\ d x^-g(^R d - \{dipf - i W) 2 + e^+^-^Ox) 2 ) . (4.4.74) 



By a field rotation in the scalar target space, we get that the potential term due to 
the electric charge depends on one scalar only. Therefore, define new scalars ip, (f> 
as linear combinations of tp, (j) through: 

If a 2{d-2)a\f<p\ & W + 4(d-2)V. (4.4.75) 



tp J b \ — 2(d — 2)a a J \tp 

The rotation matrix is orthogonal, such that the kinetic terms of the scalars (j), tp 
are again canonically normalized. The scalar <f> appears in the potential, while the 
scalar tp decouples. The action becomes: 

S = j A d x^—g^R d - \{d£f - \{d^f + e\e^{d X ?) ■ (4.4.76) 

It is clear that the discussion for the (— l)-brane is applicable. The only difference 
is the extra decoupled dilaton tp when compared to the (— l)-brane calculation of 
the previous section. After we plug in the (— l)-brane Ansatz H4.4.55J) into the 
equations of motion, we get an effective one-dimensional action and a constraint, 
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which are the extension of the eqs. (|4.4.56p . (|4.4.57|) with the decoupled scalar (p. We 
refrain from giving these equations here, since the addition of the decoupled scalar 
follows trivially. Analogous to the (— l)-brane calculation, the effective action is 
then equivalent, up to boundary terms, to the Bogomol'nyi-form 



S': : / ,\z (i(d - l)(d - 2) (B + -y/efce 2 ^ 2 ) 5 + p( 

-^ + /? 2 2 ) 2 -7^ + /3 3 ) 2 ), (4.4.77) 



Id I <P + V tleC- 



where only two of the three deformation parameters fa , fa and fa are independent 
due to the condition coming from the constraint equation: 

§(d - l)(d - 2)131 ~ lift ~ llPl = • (4.4.78) 

The solutions to the BPS equations for A and <f> can be found in the previous section 
in equations (|4.4.63M4.4.68|1 . whereas the solution for the extra field <p is trivial: 

<p(z) = -0 3 z. (4.4.79) 

From our Ansatz (|4.4.7ip and the field redefinition (14.4. 75[) we can immediately 
infer the timclikc and spacelike brane solutions in D dimensions. We do not discuss 
these solutions as they have been discussed in the literature in numerous places. 
We just remark that both for timelike and spacelike solutions, we reproduce the 
known results in the literature, see for instance the reviews of Youm [94J and Stelle 



95| on (radial dependent) p-branes and work of Lii, Pope and collaborators on 



time-dependent brane solutions, for example in [96j and references therein 



Finally, note that in our work P3], a slightly more general p-brane Ansatz was 
considered. In the cases discussed above, we considered non-extremal deformations 
by tweaking the warp factor of the p-brane world volume (encoded in the field U 
or ip). However, the world volume is always considered to be flat. In |P3| , also 
non-extremal deformations such that the brane world volume is no longer flat are 
investigated. For these solutions, again the Bogomol'nyi trick follows immediately. 



4.5 Discussions and outlook 

First, we give a short overview of the key results. Then we discuss the most 
important findings in depth. Finally, we broaden our scope and consider pointers 
for future work, explaining also how the research questions raised by the work 
reported in this chapter naturally leads to the our work presented in chapter [S] 
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4.5.1 Summary 

We started this chapter with a historical overview of first-order formalisms that 
are found by writing a functional of the fields as the energy, or the action, as a 
sum of squares. Mostly, such a feature is specific to supersymmetric or at least 
extremal solutions. The result of Miller, Schalm and Weinberg j35| was a surprise 
in this respect: it showed that Bogomol'nyi type first-order equations exist for the 
non-extremal Reissner-Nordstrom black hole in four dimensions. 

In this chapter, we have discussed the extension of that setup in three ways: (1) 
to Einstein-Maxwell theory coupled to a dilaton, (2) for p-branes in arbitrary 
dimension D, (3) these p-branes can be stationary (and non-extremal), but also 
time-dependent. We have shown that all known brane-type solutions of an Einstein- 
dilaton-p-form theory can be found from decoupled first-order equations, thereby 



extending the results of 35| to arbitrary dimensions and time-dependent cases. By 
brane-type solutions we mean solutions with a space-time Ansatz given by (14.4.30}) . 
The key point is that these solutions depend on one coordinate and therefore can 
be constructed from a one-dimensional effective action, as was first discussed for 
black holes in [66] . By rewriting the action as sums and differences of squares we 
arrive at first-order equations a la Bogomol'nyi. 



4.5.2 Discussion 

Application to time- dependent solutions. It is important to stress that the applica- 
tion of these ideas to time-dependent brane solutions (S-branes) is a less trivial 



extension of [35|. One possible way to understand why it was to be expected 
that a similar first-order formalism exists for time-dependent branes, stems from 
the known fact that non-extremal stationary branes can be analytically continued 



to time-dependent solutions, which is impossible for extremal branes 96]. As 
explained in the introduction, this first-order formalism for time-dependent p- 
branes is the natural gen eralization of the so-called pseudo-BPS equations for 
FLRW-cosmologies [H,|47|. 



Is there a hidden super symmetry at work? That first-order equations are found for 
some extremal timelike brane solutions was maybe no big surprise as at least some of 
them can be seen as sup ersy mmetric solutions when embedded into an appropriate 



supergravity theory. In 35| the question was raised as to whether also for the non- 
extremal case, the deformed Bogomol'nyi equations could be understood from the 
point of view of supersymmetry. One may imagine that the bosonic Lagrangian 
(|4.4.1|) could be embedded into a different (non-standard) supergravity theory 
for which the non-extremal solutions preserve some fraction of supersymmetry. 
However, there is an obstruction to even defining Killing spinors which implies 
that the non-extremal solutions cannot preserve supersymmetry. Of course one 



should repeat the same calculations of [35| for the case of p-branes with p > 0, but 



we believe that the same negative answer will be found. 
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What type of solutions did we miss? We did not completely exhaust all possible 
brane solutions in our analysis, as we did not consider branes with codimension 
less than three . When the codimension is one, the stationary branes are domain 
walls and the time-dependent branes are FLRW-cosmologies, for which the fake 
supergravity and pseudo-supersymmetry formalism is by now well developed. 
However, the case of branes with codimension-two cannot be included as these 
solutions depend on one complex coordinate rather than on one real coordinate. 



4.5.3 Outlook 

Let us take a step back and reconsider the underlying principle that made it possible 



to apply the method of 35] to the Einstein-dilaton-Maxwell theories described in 
this chapter. (See also section H.4.21 ) All solutions covered by an Ansatz of the form 
(|4.4.30p . are described by an effective action with a potential V(q), where q = q % is a 
vector whose entries are the (scalar) fields of the effective description. Whenever the 
potential is written as V(q) = Q %J 'diW (q)djVV '(q) , where Qij is the metric appearing 
in the kinetic term of the scalars, the function W determines the form of the 
scalar equations of motion as a gradient flow, such that q l = Q l ' J ' djW(q). The 
stationary and time-dependent solutions to Einstein-Maxwell theory with one scalar 
(a dilaton), which were discussed above, are of this form. However, they are very 
restrictive: the first-order equations decouple and the function W is a sum of terms 
that depend on one scalar q l each. These systems are fully integrable, in the sense 
that we can perform n independent integrations, n being the total number of scalars 
q l in the effective description. Theories with more scalars are a natural complication 
to investigate, since supergravity theories can describe many scalar fields. We then 
do not expect the equations of motion to be equivalent to decoupled first-order 
equations any more, but equations of the form q l = G v djW(q), for a more general 
function W, may still exist. In chapter we investigate the most general form of 
the function W for black hole solutions to £>-dimensional supergravity. 

Of related interest is an alternative way to understand the existence of first-order 
equations for stationary and time-dependent brane solutions, by the approach of 
mapping p-branes to (— l)-branes. If one does not solve for the gauge field (axion), 
but keeps this as a scalar in the effective theory, then the (— l)-brane solutions 
are solely carried by the metric and scalar fields. It is then easy to observe that 
the scalar fields only depend on one coordinate and describe a geodesic motion on 
moduli space. In fact, for many cases this moduli space is a symmetric space, for 
which it is known that the geodesic equation of motion can easily be integrated to 
first-order equations (see for instance [l^])- From this we expect that there exist 
BPS equations for all extremal and non-extremal black holes in theories that have a 
symmetric moduli space after reduction over one dimension. In chapter we relate 
the two forms of the effective action (one with a potential, one describing geodesies), 
see section r5.2.2l We also investigate supergravity theories with symmetric moduli 
spaces, thereby providing several examples of the geodesic approach. 
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Summary 

For both extremal and non-extremal spherically symmetric black holes in theories with 
massless scalars and vectors coupled to gravity, we derive a general form of first-order 
flow equations, equivalent to the equations of motion. We look for the most general 
flow equations that are fully determined by the gradient of one function defined on 
the scalar manifold and no longer restrict to the subset of decoupled equations as 
described in chapter^ The existence of the most general gradient flow turns out 
to be equivalent to having an effective description which is integrable in the sense of 
Liouville (i.e. there are as many constants of motion as scalars, which furthermore 
commute under the standard Poisson brackets). For theories that have a symmetric 
moduli space after a dimensional reduction over the timelike direction, we provide 
examples of such a gradient flow. This chapter reviews and reassesses the results of 
the author's article fP^j with Jan Perz, Paul Smyth and Thomas Van Riet and takes 
into account recent advances in this research field with appropriate comments. This 
chapter can be read independently of the previous chapter. 
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GRADIENT FLOWS FOR NON-SUPERSYMMETRIC BLACK HOLES 



5.1 Introduction and overview 



In this chapter, we return to the study of black holes. Black hole solutions to 
extensions of general relativity, such as the various kinds of supergravity naturally 
occurring in the low-energy effective description of superstrings, often exhibit 
features unknown from pure Einstein's theory. One such feature, distinctive for 
extremal black holes in gravity coupled to scalar and vector fields, is the attractor 
phenomenon, see section 14.31 for more information, or the original references 



64, 65, 98, 66]. It causes the end-points of the radial evolution of the scalars - their 
values on the event horizon - to be determined by the charges associated with the 
vectors and to be insensitive to the values of the scalars at spatial infinity. Another 
feature is that, for solutions that are supersymmetric, the evolution is governed 
by first-order (so-called BPS or Bogomol'nyi) equations: the scalar fields follow a 
gradient flow in target space. If one parameterizes the scalar manifold (including 
now both the original scalar target space and additional metric functions) in terms 
of coordinates q\ such a gradient flow can be written as 

dW 

f = S» w , (5.1.1) 

where Gij{q) is the metric on the scalar manifold, W(q) is a function of the 
coordinates (scalars) q l and a dot denotes differentiation w.r.t. the appropriate 
radial parameter 

However, also for non-supersymmetric setups, first-order equations of the form 
(|5.1.1|) have been written down. This has for instance been th e sub j ect o f the fake 
supergravity formalism for domain walls 42, 43, lU H, 0, llOCj llOlj . In case 



of black hole solutions, as was pointed out in chapter 01 it was recently noticed 
that non-supersymmetric, extremal black hole solutions may also obey first-order 



gradient flows of the form (|5.1.ip . see 39J, |4fJ, l7Gj . Examples of first-order equations 



have even been found for some non-extremal (and hence neither supersymmetric nor 
attractive) b lack holes. The first of these examples was already constructed in 2003, 
by Lu et al. jl02j . but it was not until 2006 before a specific construction method 
was given by Miller, Schalm and Weinberg [35| to obtain first-order equations 
of the form (I5.1.1|) for non-extremal Reissner-Nords trom black holes. The latter 



article formed the starting point of the author's work P3| described in the previous 
chapter, where that result was extended to stationary and time-dependent p-brane 
solutions to gravity in arbitrary dimensions coupled to a gauge field and a dilaton. 
This situation is sketched in table I5TT1 

Note that the work cited above on extremal black hole solutions, was done for 
a subset of four-dimensional (supcr)gravity theories, namely those for which the 



For supersymmetric spherically symmetric black hole solutions to M = 2 supergravity, we 
had flow equations in chapter [4] of the form U ~ —e u \Z\ , z a ~ — G a ^ d^\Z\ in terms of the 
central charge Z(z,z). We show below in detail how we can write this as in eq. 15.1.111 with 
W(U,z) ~ e u \Z\. 
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Table 5.1: Overview of the status on the existence ofW in 2007 (prior to J Pol l). 
Existence (and form) ofW in 2007 for black holes (BH) 



EXTREMAL 



Supersymmetric 
W~e u \Z\ 
Always exists 



Non-supersymmetric 

Exists in principle 
for symmetric spaces a (charged dilatonic BH) 



NON-EXTREMAL 

non-supersymmetric 
W =? 
Only one example 



° At least for uneven J\f, see [icj . 



scalar manifold is a symmetric s pace . In the s e ca ses the black hole equations of 
motion are explicitly integrable 103l 1971 . 1 104 . 1 1 051 ] and more accessible for study. 
Such symmetric spaces appear in all supergravity theories which have a certain 
amount of extended supersymmetry: theories with more than 8 real supercharges 
(TV > 2 in four-dimensional terminology) and some with 8 real supercharges or 
less (Af < 2). Also the research of the previous chapter on non-extremal solutions 
(refs. [35j and |P3| ) actually hinged on symmetric moduli spaces, which furthermore 
had some very particular simplifying properties, see section [4.4.21 

It is the purpose of this chapter to investigate all possibilities of first-order equations 
determined by the gradient of a scalar function W on target space, without a priori 
demanding any peculiarities the effective description should obey. In particular, 
two main question arise, which one would like to answer for non-supersymmetric 
solutions, both extremal and non-extremal ones: 



• What is the general form of first-order flow equations for black holes? 



What are the necessary and sufficient conditions for a gradient flow ()5.1.ip 
to exist? 



We name the function W that determines the gradient flow in eq. (|5.1.1D the 
'generalized superpotential'. Note that the existence of a superpotential and 
gradient flow of the form (|5.1.1[) goes much further than just exhibiting a symmetry 
property of the equations of motion. The equations can be interpreted as 
renormalization group flow equations in a dual field theory, wh ere the radial 



parameter corresponds to an energy scale, see for instance 106| for extremal 
solutions. Moreover, having a first-order description at hand for non-extremal 
solutions might shed light on open problems concerning the relation between the 
scalar charges and the entropy of non-extremal black holes [Z3| . 



In [P5|, we addressed the two questions raised above for general, (non-)extremal 
solutions. However, a concrete condition for a generalized superpotential to exist 
was again only provided for theories whose moduli space is a symmetric space. 
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What about more general theories, not necessarily wit h sym metric moduli spaces? 
Motivated by results of the Torino group published in [1071 ] , we can explicitly give 
the necessary and sufficient condition for a superpotential and hence first-order flow 
equations of the form (|5.f .![) to exist, for general (non-)extremal solutions. This 
condition is the main point of this chapter, but did not appear in our published 
work. We illustrate it with examples taken from [P5l |. 

Note added: after this manuscript was finished, |l08l ] appeared, where it was 
shown that for theories with symmetric moduli spaces, the superpotential can be 
constructed for all (regular) extremal and non-extremal spherically symmetric black 
holes. This work is again mentioned in the conclusions to this chapter. 



Outline 

This chapter is structured as follows. We begin our discussion by recalling the 
necessary background material (section 15. 2[l . In particular, we recall what was 
known about the construction of a black hole effective ac tion and first-order flow 
equations from the existing literature, predating the work |P5j with an overview of 
earlier work on gradient flow for extremal black holes. This should be seen as an 
addition to the discussion of the first-order equations in chapter 31 where the accent 
is shifted towards the specific form of the equations in terms of a superpotential. 

In section we start from such a one-dimensional effective action with a black 
hole potential, in an arbitrary number of space-time dimensions, and explain how to 
find the most general first-order flow equations from a 'generalized superpotential', 
assuming that it exists. The existence criterion for such a superpotential to exist 
is briefly touched upon, but not (yet) dug out in detail. 

We then come to the main point of this chapter. In section 15.41 we show how 
the effective black hole system is described as a Hamiltonian system, such that the 
radial variable plays the role of time. From classical mechanics, it is straightforward 
to show that a gradient flow of the form (|5 . 1 . If) exists if and only if the system 
is Liouville integrable: there must be n constants of motion in involution under 
the Poisson brackets, where n is the total number of sc alar fields in the effective 



description. These considerations have not appeared in [P5| . We comment on the 



results of 107} linking the superpotential to Hamilton- Jacobi theory. 

Two introductory examples, the Reissner-Nordstrom and dilatonic black holes, 
illustrate the formalism in section 15.51 These examples are taken from chapter 
H]and are rewritten in a form appropriate to the discussion in the present chapter. 

In section lSTBl we give the main results of the author's work P5] and explain how to 
obtain a free-geodesic form of the effective action by timelike dimensional reduction, 
for systems whose scalar manifold is a symmetric space after the reduction. From 
this action we derive the first-order equations and discuss a method of principle to 
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check the existence of a superpotential. This method is investigated for a single- 
scalar example (the dilatonic black hole, once more) and a two-scalar one. 

This chapter ends with a discussion of our results and comments on new results 
that appeared after |P5| in section lipTTl 

5.2 History of first-order gradient flows 

Before setting out for our contribution to the research field, it is useful to explain in 
detail a few underlying principles, and to give a detailed overview of the literature 
on first-order flows for scalars in black hole backgrounds that are determined by a 
gradient on the scalar target space. 

Outline 

We start with specifying the class of D-dimensional gravity theories, coupled to 
abelian vectors and neutral scalars we wish to study, as well as the details of the 
Ansatz in section [5.2.11 In section [5.2. 2 [ we explain in detail how one can obtain 
an effective action that describes static, spherically symmetric black holes in D 
dimensions. Two techniques are widely used: either one writes down an effective 
action with a potential for the black hole warp factor and the scalars of the theory. 
We already encountered such an effective action for the four-dimensional case in 
section [4.31 Another, equivalent, effective action can be obtained by performing a 
dimensional reduction over time. This (one-dimensional) action describes geodesies 
on an enlarged target space, containing the scalars of the D-dimensional theory, 
the metric warp factor and electric (and possibly magnetic) potentials. We use 
both effective actions interchangeably in the remainder of the chapter. In section 
15.2.31 we give a detailed overview of the literature on first-order gradient flows, 
both for black holes and domain walls and cosmologies. The discussion for 
black holes is complementary to the remarks made about first-order equations 
for supersymmetric black holes in four dimensions in chapter |U 

5.2.1 Black holes in D dimensions 
Bosonic action 

Our main motivation before was to look at black hole solutions to (super)gravity 
in four dimensions. We now extend this to D dimensions, as for instance (D = 5)- 
dimensional black holes can also be of considerable interest. Therefore we consider 
static, spherically symmetric black hole solutions in gravity coupled to a number of 
neutral scalars cf> a and vector fields in D dimensions that are solutions to an action 
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of the form 

S = J A D x^E(R. D - \G ab d^ a d^ b ) + S v . (5.2.1) 

The influence of the vector fields is captured by the action Sv and is illustrated 
below. For comparison, note that we fix the convention-dependent constant 7n 
appearing in chapter Q] to 7^ = 1/4 and we choose a notation 4> a for the scalarso 
The scalar metric G a b is a function that depends on the scalar fields cj> a . Greek 
indices are raised and lowered with the space-time metric g^ v and g = detg M „. 
We always write the vector fields as a collection A 1 A = 1 . . . n, where n is the 
total number of vector fields. The exact form of the action for the vector fields Sv 
depends on the dimensionality of space-time and the class of theories we wish to 
consider. For example, in four dimensions, we write: 

Sv = J d 4 x(i M/J (0) F^F' 1 ^ - \v u {<p) F^F-T) , (5.2.2) 

in terms of the Abelian field strengths F* = d^Al — d v A T ^ and scalar dependent 
gauge couplings /J>(4>) and v{(f). In five dimensions, on the other hand, we can have: 

Sv = Tg^- J d^^j^F^F" ^ -\D IJK e^ T A^^U) , (5.2.3) 

where the gauge coupling /Lt(</>) is again scalar dependent, but the 3-tensor Dijk 
is constant, such that the second term in the vector action is a gauge invariant, 
topological term. To keep our discussion as general as possible we make no further 
assumptions about the combined gravity-scalar-vector theory: we make no specific 
assumptions about the form of the scalar dependent functions G{4>),n{4>),v{4>)- 
The reader should notice that it is of the appropriate form to describe the bosonic 
sector of ungauged supergravity in D dimensions, for example by comparing to the 
action of J\f = 2 supergravity in four dimensions ()4.3.ip and in five dimensions. 



Spherically symmetric Ansatz 

We now specifiy the Ansatz for the metric of a spherically symmetric black hole 
solution. In the next section we then treat the effective action for the fields in the 
Ansatz. Spherically symmetric black hole solutions of the theory described by the 
action (|5.2.1j) have a metric of the form 

ds 2 = -e 2 ^dt 2 + e 2a ^ds 2 d , (5.2.4) 

For notational simplicity, we henceforth use the notation d for D — 1: 

d = D-l. (5.2.5) 



2 The reader can reinstate all factors of 70 by rescaling the gauge fields and charges F — > 
4ttdF ,(q,p) -> i-yr>(q,p) 
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The d-dimensional metric of the transverse space is given as 

ds 2 d = (e^-^Mdr 2 + e^dfi^) , e^ 2 ^ - sinh ((rf - 2)cr) . (5 . 2 . 6 ) 

The constants a, f3 were introduced in equation (|4.4.73p and are chosen such that 
the warp factor (p has a conventionally normalized kinetic term in the effective 
action: 

a = -l/y/2(d- l)(d- 2), /3 = -(d - 2) a = y/{d - 2)/2{d - 1) . (5.2.7) 

(Remember we put jd = 1/2 to compare to the epxressions for a and (3 in the 
previous chapter, eq. (|4.4.73p ). The constant c, as before, signals if the black hole 
is extremal (c = 0) or non-extremal (c ^ 0). Under the requirement that the 
solution is static and spherically symmetric, the vector fields can (but need not) 
be eliminated in terms of their electric/magnetic conserved charges. Finally, the 
scalars depend solely on the radial coordinate: ip — (p(r), <f> a = 4> a {r). 

The above Ansatz generalizes the four-dimensional one in chapter 3] for the 
discussion of the attractor mechanism. Note that from now on, we denote the 
'black hole warp factor' as tp. In most black hole literature and in earlier discussions 
in this text, the warp factor in four and five dimensions is denoted in terms of a 
function U, related to tp as U = —ap, i.e. in the four-dimensional case (d + 1 = 4) 
U = <p/2, while in five dimensions (d + 1 = 5) U = <p/V3. The notation tp is also 
in accordance with standard Kaluza-Klcin literature. 

5.2.2 Two effective actions 

The approach we take to study scalar flows in black hole backgrounds, always starts 
from a one-dimensional effective action that encompasses the scalar dynamics. In 
the literature, one typically writes down two different effective actions for the radial 
dependent fields coupled to the black hole. We have encountered the first one before, 
it is obtained after eliminating the gauge fields in terms of their conserved charges. 
This gives rise to an action describing a particle in an enlarged target space R X M 
subject to a potential, where R describes the metric warp factor and M. is the target 
space of the scalars 4> a . To write down the second type of effective action, we do 
not integrate out the vector fields. Instead, one considers a dimensional reduction 
over time, a Killing direction. The dynamics of the gauge fields are given by their 
electric (and possibly magnetic) potentials, which appear as additional scalar fields 
in the dimensionally reduced theory. Moreover, the effective action does not have 
a potential, but describes geodesies on an enlarged target space R X M. , where M. 
the target space containing the original scalars cf) a and electric/magnetic potentials. 
Note that this space does not factorize in general (M. ^ M. x K,, with JC the space of 
electric/magnetic potentials), but couples the scalars (j> a and the electric/magnetic 
potentials in a non-trivial manner. We give examples of this in sections 15 . 51 and [5761 
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Both effective actions are supplied by a constraint, fixing one integration constant 
in terms of the non-extremality parameter c 2 . 



Action with black hole potential 



The first technique to construct the effective action [78j, |66[ expresses the Maxwell 
field strengths in terms of the electric charges, and possibly also magnetic charges in 
D = 4 dimensions, via the respective equations of motion (and Bianchi identities) H 
The one-dimensional effective action obtained as explained above turns out to be 
that of a particle subject to an external force field given by the effective black hole 
potential V (we drop a proportionality factor 1/16itGd): 



S=- 



J dr (V + \G ab {<t>W4> b + e 2 ^V{<P)) , (5.2.. 



where a dot means differentiation with respect to the radial parameter r. The 
configuration space of this 'fiducial' particle is a direct product A4 x R where 
M. is the scalar target space with metric G a b, and R represents the warp factor. 
The 'mass parameters' in the black hole potential V are given by the electric and 
magnetic charges. Solutions to this action have to obey a constraint, stemming from 
part of the information in the D-dimensional Einstein equations which cannot be 
derived from the effective actionQ 

(d - l)(d - 2)c 2 = \ip 2 + \G ab (M a ft - e 2l V(0) (5.2.9) 

In the case D = 4, we have the identifications V — 2Vbh introduced in chapter |U 
<p = U/2 and this constraint reverts to the equation (|4.3.16l) in the discussion of 
the four-dimensional black hole. We elaborate on the use of this effective action 
for D-dimcnsional black holes in section [ 



Action describing geodesies on an enlarged target space 

The second technique for constr uctin g a one-dimensional effective action, first 
described in the D — 4 case in |l03l |. is based on the observation that a static 
solution in D dimensions can be dimensionally reduced over time to a Euclidean 
d = (D — l)-dimcnsional instanton solution. Because of the assumed spherical 
symmetry, the resulting instanton solutions are carried only by the metric and 
the scalars in D dimensions. Since the reduction is performed over a Killing 
direction, the d-dimensional solutions fully specify the solutions in D dimensions. 

3 In more than four dimensions, a 0-brane can only source vectors through an electric coupling. 

4 The constraint can be found from the effective action by introducing an 'einbein' encoding the 
reparametrizations of the radial coordinate. The einbein acts as a Lagrange multiplier enforcing 
the constraint. See section [4.41 more specifically the metric Ansatz [4.4.21 where e c denoted the 
einbein. 
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As explained in 103 , 1051 ] the equations for the D-dimensional metric decouple and 



are easily solved. 

The scalar field equations of motion are found from the following effective one- 
dimensional action (again, dots are r-derivatives) 



S = 



(5.2.10) 



which describes the free geodesic motion of a particle in an enlarged target space 
of scalar fields q l that contain the scalar fields cf> a of the D-dimensional theory plus 
axion-type scalar fields arising from the reduced vector potentials. The choice of 
notation q 1 , Qij becomes clear later. This action has to be complemented by the 
Hamiltonian constraint 

{d-l){d-2)c 2 = \Q ij q A $ . (5.2.11) 

In the remainder of this chapter, we always use the notation Q for the metric of the 
moduli space in the reduced (Euclidean) gravity theory. Note that in this procedure 
the vectors (or equivalently, the axions) are not eliminated by their equations of 
motion. These axionic scalars have the opposite sign for their kinetic term, which 
causes the metric Q to have indefinite signature. If we were to integrate out those 
axions, we would find the other black hole effective action (|5.2.8|) . 



Choosing which is best 

The question of which technique (or effective action) is best suited for the given 
task depends on the theory one considers and on which aspects of black hole 
solutions one wishes to investigate. For instance, if the scalar target space in the 
effective action of the second type is a symmetric space then the geodesic equations 
are mani festl y integrable and can be used to construct explicit solutions, see for 
instance 105j for more details. When one is interested in studying supersymmetry 
and the black hole attractor mechanism, as in chapter |U the first approach is more 
commonly used. 



Outlook: Having explained two possible ways of writing down a one- 
dimensional effective action for black hole solutions in D dimensions, we 
continue with a short review of cases known in the literature where the 
scalars follow a gradient flow on the target space. After this review, we 
ask the question: under what circumstances does such a gradient flow exist 
(for both extremal and non-extremal solutions) in section 15. 31 
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5.2.3 Flow equations in the literature 

We recall the appearance of gradient flow in the literature. First, we consider 
the main point of interest and focus on black hole solutions. Afterwards, we also 
discuss the superpotential and corresponding gradient flow equations for the scalars 
in domain wall and cosmology solutions. 



Black holes 

We now recast the discussion of section fOl which concentrated on supersymmetric 
black holes in D = 4 dimensions, to arbitrary space-time dimension D = d+l. The 
discussion of such flow equations follows naturally from a certain rewriting of the 
black hole potential. Therefore we start from the first type of effective action, see 
(|5.2.8|) . Suppose the black hole potential V(<j>) can be written in terms of a function 
W(4>) as@ 

V = \ (w 2 + -^G ab d a Wd b W^j . (5.2.12) 

Remember that the constant j3 appears in the metric (|5.2.4[) and is given as ft 2 — 
sgEr- Whenever the potential allows such a rewriting in terms of W(<j)), the 
equations of motion for the warp factor and the scalars reduce tc0 

(j) a = -^c^G ab d b W . (5.2.13) 

These equations are called BPS or gradient flow equations, and they describe 
an attractor flow if there is an attractive fixed point (that is, when the black 
hole potential has a minimum). The real function W(<f>) is often called the 
superpotential. We have seen some of its properties before. Evaluated at the black 
hole horizon, it determines the horizon area and hence the Bekenstein-Hawking 
entropy of the black hole as Sbh = o,W d - 2 \ H , where a is some d-dependent 
constant. For instance for d = 3, the case of the four-dimensional black hole, 
we have Sbh = 7: W 2 \ H . When evaluated at spatial infinity, the superpotential 
W gives the ADM mass, M ~ W^Iqoj while its derivatives give the scalar charges 
4' a \oo ~ daWloa. We distinguish three cases: 



7q in the Einstein-Hilbert term 2~V —QdRd 
Jd 

introduced in earlier chapters is set to i. This influences the coefficients in 15.2.121 1. 

6 To compare to the form l|5.1.1ll of the flow equations, we can write q' = (ip, tf> a ) and W(<j) = 
e^ v W/2fi. This rewriting is worked out further from section [5. 31 onwards . 
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Super symmetric black holes. For a supersymmetric (BPS) black hole Ansatz, 
the first-order, integrated form of the second-order equations of motion in 
terms of the W(<f>) corres pon d to the first-order Killing spinor equations 



in D = d + 1 dimensions [64|, [3CJ, |65|. In this case we also have that the 



superpotential W is equal to the modulus of the complex central charge 
function: 

W{<j>) = \Z{<f>)\. (5.2.14) 

Note that the attractor values of the scalars 4> minimize the black hole 
potential. For supersymmetric solutions, these are the values of the scalars 
such that also W = \Z\ is minimal, i.e. d\Z\/d<j) = at the horizon. 

Extremal, non- supersymmetric black holes. For non-supersymmetric black 
holes the first-order equations are no longer guaranteed to exist. Nonetheless, 
some years ago, Ceresole and Dall'Agata [39[ showed that it is possible 
for some extremal non-supersymmetric black holes to mimic the BPS 
equations of their supersymmetric counterparts, exactly in the sense of 
the first-order equations (j5.2.13|) . Shortly after, Andrianopoli et al. [1(3] 
gave the explicit form for the superpotential W for well-nigh all extremal 
solutions (supersymmetric and non-supersymmetric alike) to extended four- 
dimensional supergravity, when A/" > 2|3 For M — 2 some explicit cases were 
treated. The rewriting in terms of a superpotential W is not necessarily a 
remnant of supersymmetry in one dimension higher, see [Toj ]. 

Necessarily, extremal black holes that are not supersymmetric have a 
superpotential that is not equal to the central charge function: 

W(<j>)?\Z(<f>)\. (5.2.15) 

Also for these solutions the attractor values of the scalar fields minimize the 
potential. These solutions share the property that again dW/d<fi = at the 
horizon. However, note that W ^ \Z\ for non-supersymmetric solutions and 
d\Z\/d<f> ^ at the black hole horizon. 

Subsequent work has provided further examples of t he h idde n st r uctu re in 
non-supersymmetric extremal solutions, see e.g. 0, [lOl, 0, [113, LUll and 



references therein. Of most direct relevance for the author's results described 
in this chapter, is the work of Andrianopoli et al. [ioj . 

Non- extremal black holes. While non-extremal black holes are of considerable 
interest, little is known about their possible interpretation as solutions of 
first-order equations. We can say for sure that a rewriting of the black hole 
potential in terms of a superpotential W as in equation (I5.2.12|) is impossible, 
as follows. If we were to follow that route, the first-order equations, which 
give <p, <j> in terms of the function W, would follow. Plugging those first-order 



7 For even Af there is a minor issue with finding a manifestly duality-invariant form of the 
superpotential. 
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relations into the Hamiltonian constraint (|5.2.11l) , would then imply that 
c 2 = - the prescription with the superpotential W above is only consistent 
for extremal black holes. 

Strangely enough, we saw in the last chapter that also for non-extremal 
black hole solutions, a first-order description can exist (albeit necessarily of 
a different form than for the extremal case). It is rather surprising that some 
non-extremal soluti ons c an be found from first-order equations derived from a 
superpotential, see (l02j | and more recently Miller et al. [IB}, as explained in 
section 14.4.11 The latter authors provided the simplest possible example- 
the non-extremal Reissner-Nordstrom black hole in D = 4 dimensions- 
by making use of Bogomol'nyi's trick of completing the squares from non- 
gravitational field theories. It was pointed out in [35[ that the coupling to 
gravity introduces at least one term with a relative minus sign. Exactly the 
relative minus sign makes the rewriting of the action as a sum (difference) of 
squares non-unique and allows one to introduce a one-parameter deformation. 
This leads to the non-extremal version of first-order equations, with the 
deformation parameter measuring the deviation from extremality. 

The Bogomol'nyi approach has been generalized to include the non-extremal 
dilatonic black hole and p-brane solutions, as well as time-dependent 



cosmological) solutions in arbit rary dime nsions [P3j | and non-extremal black 



holes in gauged supergravity 102, Ill2j . The explicit structure of non- 



extremal flow equations in theories with more complicated scalar matter 
couplings is not known, although some suggestions were made in [iol |. 



5.2.4 Outlook 

We have given an overview of the literature on known instances where the scalars 
of an effective supergravity theory follow a gradient flow, determined by a scalar 
function W on the scalar manifold. In the following sections, the main objective 
is to obtain the most general form of such gradient flow for black hole systems in 
D dimensions which are not supersymmetric. Doing so, we hope to extend the 
known results discussed above for the non-supersymmetric extremal solutions and 
see what can be said about non-extremal solutions. The main focus of the gradient 
flow formalism will be on finding an answer to the questions: when does a gradient 
flow exist? And is a possible rewriting unique? 



5.3 Gradient flow from sum of squares 

In this section, we return to spherically symmetric black hole solutions to the D- 
dimensional action given in eq. (|5.2.1j) with a metric Ansatz as before (15.2.4jl . We 
have seen that the metric and scalars in such an Ansatz can be described by two 
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types of effective action. Here, we choose to work with the effective action with a 
black hole potential. 

As we have seen in the discussion of the previous section, a successful proposal 
of rewriting the black hole potential V((j>) in terms of a real superpotential W(<p) 
for some extremal solutions has been made before. We now make a proposal that 
generalizes the form of the relation (|5.2.12p to non-extremal black holes. 

Before we continue, we rewrite the black hole effective action with a potential, in 
order to make the discussion more transparent. We arrange the black hole warp 
factor ip and the scalars <fi a of the D-dimensional theory into one coordinate vector 
q l (r) as 

9 *(t) = Mt),^(t)). (5.3.1) 

Then the effective action ((5.2.811 is written as: 

C = ^(q)q l qJ +V(q). (5.3.2) 

The potential V(q) and the metric Q on the target space with coordinates q l are 
the natural extension of the original potential and metric and can be read off from 

GiM=(l V(q)=e^V(cj)). (5.3.3) 



13 w \0 G afc (0) / 
The Hamiltonian constraint (|5.2.9[) is written as 

\Qii (qWq J - V(<?) = (d - l)(d - 2)c 2 . (5.3.4) 
The above notation in terms of q l is used throughout this chapter. 



5.3.1 Generalized superpotential 

Let us assume that there exists a function W(q l ) — W(ip,4> a ), which we call the 
'generalized superpotential', such thal|f] 

V(q) = ^G ij d i Wd j W-E, (5.3.5) 

where we write di — d/dq l and E is a constant to be determined later (eq. (|5.3.8p 
below). The effective action (|5.3.2p can then be written in the following form, up 

8 Remark on notation: In the article |P5H . we denoted the g eneralized superpotential as a 
function Y. However, personally I prefer to follow reference jlOTt ] and denote the superpotential 
as W. 
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to boundary terms0 

S = -\f d "r&i(<f + Q lk d k W){q 3 + G^dkW), (5.3.6) 

The first-order form of the equations of motion is obtained by putting the terms 
within brackets in (|5.3.6I) to zero, giving a stationary point of the action: 

^ = -jfjG ab d b W. (5.3.7) 

We call these first-order equations generalized flow equations. Note that the 
Hamiltonian constraint (|5.3.4D fixes the constant E appearing in (|5.3.5D to be 

E= (d - l){d - 2)c 2 , (5.3.8) 

or in other words, the constant E is only non-zero for non-extremal solutions. A 
few comments regarding our proposal arc in order. 

Remarks 

Z> The extremal case. We compare our proposal for a generalized gradient 
flow in terms of the superpotential W to the proposal of |39l . lioj for extremal 
black holes (see section IS. 2. 3p . Only in the extremal case (E = c 2 = 0), can 
we search for a factorized form of the generalized superpotential W(ip, 4> a ) as: 

W{^<p a ) = ^ ip W{r), (5.3.9) 
such that the black hole potential assumes the familiar form (|5.2.12jl 

V{(£) = j(W 2 + -^d a W8 a W) , (5.3.10) 

and the flow equations become the known expressions for extremal black 
hole solutions (see equations (|5.2.13p ). For non-extremal solutions, such a 
factorization cannot hold. 

Note that it is a priori possible to have also extremal solutions for which the 
generalized superpotential does not factorize as W(<p, (j)) = ^e^W '(</>). This 



corrects a mistake in P5[, where it was claimed that extremality implies 
factorization of the superpotential. The correct statement would be that 
factorization only follows for extremal black holes which are non-singular 
(non-zero horizon area, ill-behaved scalars. . . ). 



9 In fact a minus sign is also possible within the squares, but this choice amounts to a 
redefinition of r and W, so without loss of generality we may choose plus. 
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Z> Comparison to the first-order equations of chapter [4j The first-order 
equations derived in the author's work [P3j and discussed in chapter 3J can 
also be written in terms of a gradient flow, see section 14.4.21 they form a 
certain subset of the most general gradient flow considered here. The only 
difference is that the effective description in chapter U contained a second 
metric function, denoted B. Eliminating that field by its equations of motion, 
exactly gives rise to the constant E — (d—l)(d—2)c 2 in the expression relating 
the potential V to the generalized superpotential W (eq. (|5.3.5[> ) . In chapter 
HI only the first-order equations were given, but W was not constructed. We 
perform this latter calculation for two examples of chapter 3] in section 15.51 

Z> Comparison to an earlier proposal in the literature. The form of the 
flow equations for non-extremal solutions presented here differs somewhat 
from the conjecture made in [40(, which proposes to preserve the form of 
the flow equations from the extremal case by putting W((p, <j>) = ^e l3lp W, 
but allows W to explicitly depend on r: W((/>,t). Noting that explicit r- 
dependence can locally be rephrased as (^-dependence, with r then considered 
as a function of tp, one sees that this is in the same vein as our proposal. The 
two are not equivalent, however, as in [i^] the dependence of W on r is of 
a very specific kind: d T W ~ —EeT^I 2 . Using the example of the dilatonic 
black hole in section 15. 5[ we shall show that the flow equations we present 
here (based exclusively on the premise that the effective action should be 
written as a sum and difference of squares) are more general. 



5.3.2 Existence of a generalized superpotential, first remarks 

Note that the proposal we made for the form of a scalar gradient flow that can also 
hold for non-extremal black holes, is valid under the condition the superpotential W 
exists. We initiate the discussion of the existence of the generalized superpotential 
W now and make a thorough analysis in the next section. 

We reformulate the discussion of the previous section. The question is to see if the 
scalar equations of motion are equivalent to a scalar flow of the form 

GijiaW = hid) , (5-3.il) 

such that the functions fa are the gradient of the superpotential W(q) 

M (5.3.12) 

(compare eqs. (|5.3.7[) .) Since such a rewriting as first-order equations requires an 
integration of the original second-order equations of motion, we include an explicit 
dependence on integration constants Cj. The necessary and sufficient condition 
for this to hold locally is, by Poincare's lemma, that difj(q) — djfi(q), or in other 
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(a) The flow generated by / = (q2,— <?i), for (b) Flow generated by / = (q 2 , q 1 )), for which 

which di/ 2 - <9 2 /i = 2^0. (W does' not difs - d 2 fi =0. (W = qV) 

exist) 

Figure 5.1: Depiction of a flow in a two-dimensional example. On the axes, we have 
g 1 ,^ 2 , the arrows represent the vector f — (fi(l), f 2 {<]))■ The filled lines represent the 
flow, which can be integrated from fi(q) = Qijq 3 ■ 



words, that the one-form / = fi(q)dq is closed: 

'If, <>,}, O df = 0. (5.3.13) 

This should be read as a condition on the velocity field q 1 — fj(q). Whether or 
not the field W(q) is defined over the whole target space depends on the cohomology 
of target space. We allow the possibility that W can only be constructed piecewise 
on the scalar manifold (i.e. defined on different patches, but not globally). 

In general the existence of W is a hard question to answer. In fact, we are asking 
about the properties of a velocity field on the manifold the scalars q parametrize. 
Demanding that the velocity field is fully determined by one function W puts severe 
restrictions on its form. We represent the gradient flow pictorially in figurc l5~Tl This 
can be contrasted to electrostatics, for example. The electric field Ei = diV(x) is 
given as the gradient of an electrostatic potential. However, not any vector field is 
of this form, of course, one needs that the vector E is rotation-free V x E = 0. In 
our setup, the analogous condition is (15.3.13|) . 

The original motivation of our work |P5l | , was to provide a proof of the existence of a 
gradient flow, or equivalently, a proof that (|5.3.13|) holds. However, a general proof 
was not found, instead a method of principle was given to check the existence of 
gradient flow equations for supergravity theories for which the scalar manifold is a 
symmetric space. In later literature, the existence of a gradient flow was answered 
more generally. Even though it could be more logical to present the existence 
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criterion first, we keep to the historical flow of events. Therefore, we first have a 



short overview of the arguments made in P5| . In the next section we go into a 



detailed analysis of eq. (|5.3. 13|) and more recent literature. 



Black holes with a single scalar field 

The argument for the existence of a superpotential for regular and extremal 
black hole solutions involving one scalar field is taken from the fake supergravity 



formalism for single scalar domain walls 47[ and proceeds as follows. Assume that 



the extremal solution exists, such that we know ip{r). As explained above, for a 
non-singular extremal solution, we have W(tp, <j>) — j^e^^W and ip — — ^e^ v W 
(see (|5.2.13[) above). This can be used to give W in terms of the radial parameter 
t, i.e. this defines the function W(t). Since the black hole is supported by a single 
scalar <f>, we have that W depends only on <f>. Locally we can always invert the 
function <j>(r) to r{<f) and this defines W (</>). 

Having constructed the fake superpotential W(<j>) for the extremal solution, we 
could then attempt the deformation technique of [35J to obtain the function W((p, 4>) 
in the non-extremal case. However, this approach requires the Lagrangian to satisfy 
specific simplifying conditions (see section EL 4. 2 1 for details), which are not satisfied 
in general. More thought has to be given to this case, we come back to this in the 
next section. 



Black holes with multiple scalar fields 

When a black hole solution is carried by multiple scalars, the above argument for 
the existence of extremal flow equations does not apphf^l and also for non-extremal 
solutions we do not have an immediate starting point. The idea of our work 



P5| . was to first perform a dimensional reduction over time. In the dimensionally 
reduced theory, all fields of interest (original scalars q % and gauge field potentials) 
are scalars, and we studied the construction of a gradient flow from that 'enlarged' 
scalar manifold. This method is explained in section 15.61 but first we give the 
existence criterion for W to exist starting from the original scalar manifold with 



coordinates q l in the following section (which did not appear in [P 

5.4 Existence criterion for a gradient flow from 
Hamiltonian dynamics 

Thi s section is a combination of new results in the literature that app eared after 



P5J and some unpublished ideas, inspired mostly by Andrianopoli et. al. [1071 ] . The 



'Unless some complicated conditions are satisfied, as explained for domain walls in 14.31 . 1 101| 
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aim is to investigate what condition(s) the effective black hole description has to 
obey, such that the integrability condition difj = djfi is satisfied and the scalars 
thus follow a gradient flow in target space. 



Outline 

We first show in section 15.4.11 that the effective black hole description with a 
potential, see eq. (|5.2.8|) . can be seen as a Hamiltonian system (q l ,Pi), where q l 
consist of the metric warp factor and the scalars in the original supergravity theory 
and pi = Gijq 3 are the associated momenta (Q is the appropriate metric on the 
scalar target space, see eq. (|5.3.3J) 1. Using standard classical mechanics, we show in 
section [5.4.21 that a superpotential and the matching gradient flow exist if and only 
if there are n constants of motion in involution (i.e. they are all commuting under 
the Poisson brackets), n is the number of scalars q % . One says the Hamiltonian 
system is Liouville integrable. 

It has been realized before that the Hamilton- Jacobi formalism can be a helpful tool 
for constructing a superpotential W. The equivalence of Hamilton's characteristic 
function appearing in the standard treatment of the Hamilton- Jacob i equation and 



the superpotential W, has been shown in the case of domain walls in [113llll41 . lll5 | 



where W was also linked to the study of the renormalization group flow in the 
dual CFT, and in the context of the domain wall/cosmology correspondence in 



511 . 152L |53j and references therein. Only recently was the relation to black hole 



solutions exploited, first for extremal solutions in [106| and later for non-extremal 



solutions as well in |107j | . We comment on this in section 15.4.31 Note that such 
a discussion remains on the formal level: one can always find a superpotential 
locally by using the Hamilton- Jacobi formalism, but this does not mean that a 
superpotential W, and thus a gradient flow of the formp; = dW/dq l exists globally. 
In order to be sure that a gradient flow and a superpotential W exist on the 
entire moduli space (or a certain patch thereof), one still needs to assume the 
system is Liouville integrable. In classical mechanics literature, there has been 
some misconception about this issue, where people have mistakenly assumed all 
Hamiltonian systems to be solvable or even integrable in the sense of Liouville. 
Also on this we comment in section 15.4.31 



Finally, following 107| , the superpotential is shown to be invariant under the action 



of the electric-magnetic duality group in section 15.4.41 



5.4.1 Effective black hole description as a Hamiltonian system 

We show how the equations of motion corresponding to the effective action with 
a black hole potential (|5.3.2J) . describing static, spherically symmetric black hole 
solutions in D dimensions, fit in a Hamiltonian description. The radial coordinate 
t plays the role of time. 
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We repeat the effective black hole Lagrangian (|5.3.2p for convenience: 

C = ^g ii {q)q i q i +V(q). (5.4.1) 
The momenta pi conjugate to q l are defined as 



dC 

Pi = g^ = Sirf ■ (5-4.2) 



The Hamiltonian, with r playing the role of time, is constant: 

H= Pl q l -£ (5.4.3) 

= ^G ij PiP j -V{q) = E. (5.4.4) 

The value of the 'energy' % = E is fixed by noting that this is just the Hamiltonian 
constraint of before, see e.g. (|5.3.4p . (Recall E is proportional to the non- 
extremality parameter c 2 by ()5.3.8|) . The fact that E is minimal for extremal 
solutions fits nicely with the intuition that a supersymmetric, and hence extremal, 
solution is stable.) The Euler-Lagrange equations of motion are equivalent to the 
Hamiltonian equations: 

■i dn . mi ... 
q= dp-> Pi = ~W (5A5) 

We see that the effective black hole description corresponds to a Hamiltonian system 
('H,p'",qj), with T-indcpendent Hamiltonian Ti(q,p). 



5.4.2 Existence of the superpotential from Liouville integrability 

Up to now, we have done nothing new. We have just rewritten the equations 
of motion in terms of variables (q,p). We now turn to the question when a 
superpotential W(q) exists such that the equations of motion are rewritten as in 
eqs. (|5.3.1ip . I|5.3.12|l . In terms of (g;,p l ), eqs. (|5.3.1ip . (|5.3.12p become: 

B = /i( , ) = ™. (5.4.6) 

As discussed before, this only holds when the p's can be written as functions of the 
q' s (p — /(<?)) and those functions satisfy the integrability condition difj = djfi. 
For a general Hamiltonian system, the coordinates p and q are independent and the 
integrability condition does not hold. We now discuss which Hamiltonian systems 
do allow for equations of the form (|5.4.6I) . We take the argument from the classical 



mechanics literature, see textbooks [111 El, El 



11 A pedagogical reference is |ll8l | by MacCauley, as that book is mainly about (integrability) of 
first-order flows. Also, MacCauley points out several misconceptions in previous literature and is 
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The criterion 

Denote the number of coordinates (scalars) q l by n. Assume we have n constants 
of motion Gi(q,p, r) (i = 1 . . .n) that commute w.r.t. the Poisson brackets: 

One says the Gi are in involution. By constants of motion, we mean that the total 
r-derivatives of Gi are zero, in principle they can have an explicit time-dependence: 

This means the expressions Gi(q,p, r) can be equated to constants Cf. 

Gi(q,p,T) = Ci = cst. (5.4.9) 

In order to rewrite the momenta p as functions of the coordinates q, we furthermore 
make the assumption that the n constants of motion are isolating. By this we mean 
that we can solve the equations (|5.4.9[) for the momenta p as: 

Pi = fi(q,C,T). (5.4.10) 

It then readily follows that the expressions /, are the gradient of a scalar function 
of the coordinates q. Indeed, since the n constants of motion Gi are in involution, 
one can check that consequently the expressions pi — fi are in involution as well: 

{/'■ /.-/'.. /;! ". (5-4.11) 

(In this equation, fi should be seen as functions of the q's and the p's, and the q's 
should be read as independent variables, i.e. we do not use (|5.4.10|) .l It immediately 
follows that = and the functions fi(q, C, r) can be written in terms of one 
function W(q, C,t) as in (|5.4.6p . 

The above argument can be traced back in the other direction. We conclude that 
a gradient flow of the form pi = diW(q) exists if and only if their are n Poisson 
commuting constants of motion Gi(q,p,r) = Ci which can be solved in terms of the 
momenta p. This is the content of Liouville's involution theorem. 



Comments 



We comment on the above result. First, when there are n constants of motion 
in involution and W can be constructed, we see that its exterior derivate can be 



especially careful in questions regarding integrability and the connection to Hamiltonian systems 
and Hamilton-Jacobi theory. We follow [l!8j | in the remainder of this section. 
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written as 

dW=p i dq i . (5.4.12) 

Moreove r, th is implies that in principle, we can find the superpotential W as the 
integral [l07j ] : 

W = W + f 9 ptfdT = W + 2 f 9 ' (E + V(q))dr, (5.4.13) 

where qo,To are initial conditions, Wo is a constant and we used the form (|5.4.4p 
of the constant Hamiltonian % = E. 

Second, in the examples of sections 15.51 and 15.61 we will see that the constants 
of motion d correspond to 'non-extremality parameters', which are zero for an 
extremal solution. In the context of the restrictive set of non-extremal examples 
of the previous chapter, these are exactly the integration constants (then called f3i) 
introduced to derive the first-order form of the equations of motion. 

^ Outlook In the following section 15.4.31 we link the superpotential W to 
Hamilton-Jacobi theory. That section can be skipped without loss of the 
logical flow of the text. We continue with examples for black hole systems in 
section 15.51 

5.4.3 Hamilton-Jacobi theory 

Now we show that the superpotential W, if it exists, is the generating function 
for a specific type of canonical transformation one encounters in Hamilton-Jacobi 
theory. By the Hamilton-Jacobi method of constructing the generating function, 
we can in principle give a method of constructing W. Andriano poli et al. advocate 
the Hamilton-Jacobi approach in the context of black holes in [1071 ] . Note that the 
condition for existence of W remains the same as above (Liouville integrability) : 
the Hamilton-Jacobi approach is only useful in that case. For a comple te review 
of Ham ilton -Jacobi theory, the reader is referred to the classic references |l!6l . Ill 7j | 
and to |ll8l | for the relation to gradient flows. We briefly mention the main points 
of interest. 

Canonical transformations 

Considerations of Hamilton-Jacobi theory start in the context of canonical 
transformations, from one Hamiltonian system to another. Consider new phase 
space variables (Qi(q,p,r), P l (q,p,r)) and a function K.(Q,P,t). We ask when 
(K.,Q,P) defines a Hamiltonian system, such that the equations ()5.4.5[) hold for the 
variables Q, P replacing q,p and with Hamiltonian K, instead of %. When the data 
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(JC,q,p) define such a Hamiltonian system, the transformation to these variables 
is called canonical. It can be shown that therefore the one-forms pdq — Hdr and 
PdQ — JCdr defined on the cotangent space of the phase space must be equivalent 
up to a closed form. This is equivalent to demanding that 

pdq - Hdt + QdP + JCdt = dF 2 . (5.4.14) 

for some function F 2 (q, P,t), which is often called a generating function 'of the 
second kind', hence the subscript Note that F2 is not a function of p nor of 
Q, because of the structure of the left-hand side of (|5.4.14p . Instead, we should 
view (q,P) as the independent variables. From eq. (|5.4.14D . we see that Q and p 
are found as the partial derivatives of the function F 2 : 



Pl ~ dqi 1 Q ~ dP t 
while the function F 2 itself is the solution to the differential equation 



(5.4.15) 



dFo dF 9 dFo 

K{-^,P,T)-H{ q ,-^,T) = yt. (5.4.I6) 

A word of warning: the function F 2 can only be defined (or: a solution to the 
Hamilton- Jacobi equation only exists) when a canonical transformation exists from 
the system (H, q,p) to (JC, Q, P). This is not possible for all choices of coordinates 

(Q,py- 



Comparison to superpotential approach 

Inspection of the first of the defining conditions (|5.4.15D for the generating function 
F 2 seems to suggest we have to identify F 2 with the generalized superpotential W, 
as defined in eq. ()5.4.(j|) . However, we need to specify the coordinates (Q, P) a little 
more: F 2 is a function of the g's and the P's and possibly has an explicit dependence 
on the radial coordinate r, while W should only depend on the coordinates q. In 
order for F 2 to be a function of q only, with no explicit r-dependence, we demand 
that a canonical transformation (q,p) — > (Q,P) exists such that the momenta P 
are constant and the new Hamiltonian is equal to the old one: 

Pi = ati — est 

tC(P,Q)=H(p(P,Q),q(P,Q)) (5.4.17) 

It immediately follows from these conditions that the coordinates Q are linear in r, 
since Q = est by the Hamiltonian equations of motion (the eqs. (|5.4.5|) with (q, p, W) 
replaced by (Q, P, JC). If the conditions (|5.4.17D are met, the defining equation for 



With this definition of Fg, the one-forms pdq — Hdt and QdP — Kdt are equivalent up to the 
closed form d(F 2 + PQ)- 
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the function F 2 (|5.4.14|) becomes: 

and by comparison to (|5.4.12|1 . we conclude that indeed the generalized superpo- 
tential as a function of r is given by W(g(r),C) = F2(q(r), a), up to a cosntant. 
The constants of motion Cj are functions of the constant momenta Pj = on. 



Hamilton-Jacobi theory 

In classical mechanics, the generating function for the transformation that meets 
the conditions ()5.4.17)1 is known as Hamilton's characteristic function in Hamilton- 
Jacobi theory. We discuss Hamilton-Jacobi theory in two steps. 

First, consider a canonical transformation as in eq. ()5.4.15|) . such that the new 
Hamiltonian K, is equal to zero and the new coordinates {Q, P) are constantV^\ 

Q i = f3 l = est 

Pi = cti = est. (5.4.19) 

In this case, it is customary to denote the solution to equation ()5.4. 15j) for 
the generating function as S and to call it Hamilton's principal function. The 
generating function is now defined through the differential 

dS = Pl dq l - Hdr = Cdr (5.4.20) 

in terms of the integrand of the Lagrangian. When the action J Cdr is path 
independent, it can be integrated and gives the unambiguous form of the function 
S. Hamilton's principal function S is the solution to the so-called Hamilton-Jacobi 
equation (compare to (|5.4.15[0 

U{q >da-> T)+ dT =0 - (5A21) 

Second, note that the Hamilton-Jacobi equation for Hamilton's principal function S 
can be simplified when the original Hamiltonian is independent of the coordinate r, 
as is the case for the effective black hole description. In this case, the r-dependence 
of S can be separated and the function S takes on the form: 

S(q,a,r) =W(q,a) - E(a)r, (5.4.22) 



13 Note that the generating function F2 for this transformation is not the same the function F% 
for the generating function discussed above, which had K, = H. 
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for some constant E that is a function of the constant momenta Pj = ccj. 
Substituting this Ansatz into the Hamilton- Jacobi equation (|5.4.21|) gives 



This is just the Hamiltonian constraint encountered before, with the same 
interpretation for constant E (proportional to the extremality parameter c 2 , see 
eqs. (|5.4.4p . Q5.3.8[l ). The function W is referred to as Hamilton's characteristic 
function. Not that W is the generating function for a canonical transformation to 
Q l = pW + est, Pi = cti, as in eqs. ()5.4.17|) . 

Caution has to be taken when applying Hamilton- Jacobi theory, since this method 
of solution has been the source of some confusion in the literature on the nature of 
the constants (Q l ,Pi) = (fi\ai) of (|5.4.19|) . In classical mechanics textbooks, it is 
sometimes advocated that the constants (/3 s , a,) are equal to (or functions of) the 
initial conditions (qo,po) of the motion in terms of the original coordinates (q,p). 
This would suggest S can always be defined globally. However, the conditions for 
S, and thus W to exist globally, are the same as in section [5. 4. 2 1 we need n Poisson 
commuting constant of motion^ For a general Hamiltonian system, one will not 
find n Poisson commuting constants of motion among the 2n constants (qo,Po) and 
therefore S and W is not always globally defined. In conclusion, this means that at 
most n of the In constant (P, Q) can be given by the initial conditions, but at least 
n have to be Poisson commuting constants of motion, in order for the function S 
(or W) to exist. 

"S" Upshot: In principle, if the superpotential W exists, one can use Hamilton- 
Jacobi theory to find W as the generating function for the canonical 
transformation to constant phase space variables as in eq. (|5.4.22p . The 
condition for existence remains the same as before, namely Liouvillc 
integrability. 

5.4.4 Duality invariance of the superpotential 



We now go back to D = 4 dimensions. In [lOTf, it was proven that the 
superpotential W is invariant under the global symmetry group of the four- 
dimensional equations of motion. These global symmetries consist of the isometries 
of the scalar manifold, combined with a simultaneous symplectic action on the field 
strengths F 1 and their duals G/. (See equation (|4.3.1Up for the definition of the 
dual field strengths.) 

14 When the system is not Liouville integrable, the function S = J d qa . pa TC is path-dependent. 
We can then in principle take (/3 l , oti) to be the initial conditions ((/OiPo) to construct S, but if it 
exists at all, it will be limited to very small distances r, i.e. we can only define S locally. 




(5.4.23) 
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The question of whether or not the superpotential is duality invariant had been 
an outstanding issue. For supersymmetric black holes, the superpotential is given 
in terms of the complex central charge Z defined in eq. (|4.3.18[) as W = e^ v \Z\/2. 
Since \Z\ is a symplectic invariant, W is naturally invariant in this case. For 
extremal black holes, the question had only been partially answered and for non- 
extremal solutions nothing was known in this respect. Some evidence had been 
given in [39J, and in [4o| . a search was initiated to find W from duality invariant 
expressions. Explicit forms for the superpotential were found for all cases in 
extended supersymmetry with Af > 2, while the Af = 2 case was incomplete. 

We sketch the proof of |l07l ], which solved these outstanding issues. The 
effective Lagrangian C (|5.4.1|) is invariant under the global symmetries of the four- 
dimensional equations of motion. This is because the black hole potential V is 
a symplectic invariant expression in terms of the black hole charges, while the 
kinetic terms are invariant under the isometries of the target space by construction. 
Since the solution W(q, C) from eq. (|5.4.13p (or equivalently S(q, P) from (|5.4.20p ) 
is defined in terms of the integral of the effective Lagrangian and the black hole 
potential, it follows that the superpotential W is invariant under the duality group. 



The proof of 1071 ] that the superpotential is duality invariant, makes the problem of 
finding an explicit solution for W more accessible: only duality invariant functions 
should be investigated. This was an idea that led to a su ccessful c onstruction of 



W for symmetri c moduli spaces in work of Bossard et. al. [119L Il20 | and Ceresole 



ct. al. j 1 2 ll . 1 1221 ] and subsequent results. We mention that work in more detail in 



the conclusion to this chapter. 



5.4.5 Preliminary conclusion/Outlook 

We have derived an existence criterion for first-order flows to exist for the effective 
Lagrangian (15.4. ip with a potential. The equations of motion for the n scalars 
q 1 follow Qijif = dW/dq\ whenever there are n Poisson commuting constants of 
motion. The function W(q), called (generalized) superpotential, is seen to be equal 
to Hamilton's characteristic function. 

In the following, we give explicit examples to illustrate the discussion above. First, 
we use methods of chapter |5] to write down the superpotential for the Reissner- 
Nordstrom and dilatonic black holes in four dimensions in section f5. 5 1 Second, we 
consider more intricate setups in section lSTBl bv performing a dimensional reduction 
over time. 



116 



GRADIENT FLOWS FOR NON-SUPERSYM METRIC BLACK HOLES 



5.5 Examples inspired by chapter @] 

In this section and section 15.61 we give examples illustrating the Hamiltonian 
description and the subsequent existence criterion for a superpotential to exist. 
The current section is dedicated to constructing the superpotential for two examples 
that were treated in the previous chapter, section POl 

In principle, all examples of that chapter (black holes and both stationary and time- 
dependent p-brane solutions coupled to a dilaton) allow for a rewriting in terms 
of a superpotential W, since the first-order equations were decoupled and hence 
satisfy the integrability condition difj — djfi. We only perform the construction 
of the superpotential for the two four-dimensional black hole examples of section 
14.41 the Reissner-Nordstrom and dilatonic black holes. We do this following the 
Hamiltonian approach advocated in section !?^! The Reissner-Nordstrom black hole 
has one scalar (the warp factor) and one constant of motion (the Hamiltonian), so is 
trivially amenable to the methods outlined above. For the dilatonic black hole (two 
scalars: warp factor and dilaton), we show that there are two Poisson commuting 
constants of motion and give the superpotential. Note that the Bogomol'nyi trick 
of section 14.4.41 was only given for electrically charged dilatonic black holes. We 
also give the superpotential for the case with magnetic charge and show that only 
for a specific value of the dilaton coupling (a = 1), the method of section |4\ 4. 41 can 
be used for solutions with both electric and magnetic charges. 

Note that in four dimensions, the metric Ansatz becomes 

dsl = e^dr 2 + e - * ( — — dr 2 + — —„ — (d(9 2 + sin 2 6>d^ 2 )) , (5.5.1) 
\sinh ct sinh cr / 

(i.e. the constants a and j3 are f3 = —a = 1/2) and the effective Lagrangian reads 

C = + lG ab j> a j> h +V{v,ct>), (5.5.2) 

where cj) a are the scalars in four dimensions and V = e v V((f), with V(<j>) the black 
hole potential. 



5.5.1 The Reissner-Nordstrom black hole 

The Reissner-Nordstrom black hole is a solution to the Einstein-Maxwell action: 

s =mkI d ^{ R ~\ F ^) ^ 

In case of the Reissner-Nordstrom black hole, we eliminate the gauge field in terms 
of its electric charge q e and magnetic charge q m . We have one scalar, <p, and the 
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effective Lagrangian for the Reissner-Nordstrom black hole i: 



15; 



£ = \t> 2 + \{cil + q 2 m )e v . (5.5.4) 
(See table |4~21 to compare to the TV = 2 supergravity action.) The Hamiltonian is 

K = \p% - + d)e* = 2c 2 . (5.5.5) 

where p v = (p. Remember E = [d— l)(<i— 2)c 2 — 2c 2 for D = d+ 1 = 4 to compare 
to (|5.4.4p . There is one scalar (ip) and one constant of motion (Hamiltonian), so 
we can solve in terms of ip and the constant of motion c as: 

P v = U(<P, c) = - (5.5.6) 

with 



U(<p,c) =2 v /i( (? 2 + ^)e^ + c 2 . (5.5.7) 
The superpotential W is 

W = J dr 2 y f$(q* + q* l )e<P + c? 

= iyj 'Wl + <l 2 m)^ + c 2 - 8c log (^2c + \(q 2 e + ql)c^ + + 4c^> 



We can interpret the Hamiltonian constraint as the Hamilton- Jacobi equation 1071 ] : 



2 



K^)'-^ + '" )i "= 2<J ' (5 - 5 - 8) 

which gives, of course, the same solution for W '. 



5.5.2 The dilatonic black hole 

The simplest theory involving scalar fields admitting charged black hole solutions 
is given by the Einstein-dilaton-Maxwell action 

S = J d 4 x^(i? - \{d4>) 2 - \e a *F 2 ) , (5.5.9) 

lj This should be constrastcd to the effective action l|4. 4.611 obtained in the previous chapter. 
Remember we have chosen e B = sinh(cr)/c, U = ip/2 and put the constant coupling 7 2 = 1/4. 
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where a is a non-zero cons tant, called the dilaton coupling. In the previous chapter, 
the author's work in [P3| was reviewed, where the Bogomol'nyi equations for the 
purely electric, extremal and non-extremal solutions of this theory were given by 
writing the action as a sum and difference of squares, generalizing the results on 
the pure Reissner-Nordstrom black hole in [351 ]. In the following we reconsider 
these results in the language of sections 15.31 and 15.41 and extend to the full dyonic 
solution. For dyonic solutions, however, we will notice that only in the a = 1 case 
can we easily find the superpotential. In section 15.6.41 we return to this subject 
and discuss the a = \/3 example. We refer the reader to [88| for the original 
treatment of dilatonic black hole solutions. Following the language of sections 15.31 
and !5.41 we consider the first-order equations and the construction of a generalized 
superpotential for the dilaton tp and the warp factor tp appearing in the metric 
(|5.2.4|) . As explained above, the equations of motion for tp and <f> can be derived 
from a one-dimensional action. The black hole effective potential is now given by 

V(cf>) = ig e 2 e-°* + §&e+°* , (5.5.10) 

where q e is the electric charge and q m is the magnetic charge (in what follows, we 
assume both to be non- negative) , such that the effective Lagrangian is 

C = ^<ff > + ~4?+e*V(<l>). (5.5.11) 

In terms of the Hamiltonian description of section [5331 we have q % — (tp, <f>) } Pi — 
(tp, </>) and the Hamiltonian (|5.4.4|) becomes 

U = lG ij PiVj - V(q) 

= \ V % + \ V \ - e^V((/>) = 2c 2 , (5.5.12) 

We distinguish two cases. Either one of the charges q m ,q e is zero and we can 
use the results of the previous chapter (chapter UJ). There it was shown that the 
equations of motion for the scalars q l = (p, <fi) can be written as decoupled first- 
order equations (|4.4.52|) . It trivially follows the velocity field q 1 follows a gradient 
flow. We construct the generalized superpotential for this flow below and show that 
there are 2 constants of motion in involution as required by the existence criterion of 
section l5.3.2l for the superpotential W to exist. Afterwards we investigate the dyonic 
case (q e and q m both non-zero) and see that we can only apply the Bogomol'nyi 
trick of the previous chapter when the dilaton coupling a = 1 . 
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Purely electric or magnetic solutions 

In section T5. 3. 21 we discussed how a minimal set of Liouvillc commuting constants 
of motion can lead to the construction of a flow pi = fi(q,C) — djW(q, C)Q 
In the case at hand, we could search for two such constants of motion to find 
the superpotential W. However, we can follow an easier route, since first-order 
equations of the form pi = fi(q, C) were already constructed in section 14.4.41 The 
Poisson commuting constants of motion Ci — Gi(p, q) were in that case denoted ft. 
The only task left to us is to find the superpotential W from the flow equations 
@X5g) . 

The first-order equations (|4.4.52p found in chapter 0] for purely electric solutions are 
written in terms of the coordinates q % = (<p,</>),pi = (<p, (f>) as (remember U = tp/2 
for comparison) 

Pv ee ft ft) = --^y^e^ + Jl - , (5.5.13) 

p^ ee frfa & ft) = sl\&^ + ft 2 - ft • (5.5.14) 

The constancy of the Hamiltonian (j5.5.12|) requires the constants (ft, ft) to obey 

c 2 =ft 2 + ft?. (5.5.15) 
We rescaled ft — > 2ft when compared to section 14.4.41 

One immediately verifies that the condition (|5.3.13j) holds: d^f^ — d^f^. Therefore 
a generalized superpotential W exists and the above two-dimensional flow must 
be a gradient flow. According to the existence criterion of section I5.4.2| this 
means that there are at least 2 Poisson commuting constants of motion. It is 
straightforward to check that the deformation parameter ft = — 2 ^ 1 1 +a2 (ap v 
and the Hamiltonian % — E are two such constants, since: 

{ap tp +p 4n U}= ^^-^{ap^ + P4> ,(p - a<f>} = . (5.5.16) 

As in the general expression (|5.4.10|) . the fi have an explicit dependence on the 
Poisson commuting constants of motion ft (denoted before as Ci). 

It is not difficult to construct the generalized superpotential explicitly, 



WfaftPi) = -— -^(2^s c - 2ft log(ft + Vs c ) + ft(<p- a( />) + ft(a^ + (/>)) , 
1 + ar V / 

(5.5.17) 

16 From now on we drop the explicit r-dependence in the superpotential W, since the 
Hamiltonian and flow equations arc r-independent. 
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where yjs c is shorthand for \q^P- a ^ + Extremality (E = f3 2 = f3 3 = 0) 
implies that the superpotential W factorizes according to (|5.3.9D 

(/>; 0) = e^i-^q^ 2 ) = e^W^) . (5.5.18) 

We now come back to the third and last remark made at the end of section [5.3.11 
If we compare with the flow equations of [40 f. b v locally inverting (p(r), we do not 
find the form of d T W((f>, <p{t)) suggested in [40(, unless 7 = fa — 03 = 0. However, 
from the expression (|5.5. 17|) for the generalized superpotential, we see that we can 
explicitly construct Y for all possible values of the non-extremality parameters 

In the case of purely magnetic charge, the above equations hold when the following 
electromagnetic duality rule is imposed: 

q e ^q m , 4>^-<t>, fa 4+ fa. (5.5.19) 

This shows the invariance under duality rotations as explained in section 15.4.41 



Dyonic solutions 

The dyonic case with arbitrary dilaton coupling a is more involved. In general, it 
is not easy (or possible) to construct two constants of motion in involution. In this 
text, we focus on the two cases for which this can be readily done. In this section 
we treat a = 1, the case a = y/3 is treated in section T5. 6. 41 involving dimensional 
reduction and group theory methods. 

The theory with a = 1 is the simplest. We construct the superpotential W by 
applying the deformation trick of 35] described in chapter^ fscction l4. 4. 2|) . There it 
was explained how we can find non-extremal first-order equations from the extremal 
flow equations through a constant-parameter deformation when two conditions are 
met: it must be possible to find a basis on the scalar manifold such that we can 
rewrite the potential as a sum of decoupled terms and diagonalize the (constant) 
metric simultaneously. For the dilatonic black hole, these conditions are only met 
when a = 1 We construct the flow equations pi = fi(q, C) for the extremal case 
and then apply the deformation trick of chapter U to find the non-extremal flow 
equations. The non-extremality parameters in these equations correspond to two 
Poisson commuting constants of motion. The resulting superpotential W is given 
in eq. (|5.5.25[) below. 

17 Those two conditions were that the potential is a sum of decoupled terms (each depending 
on one scalar only) and that the constant scalar metric is diagonalized in the same basis. By 
examining the effective action for the dilatonic black hole, we see that the potential is a sum of 
two terms depending on ip ± acf> respectively. The metric Qij can only be diagonalized in terms 
of ip ± acf> when a = 1. 
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Put the dilaton coupling a = 1. In the extremal case, it is not difficult to see that 
the momenta Pi — fi (q) can be found by summing the electric and magnetic ones 

Ufa <f>) = -^ (V ^ )/2 ~ ^ m ^ )/2 > (5-5.20) 

Ufa 4) = +^q e e^V 2 - j=q m e^)/ 2 . (5.5.21) 

The corresponding superpotential W is 

Wfa 4) = ~e^/ 2 V2 (q e e-*' 2 + g m e+*/ 2 ) ee e^ 2 Wfa), (5.5.22) 

and is the sum of the pure electric and magnetic supcrpotcntials. An extremum of 
the superpotential W(<j)), and consequently of the black hole potential V((f>), only 
exists in the dyonic case, corresponding to the fact that an attractive A0IS2 horizon 
exists only in the extremal dyonic case. 

Let us now extend to non-extremal solutions using the technique of [35j |. as 
explained for the purely electric case (q m — 0) above. This gives 

Ufa & fr)/y/2 = - yjlqie*-* + P 2 2 '^J h 2 m e^ + ft , (5.5.23) 

Ufa 4; fr)/y/2 = + yj \q 2 e e«-* + ft - yj \q 2 m e^ + ft , (5.5.24) 

where ftjft are again integration constants. The corresponding generalized 
superpotential W reads 

Wfa ft ft) = - 2^s e + 2ft log(ft + Vs c ) - fo(<p - <f>) 

(5.5.25) 

- 2^/s m + 2ft log(ft + V s m) - Psfa + 4>) , 



where y/s c — J \q 2 ^^^ + fi 2 is defined as in the electric case and y/s m is shorthand 

for y \lm e<p+ ^ + 03- Note that the superpotential is invariant under the action of 
the (discrete) electric/magnetic duality transformation (|5.5.19p . as it should from 
the argument of section 15.4.41 

We have not been able to integrate the second-order equations for <p and <j> when 
a ^ 1. However, we demonstrate in the next section that the case a = y/3 can also 
be solved explicitly with the aid of group-theoretical methods. 



5.6 Examples with symmetric moduli spaces 

In this section, we treat some more complicated examples to clarify the formalism 
outlined in the previous section. The examples are taken from the author's work 
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|P5fl . In order to study the gradient flow of the scalars in the D-dimensional theory, 
we have seen above that a study of the effective action with a black hole potential 
is useful. Liouville integrability of the system ensures that the scalars, denoted q l 
as in (|5.3.f [) . follow a gradient flow of the form GijQ-' = 8jW. In further examples, 
we prefer to discuss the generalized superpotential from the point of view of the 
second type of effective action of section I5.2.2[ namely the geodesic action that 
appears after a dimensional reduction over time of the D-dimensional system. 



Outline 

First, in section [5. 6. 11 we give some more details on the construction of an effective 
action for black holes by dimensional reduction over time. This effective action 
was already mentioned in section 15.2.21 and describes geodesies on an enlarged 
target space with coordinates q = (q,x a )i where q = ((£>, a ) are the generalized 
coordinates introduced in (|5.3.1D describing the warp factor and £>-dimensional 
scalar fields <fi a , and \ a are the electric (and possibly magnetic) potentials. We 
concentrate on the case where the target space with coordinates q is a s ymmetric 



space, sin ce in this case the equations of motion are explicitly solvable, see [123j,[12J 



An illustration of the geodesic approach for symmetric spaces is given 



in a second consideration of the Reissner-Nordstrom black hole in section 15.6.31 
In section 15.6.41 we apply these ideas in a second study of the four-dimensional 
dilatonic black hole. In section 15.6.51 we treat an example with two scalars, the 
Kaluza-Klein black hole in five dimensions. 



5.6.1 Black holes and geodesies 

Timelike dimensional reduction 

We give some more details on how to obtain the geodesic action (I5.2.10|) 
by dimcnsionally reducing the system described by the action and spherically 
symmetric metric of section 15.2.11 over the time direction t. Such a dimensional 
reduction was already briefly discussed in section l5.2.2l Notice first that the Ansatz 
(|5.2.4|) for stationary black holes can always be interpreted as the Ansatz for the 
dimensional reduction over time. We again write D = d + 1: 

dSd+i = -c 2 ^ (T) (di - uof + e 2a ^ds 2 d , (5.6.1) 

A 1 = X I {r){At-u) + A[ d) , (5.6.2) 

where ui and A 1 ^ are one-forms in the d-dimensional Euclidean space and x 1 are 
the electric potentials, which are scalars in the dimensionally reduced theory. The 

18 After o ur wo rk |P5H . it was even shown that the equations of motion are Liouville integrable 
in this case [l08t] ■ 
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vector associated to the one-form oj is also called the Kaluza Klein (KK) or Taub- 
NUT vector, while the warp factor ip is in this context often referred to as the 
(KK) dilaton. By comparison to the metric Q5.2.4[) the KK vector ui needs to be 
truncated, in order to describe solutions of the form specified before. We comment 
on this below. Normalizations are chosen such that the (i-dimensional theory is in 
the Einstein frame and tp is canonically normalized. 

If we now perform the dimensional reduction over time, we get a d-dimensional 
theory involving scalars (p,(j) a ,x I ) and vectors (uj,A^) coupled to Euclidean 
gravity. We restrict to the scalar part of the theory only. Note that in the special 
case of d = 3 (the D = 4-dimensional black holes) we have a theory involving only 
scalars, since we can dualize vector fields to scalars: we dualize the one-forms tu 
and A3 to axionic scalars x° and xi ■ One can v erify that the kinetic terms of the 
axions x 1 an d Xi appear with the opposite sign [1031 ] . 




When we restrict to spherically symmetric solutions, we truncate the Kaluza-Klein 
vector (ui = 0). In D = d + 1 = 4 we make an exception. When d = 3, the Taub- 
NUT vector w can be dualized to a scalar and it is part of the scalar manifold. We 
make use of the group structure associated to this manifold and truncate scalar 
dual to u) at the end of the calculation. 

The nature of the enlarged scalar manifold depends on the number of dimensions d. 
Denote the collection of scalar fields in the dimensionally reduced theory as 'T(t). 
We can then make the distinction: 

• D = 4. In this case, d = 3 and the electric and magnetic potentials x 1 \xi 
as well as the scalar %°, dual to the Kaluza-Klein vector are present. We 
combine all scalars as 



• D > 4. The magnetic vector field and the Kaluza-Klein vector cannot be 
dualized to scalars. Only the electric potentials x 1 appears in the enlarged 
scalar manifold (we restrict to electrically charged black holes). We write: 



Restricting to the scalar part of the theory in d dimensions, the effective action 
takes the form of a non-linear sigma model coupled to (Euclidean) gravity. 




<f = (<p, x> x) ■ 



(5.6.3) 



<f = [<P, 0, x) ■ 



(5.6.4) 




(5.6.5) 



We can decouple the sigma model from gravity, by choosing the affine paramatriza- 
tion r such that y / 5d(<7d) rr = E This is precisely achieved by the d-dimensional 
metric Ansatz (|5.2.6p . The action is then equivalent to (denoting r-differentiation 
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again with dots) 

S = J <lrc;, ,, ;<,}'. (5.6.6) 

and describes geodesies on a manifold with coordinates q l and metric Qij (a dot 
denotes differentiation w.r.t. t). The velocity along the geodesic is constant: 

Giji?q> =v 2 =cst. (5.6.7) 

From the Einstein equations for the d-dimensional metric, one relates the velocity 
v to the non-extremality parameter c of the metric (|5.2.6J) as v 2 — 2(d — l)(d — 
2)c 2 . Because the metric Gij is of indefinite signature, the affine velocity of the 
geodesic can be positive, negative or zero. In the latter case (null geodesies), we 
are describing an extremal solution; v 2 > corresponds t o non -extremal black hole 
solutions, while v 2 < is not a good black hole solution |l03l |. 



Extracting first-order equations 

We want to show how we can extract the superpotential W, defined in terms of the 
scalars q of the D-dimensional theory, from the larger manifold with coordinates q 
of the dimensionally reduced theory in d = D — 1 dimensions. 

Suppose we can explicitly write down the velocity vector field / on the enlarged 
scalar manifold in d = D — 1 dimensions 

f i (q,x)=M, (5-6.8) 

f a (q,x)=e i aX a , (5.6.9) 

where the % Q are the scalars descending from the vector potentials upon 
dimensional reduction. When there are enough 'integrals of motion' to fully 
eliminate \ a m terms of the q l , one can write down a velocity field on the target 
space in D dimensions: 

fi{q) = Qij¥ = fi(q,x(q)) ■ (5.6.10) 

Having obtained the velocity field on the moduli space in D dimensions, it suffices 
to show that the velocity one-form /j is locally exact 

fi(q)=fi(^x(q))=diW(q), (5.6.11) 

leading to an explicit algorithm to check the condition for a gradient flow to exist. 

We use this method to check the existence of W for several examples below. In order 
to assure that the scalar manifold with coordinates q has enough integrals of motion 
to eliminate the electric and magnetic potentials, we make the assumption that is 
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describes a symmetric space. For these systems, we can using the integrability 
(i.e. solvability) of the effective action to obtain the velocity field fi(q). 



5.6.2 Geodesies on symmetric spaces 

The assumption we make is that the target space in d dimensions is a symmetric 
coset space G/H, where G is a Lie group and H some subgroup subject to certain 
conditions that we state below. This assumption is always valid when the scalar 
manifold of the original (d + l)-dimcnsional gravity theory is a symmetric space, 
which happens for supergravity theories with more than eight supercharges and 
for some theories with less supersymmetry. Nevertheless, our analysis here is 
independent of any supersymmetry considerations. 

We briefly summarize the defining properties of a (locally) symmetric space. The 
reader unfamiliar with the group-theorical notio n of a symmetric space, is referred 



to the standard in-depth treatment of He lgaso n [1271 ] . A shorter and less technical 
treatment can for instance be found in 128]. The Lie algebras associated to G 
and H are denoted by g and f) respectively. The defining property of a locally 
symmetric space is that there exists a Cartan decomposition 

= h + f, (5.6.12) 

with respect to the Cartan automorphic involution 8, such that 9(f) = — f and 
#(h) = +h. Take a coset representative L(q) € G. We first define the group 
multiplication from the left, L — > gL, Vg € G, and we let the local symmetry act 
from the right L — > Lh ~ L, Mh € H . From the Cartan involution we can construct 
the symmetric coset matrix M. = Lift, where jj is the' generalized transposed! 

L s = exp[-0(logL)] . (5.6.13) 

The matrix M is invariant under ^-transformations that act from the right on L. 
Under G-transformations from the left, M. transforms as M. — > gMgK 

With the aid of the matrix M. the line element on the space G/H with coordinates 
q l can be written as 

ds 2 = g ij dq l dq j = -| Tr(d.MdAr . (5.6.14) 

Both the local action of H on L from the right and the global action of G on L 
from the left leave the metric invariant. The latter implies that G is indeed the 
isometry group of G/H. The action (|5.6.6|) of the dimensionally reduced theory 
then describes the geodesic curves on G/H and the resulting equations of motion 



19 This terminology stems from the use of the operation fl in (special) orthogonal groups, where 
it corresponds to taking the transpose: L* = L T . 



126 



GRADIENT FLOWS FOR NON-SUPERSYM METRIC BLACK HOLES 



are 

±(M- 1 ±M) = M- 1 ±M = Q, (5.6.15) 

with the matrix of Noether charges Q being a constant matrix in some 
representation of g. We now see that the geodesic equations are indeed integrable 
and their general solution is 

M(t) = M(0)e QT . (5.6.16) 
The affine velocity squared of the geodesic curve is 

J/,,'/''/' = | Tr(Q 2 ) = 2E , (5.6.17) 
and coincides with the Hamiltonian constraint. 

An integrable geodesic motion on an n-dimensional space is specified by 2n 
constants: the initial position and velocity of the geodesic curve. So the geodesic 
motion on G/H is specified by 2(dim G — dim H) integration constants. In 
eq. (|5.6.16p M.(0) contains (dimG — dimH) constants corresponding the initial 
position. The number of arbitrary constants in Q (the initial velocity) is reduced 
from dim G to (dim G — dim H) through the constraint M\t) = M.(t), which gives 

= -M{Q)- l QM{Q) (5.6.18) 



First-order equations for the scalars q l 

The first-order equation M. — = Q can be written in terms of the scalars as 
(M~ 1 djM)q i = Q ■ (5.6.19) 

Multiplying this equation with ^(M^ 1 diA4) and taking the trace, we obtain 

fi(q) = ij, ,ir = \ ^{M~ x dM ■ Q) , (5.6.20) 

where we used the expression (|5.6.14[) for the scalar metric Qij. This expression 
indeed depends on the scalars q only. However, remember that we have q = (q,X), 
where q are the scalar fields in D dimensions and x are the electric/magnetic 
potentials. In terms of the discussion in the previous section, we still need to 
eliminate the electric/magnetic potentials x- 

Remark therefore that (|5.6.20p are only (dimG — dimi/) equations, while 
■M^-^fM. = Q has dimG independent components. By substituting (|5.6.20D into 
M~ 1 -£pM = Q, we obtain 

g»(M- 1 d i M)f j (q) = Q. (5.6.21) 
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This matrix equation constitutes of dimH independent components, which are 
non- differential equations. This shows the power of (|5.6.15p : we split the dimG 
differential equations in Ai~ 1 -£pA4 = Q into (dimG — dim H) first-order equations 
and dimH equations without any derivatives. In the context of the previous 
section, these non-differential equations are precisely what is needed to eliminate 
the additional scalars resulting from dimensional reduction, so that we obtain first- 
order equations in terms of the scalars in D dimensions, as in eq. (|5.6.f Op . From 
the flow fi(q) for the scalars q in D dimensions, we can then examine if W can 
be constructed. We put this method into use in three examples in the following 
sections. 



5.6.3 The Reissner- Nordstrom black hole revisited 

We use the Reissner-Nordstrom example to illustrate the use of symmetric spaces. 
It is possible to relate the Einstein-Maxwell action (|5.5.3p to a symmetric moduli 
space, after dimensional reduction over time. It can be shown that the most general 
timclike reduction of the four-dimensional Einstein-Maxwell system gives rise to 
an SU(2, 1)/S(U(1, 1) x U(l))-sigma model, coupled to Euclidean gravity in three 
dimensions. For simplicity we restrict to the subset of static solutions only carrying 
electric charge. This restriction corresponds to an SL(2, K)/ SO(2) sigma model in 
three dimensions and we show below the solution corresponds to the Reissner- 
Nordstrom black hole. We follow the procedure outlined in the previous sections. 
First, we make a (static) ansatz for the metric and gauge field. Then we reduce over 
the black hole 'world-volume', i.e. the time direction. We then solve the geodesies 
on the SL(2, R)/ SO(2) symmetric space. 

We first require space-time to be static and spherically symmetric. Then we know 
that we can write the metric in the form: 

dsl = ~^ {T) dt 2 + e'^dsj , (5.6.22) 

We write the four-dimensional gauge field in form notation as: 

A = x(r)dt, (5.6.23) 

where we introduced a scalar x( T )> dubbed the axiom The axion is just the electric 
potential (the ^4° component of the gauge field). 

If we now perform a dimensional reduction over a time, we obtain a three- 
dimensional theor y, w hose solutions are in one to one correspondence to the four- 
dimensional ones |l03l | . Also, we are left with a theory in three dimensions which 
consists of gravity coupled to scalar fields only: the warp factor <f> appearing in the 
four-dimensional metric and the electric axion \- 
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Using the Ansatz for the metric (|5.6.22|) and gauge field (|5.6.23|) , we see that the 
field equations can be derived from the three-dimensional action: 

S = Jdr (-i(c^) 2 + \e^{d X ?) (5.6.24) 

Note the 'wrong sign' kinetic term of the axion \- This is a reflection of the timelike 
reduction we performed and it indicates we are dealing with a pseudo-Riemannian 
symmetric space. 

The scalars in the above action parameterize an SL(2, H.)/ SO(l, 1) symmetric space. 
To see this, define the matrix L(ip,x) € SL(2,R) as: 



eV /4 e -<p/* x 
e-^/ 4 



(5.6.25) 



The Cartan involution that singles out an SO(l, f ) subgroup is given in terms of 
the generalized transpose as L* = —rjL T rj, where r\ = diag(l, — 1). We define the 
matrix M. in a slightly different way as before, to make later calculations a little 
easier: 

M = LLS = LrjL = e J v/2x X G _ e _J 2 j , (5.6.26) 
such that M. is symmetric. The effective action for ip and \ is then: 

Note that this action is invariant under M. — > Mr], justifying the alternative 
definition for A4. 



Affine parametrization and EOM. The solution to the equations of motion, 
geodesies given in terms of the matrix M, are determined by the constant matrices 
M{0) and Q: 

M=M(0)c Qt . (5.6.28) 

Note that A^(0) is an element of the group SL(2, R), while Q sits in the Lie algebra 
sl(2, R). We discuss the integration constants in those matrices. Ai(0) corresponds 
to the initial position of the geodesic, while Q contains information on the initial 
velocity. We restrict M. to describe geodesies through the origin. This corresponds 
to choosing .M(O) = ?y, or equivalently, considering asymptotically flat space-time 
(0, x — > as t — > 0). We can also cut down the number of components in Q. First, 
it is an element of the Lie algebra of SL(2,R) and therefore traceless. Since Q is 
defined through (|5.6.28|) . it moreover follows that Q = Q T (see eq. l5.6.f5|) . We can 
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write: 

a <»*»> 

where M and g e are constants. By examining the form of M. = A4(0)e ST at spatial 
minify (r — > 0): 

M = 1 2 + q e r + 0{t 2 ) => tp = -2Mt + C(r 2 ) (5.6.30) 

X = q e r + 0{t 2 ) . (5.6.31) 

we see that M is the ADM mass of the solution and q e is the electric charge (by 
pluggin this asymptotic behaviour in the form of the Ansatz (15.6.22l5.6.23p ). We 
can of course go further and use the full solution A4 = .M(0)e ST to infer the form 
of ip and X) and we would find the electrically charged Reissner-Nordstrom solution. 
However, we want to elucidate the appearance of first-order equations and therefore 
we follow the route outlined in the previous sections. 

Using (|5.6.20p we see the equations of motion are written as first-order equations: 
Qi$ = | Tc{M- x 8iM ■ Q) «=> <p= -2M + ^q eX , (5.6.32) 

X= ^(q e + 2Mx + qe(e^ + X 2 ))- 

Plugging these solutions into the Hamiltonian constraint (|5.6.17|) (the expression 
of constant affine velocity), we get 

\e-f(-q e + 2M X - q e {^ - X 2 )) = . (5.6.33) 
We can use this constraint to simplify the first-order equations, by solving for 



= \l\ql^ 



X = -q e er p ■ (5.6.34) 

The first of these equations is none other than the usual first-order equation for the 
warp factor of the Reissner-Nordstrom black hole, derived in two different contexts 
before (see section B.4.1l and section l5.5.f p . Remembering that the electric potential 
X is related to the field strength as F — xdt, the second of these equations is 
recognized as the normal ansatz for the gauge field of the spherically symmetric 
Reissner-Nordstrom black hole, see for instance eq. (I4.4.4|) in another notation. 
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5.6.4 The dilatonic black hole re-revisited 

When the Einstcin-dilaton-Maxwell action (|5.5.9|) has the specific dilaton coupling 
a = ±\/3, a symmetry enhancement takes place upon dimensional reduction over 
a (timelike or spacelikc) circle. This can be explained by the fact that for a = ±V3 
(|5.5.9|) is the action obtained from reducing five-dimensional gravity over a spacelike 
circle and subsequent reduction should display at least the GL(2,R) symmetry 
of the internal torus. Furthermore, if the 3d vectors are dualized to scalars the 
GL(2, ]R)-symmetry turns out to be part of a larger SL(3, R)-symmetry. In this 
section, we choose a = — \/3 for concreteness. The three-dimensional Euclidean 
action then describes gravity minimally coupled to the SL(3, R)/ SO(2, 1) sigma 
model with coordinates q l — (ip, 4>, x > x , x 2 )'- 

= (V) 2 + (deb) 2 - e-^+^(d x ) 2 + e 2 ^(d x 2 ) 2 

(5.6.35) 

- [e+^*+* - e 2 ^(x°) 2 ] (dx 1 ) 2 + 2x°e 2 ^d x 2 d x 1 . 

The deta ils of the Kaluza-Klein reduction can be found in the appendix of our 
work [P5]; for details on the SL(3, R)/ SO(2, 1) sigma model, see appendix lAl The 
scalar <p is the four-dimensional dilaton, tp the black hole warp factor of the metric. 
The scalars x° & n d X 1 are the electric and magnetic potentials, x 2 comes from the 
dualisation of the KK vector in the reduction from four to three dimensions and is 
hence related to the NUT charge Qt via 

Qt~* 2 +xV asr^O. (5.6.36) 

As explained before, to achieve spherical symmetry we put Qt = 0, leading to a 
truncated target space, where x° and X 1 have a shift symmetry 

ds 2 = (d</>) 2 + (dip) 2 - c-^+^dx ) 2 - c+^+^dx 1 ) 2 • (5.6.37) 

If one were to eliminate the electric and magnetic potentials dx 1 and d\ 2 by their 
equations of motion, one would obtain the black hole potential (|5.5.10p for <j> and 
ip, illustrating the relation between the effective action with a potential and the 
geodesic action. 

Let us discuss the geodesic equations of motion for the full sigma model (|5.6.35D . 
The charge matrix Q £ sl(3) that specifies a geodesic solution contains a priori 
eight arbitrary parameters Q A defined through Q = Q A T\, A = 1 ... 8, where the 
eight generators of s((3), denoted T\, are given in the appendix, eq. (|A.1.4[) . We 
reduce the number of integration constants to four. First, we restrict the solution 
to be asymptotically flat. This means that the geodesic curve must pass through 
the origin which, using (|5.6.18|) . gives an involution condition on Q 



Q = -0(Q), 



(5.6.38) 
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and requires identifying Q 3 = — Q 6 , Q 4 = — Q 7 , Q 5 = Q 8 . This condition is gauge- 
equivalent to the most general expression for Q. It amounts to fixing the U(l)- 
gauge transformation and the boundary conditions for the black hole warp factor 
and dilaton at spatial infinity. This specification is without loss of generality!^*! 
Secondly, we restrict ourselves to solutions with a vanishing NUT charge, which 
amounts to Q 5 = Q s = 0, so that we are left with four independent integration 
constants to describe the dilatonic black hole solutions: the ADM mass, the electric 
and magnetic charges and the scalar charge. Upon demanding a regular horizon 
one can write the scalar charge in terms of the three others (88j , but we do not make 
that restriction here for the sake of generality. In terms of those four constants, 
the constant matrix Q is then written as: 

/-^S + 2M -q m \ 

Q = Q A T A = I q m -q e . (5.6.39) 

V * -73 E - 2M J 

below we show that the four integration constants M,q e ,q m ,Ti that make up the 
matrix Q are the ADM mass, electric-magnetic charges and the dilaton charge. 

We now have sufficient information to construct the velocity vector field / l ((p ) = q l 
for the charge configuration (|5.6.39p 



r 


= -2M- ±(q e X° + QmX 1 ) , 


(5.6.40) 


f+ 


= Y> + ^(q eX -qmX 1 ), 


(5.6.41) 


p° 




(5.6.42) 


z* 1 


- n p-^^-V 


(5.6.43) 


p 2 


= -x°f xl ■ 


(5.6.44) 



Note that we have already used the component of the velocity field for the Taub- 
NUT scalar (x 2 — f x ~ ) to eliminate x 2 from the other components of the velocity 
field via eq. ()5.6.36p with Qx = 0. From the asymptotic behaviour of the velocity 
field we can then identify the integration constants: M = — ^<yi| T= o is the ADM 
mass, Tj — 0| T =o is the dilaton charge, while q m and q e are equal to the magnetic 
and electric charge respectively (remember that r = corresponds to spatial 
infinity) . 

In order to find the superpotential in terms of the original scalars q = (ip,cf)), we 
need to eliminate the axions \ m terms of (if, 4>), following the logic at the end of 

20 We put <p(r — > oo) = (p(r — > oo) = 0. This condition on the warp factor if> can always be 
achieved by a coordinate transformation. The condition for the dilaton cannot be changed, but 
any other boundary value is equivalent upon a shift of the dilaton and accordingly a compensating 
rescaling of magnetic and electric charge. 



132 



GRADIENT FLOWS FOR NON-SUPERSYM METRIC BLACK HOLES 



section l5.ti.il Therefore, note that aside from the explicit expression for the velocity 
field, there is more information in the eight first-order equations A4~ 1 A4 = Q. The 
velocity field uses five out of these eight. The remaining three equations are non- 
differential and we call them constraint equations: 

= q m + e^+^[(V3S + 2M) X 1 - q m (l + (x 1 ) 2 ) - q eX 2 ] , (5.6.45) 

= q e + e-^*+*[(-V3E + 2M)x° &(l + (x°f) + q m (x 2 + *V)] , 

(5.6.46) 

= 2Q 2 (2 X 2 + x V) q m [(1 + e -V3^) x o + ^ 

(5.6.47) 

+ ge [(l + e^)x 1 -X°(x 2 + xV)]. 

Note that we already used the constraint equations to simplify the first-order 
derivatives of x° an d X 1 , eqs. (|5.6.42[) and (|5.6.43|) . The constraint equations 
(at least theoretically) enable one to extract the functional dependence of the x" 
on the <f> and cp, such that we can write f^(q, x) an d / 9 (0, x) purely in terms of cj> 
and (p: 

f*(<t>)=f*[q,X(q)}, r(<t>) = rk,x(q)]- (5.6.48) 
The condition for the existence of a first-order gradient flow then becomes 

fy/ri = -fa{y/M v + d<,)z?(<f>,<p) + ^(VSd^-d^x 1 ^^) = 0, (5.6.49) 

and we can evaluate under which conditions on the charges Q A the expression 
(15.6.491) holds. 

In principle, we have three constraint equations at our disposal to eliminate 
the three axions x a (</>,</?), a = 0,1,2, but in practice this would require 
solving relatively complicated non-linear simultaneous equations, which is not 
straightforward. Fortunately, the curl (|5.6.49J) requires only a knowledge of the 
derivatives of the axions with respect to the dilatons, i.e. the Jacobian matrix 
[Jf]{4>) = d^x a ■ It turns out that the inverse Jacobian matrix [J„](x) = 9 x a(j> 1 is 
easily computable using the constraint equations. If we then use 

WMx)) = lJtr 1 (x), (5.6.50) 

where the inverse is with respect to the whole matrix, we can evaluate condition 
(|5.6.49p in terms of the fields Xi- An explicit calculation shows that condition 
is satisfied. We thus conclude that when a — all the dilatonic black holes 
with arbitrary mass, electric, magnetic and scalar charge possess a generalized 
superpotential. 

We have not attempted the construction of the generalized superpotential for 
arbitrary solutions with a = but rather only for extremal cases. Even in 
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this simplified setting the result is very long compared to the a = 1 case and not 
illuminating, we therefore refrain from quoting it here. 



5.6.5 The Kaluza-Klein black hole 

Let us now consider black holes carried by multiple scalars and vectors. In 
D = d + 1 = 5 dimensions there is an example for which we can use the same 
hidden symmetry as for the dilatonic black hole, namely SL(3,R). This theory is 
obtained by reducing gravity in seven dimensions on a two-torus. This gives a five- 
dimensional theory with two vectors and three scalars: an axion-dilaton system 
and an extra dilaton (p 

S = J d^x^ill-^f + ^TridKdK-^-le^K^F^F^y (5.6.51) 

where the matrix K defines the SL(2,K) axion-dilaton system and indices m,n — 
1,2. Details on this action and the reduction to d = 4 dimensions are found in the 



appendix of [P5 | 



This Lagrangian is a consistent truncation of maximal and half- maximal supergrav- 
ity in D = 5. Upon reduction over time one obtains four-dimensional Euclidean 
gravity coupled to a set of scalars that span the coset SO(l, 1) x SL(3, R)/ SO(2, 1). 
The dynamics of the decoupled scalar (the SO (1,1) part) is trivial and the 
SL(3, R)/ SO (2, 1) part differs from the previous example only in that this coset has 
a different SO(2, 1) isotropy group embedded in SL(3, R). We again use coordinates 
q L = ((f) 1 , (f> 2 , x° , X 1 , X 2 ) ■ The effect of this is purely a matter of signs, as can be 
seen in the metric on the moduli space 

= (d^ 1 ) 2 + (d^ 2 ) 2 + e-^ 1+ ^(dx ) 2 - e 2 * 2 (d X 2 ) 2 

(5.6.52) 

_ [ e +W+f + e ^V) 2 ] (dx 1 ) 2 - 2 X e 2 ^dx 1 dx 2 . 

The scalars of the five-dimensional theoy are linear combinations of x , <f> , 4> 2 , while 
\ l ,X 2 are the electric potentials of the gauge fields F^ 2 \ This sigma model 
can be obtained from ()5.6.35|) through the analytic continuation 

X° -> ix° , X 2 -> iX 2 ■ (5.6.53) 
The representative L of the full coset SO(l, 1) x SL(3, R)/SO(2, 1) is given by 

L = e <t>0/ ^L 1 (5.6.54) 

where L is the SL(3, R)/ SO(2, 1) coset representative (|A.1.5|) . 

We again assume that the charge matrix describes only the geodesies that go 
through the origin. As before we can justify this restriction by proper field 
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redefinitions and coordinate transformations of the general solution. The matrix 
Q is written in terms of 9 constants Q A as Q = Q A T\, where now A = 0, . . . , 8, 
To is the three-dimensional identity matrix generating the decoupled SO(l, 1) part 
and the remaining generators XX are as before. The Cartan involution 6(Q) = — Q 
condition implies 



Q 3 = -Q 6 



(5.6.55) 



so that 



Q 



Q A T A 



V 



Q 7 Q° 



-Q 8 

Q 7 
si 



(5.6.56) 



The constants Q°, Q 1 , Q 2 are certain linear combinations of the ADM mass and 
scalar charges for the two five-dimensional scalars, while the parameters Q 6 and 
<2 8 can be identified with the electric charges in D = 5. This can be seen from the 
first-order equations below and the relations of the basis of scalars given here as 
opposed to the original fields in five dimensions. 

To obtain the first-order velocity field for the effective action with the black hole 
potential one needs to eliminate x 1 an( l X 2 m terms of the remaining scalars 
using the constraint equations G lJ (M~ 1 diM)fj(q) = Q. Unlike in the dilatonic 
black hole example, there are more constraints than variables to eliminate, unless 
specific choices for the charges make fewer of them independent. Using different 
combinations of constraint equations to eliminate x 1 and x 2 leads to different 
velocity fields in five dimensions. Although they become equivalent upon using 
the Hamiltonian constraint (which is exactly the remaining constraint equation), 
the expression for the integrability condition difj = djfi is not unique. One 
preferred form should however distinguish itself, namely that not containing second- 
order integration constants. Finding such a combination of constraint equations 
is a technically complex task, as it involves relaxing the boundary conditions 
(M(0) = 1) in order to distinguish first- and second-order integration constants l 2 ^! 
For this reason we have not pursued it further. In light of the Hamiltonian 
formalism presented above, it is then not immediately clear what the Poisson 
commuting constants of motion are from the {D — 5)-dimcnsional perspective. 
The ambiguity in eliminating the extra scalars of the (d = 4)-dimensional theory, 
is just a translation of that fact. We comment on this in the conclusions of this 
chapter. 



21 The first-order integration constants in Q and the second-order integration constants in JV4(0) 
are intertwined through the involution condition M. = M* , making it difficult to distinguish them 
in the cosct matrix formalism. 
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5.7 Conclusion, literature survey and outlook 

What was the research question? 

In this chapter, we considered spherically symmetric black hole solutions with 
metric Ansatz (|5.2.4p to theories of (super)gravity in D dimensions coupled to 
neutral scalar fields and Abelian vector fields, described by the action (|5.2.ip . After 
integrating out the vector fields by their equations of motion, an effective action 
can be constructed in terms of the radial variable r for the black hole warp factor 
ip and scalars <f> a . This action contains a potential that depends on the scalars 
and the electric-magnetic charges. We asked ourselves the question if first-order 
equations exist for generic extremal and non-extremal black holes, that mimic the 
form of the attractor flow equations of the previous chapter which are known to exist 
for supersymmetric and certain non-supersymmetric extremal black hole solutions. 
The flow equations would then take the form 



where the coordinates q contain the warp factor and the scalars of the D-dimensio- 
nal theory, q l = (ip, <j) a ). We call the function W a generalized superpotential. 

What is our answer? 

We have shown that the most general form of the flow equations as in (|5.7.ip 
follow from rewriting the effective action as a sum of squares. The generalized 
superpotential W is related to the black hole potential by eq. (|5.3.5|) as V((f) — 
G 13 diWdjW — E, E being a constant that is (non-)zero for (non-)extremal black 
hole solutions. The above gradient flow equations are equally applicable to 
extremal (whether supersymmetric or not) as well as non-extremal black holes 
(necessarily non-supersymmetric). They naturally encompass previously known 
partial results 1^1 

Existence and uniqueness. We were able to present an existence criterion for flow 
equations of the form (|5.7.1[) . based on Liouville integrability of the effective black 
hole description. The effective action with a black hole potential can be written as 
a Hamiltonian system, with coordinates q l = (ip,4> a ),pi = Qijq J . From standard 
classical mechanics, it follows that a superpotential W and thus flow equations of 
the form (|5.7.ip exist if and only if the system is Liouville integrable (i.e. contains 
at least n constants of motion that commute under the Poisson brackets, where n 
is th e total number of scalars q l ). We have linked this to the observations of ref. 



107] . where it was noticed the superpotential is actually Hamilton's characteristic 



function of standard Hamilton- Jacobi theory. 

22 . . . although they differ from the form conjectured in [40 
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Examples. The existence criterion presented above is a keen theoretical result, but 
does not mean we have a good method to construct the superpotential in practice. 
All examples given in the previous chapter allow for a straightforward construction 
of the superpotential W. We have exploited this to construct the superpotential 
for the Reissner-Nordstrom black hole and the dilatonic black hole, with either 
only electric or magnetic charges. However, those examples are of a restrictive 
kind. We considered then a more general set of examples, for theories with scalar 
manifolds being symmetric spaces after a timeli ke dimens i onal red uction. Those 



systems are explicitly integrable (solvable), see [1231 . 1 124 Il25l . 11261 ]. We gave a 
method of principle to verify whether a generalized superpotential exists. It relies 
on the fact that black hole solutions trace out geodesies on the moduli space of 
the theory when reduced over time. We provided examples of extremal and non- 
extremal solutions with a generalized superpotential. We applied our formalism 
to the dilatonic black hole in four dimensions (one scalar field) and a Kaluza- 
Klein black hole in five dimensions (multiple scalars). For the dilatonic black hole 
with dilaton coupling a = ±1, we were able to show by direct integration that the 
generalized flow equations exist in all situations (both electric and magnetic charges 
turned on), using the procedure of deforming the extremal solution employed in 
chapter |U When a — ±-\/3 we were able to show the same, using group-theoretical 
tools to integrate the second-order equations of motion to first-order equations. 
For all other values of a we derived the existence of a fake superpotential in the 
extremal case, using the argument applied for single scalar domain walls [47] The 
existence of generalized flow equations for non-extremal black holes with arbitrary 
dilaton coupling is not known to us. The investigation of the Kaluza-Klein black 
hole in five dimensions, in turn, showed the shortcomings of the dimensional 
reduction approach. There were several ways of eliminating the extra scalars 
that appear after dimensional reduction, reflecting different possibilities for the 
expression fi(q-') = Qiji 3 ■ This is a reflection of the fact that the /j have an 
explicit dependence on integration constants Cj as fi(q J ,Cj). Different ways of 
eliminating the extra fields correspond to finding different expression in terms of 
different sets of constants of motion C;. The preferred form would be the one 
where all the constants of motion commute under the Poisson brackets. However, 
in the dimensionally reduced theory, it is not a priori clear which are the preferred 
expressions Cj to use, as we explained above. This question merits further research. 



What do our colleagues say in the literature? 

Since the appearance of our work [P5j . fruitful research has been done in this subject 
by several authors. First, as we discussed in the main text, the Torino group used 
Hamilton- Jacobi methods to write down the general form of this superpotential 

23 Although the a = 1 case was easy to integrate by hand, this is also an example for which we 
could have constructed the flow using group theory. The reason is that this case is embeddable 
in an Af = 4 action, which has a symmetric mo duli space after timelike reduction: SO(8, 8 + 
n)/[SO(6, 2) X SO(6 + n, 2)] (see for instance flul ). 
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for static solutions and proved that it is duality invariant [1071 ]. However, they 
did not comment on the existence of the superpotential and the connection to 
Liouville integ rability0 Also, a way of constructing the potential in practice was 
not supplied. Since then, most attention has gone to theories for which the scalars 
paramet rize a symmetr i c sp ace. We noted before that such systems are explicitly 



solvable [123L 1 124 Il25l 1 1 261 ] and presumably also Liouville integrable, leading to 



the assumption that at least for these theories a superpotential can be written 
down. And indeed, the superpotential has been succesfully written down, at least 
for extremal black holes. This generalizes the method we gave above to a real proof 
for those cases. For symmetric moduli spaces, the superpotential has been given in 
great detail for (B PS and non-BPS) ex tremal solutions, with one or multiple centers, 



by Bossard et al. [M EH, [l33] , using group theory machinery. Soon after, 



Ceresole and Dall'Agata used the knowledge that the superpotential was duality 
invariant to write down a solution from a simpler method for the non-B PS branch 
of extremal static solutions in terms of duality invariants in 122L Il2l| . This was 
done in four-dimensional M — 2 supergravity for the £ 3 , st 2 and stu models. More 
recen tly, the Torino group investigated aspects of the structure of the superpotential 
|l3l| . e.g. they showed it has the properties of a Liapunov's function and that W 
can always be constructed for small black holes (with vanishing horizon area). 



Outlook 

In light of the existence criterion presented above, the obvious option would be to 
have a classification of systems which are Liouville integrable and those which are 
not. We advocate a clean proof to discern which supergravity theories give rise to 
Liouville integrable effective descriptions and which do not. Since all supergravity 
theories with more than 8 real supercharges (e.g. J\f > 2 supergravity in four 
dimensions) and some theories with 8 or less supercharges have symmetric moduli 
spaces, it is of prime interest to find a proof of Liouville integrability for such 
systems. Since these systems are explicitly integrable by means of constructing 
a Lax pair representation, they seem like a sure bet. Current research suggests 
such systems are Liouville integrable and thus also for non-extremal solutions a 
superpotential can, in principle, be constructed for those cases. However, for 
supergravity theories with less extended supersymmetry (as the Af = 2 supergravity 
theory in four dimensions which is of considerable interest), the scalar manifold is 
not a symmetri c sp ace and no results are known to date. Again, research by 
the authors of [108j shows that when the moduli space is a symmetric space, 
the superpotential can always be constructed for both extremal and non-extremal 
spherically symmetric black hole solutions. Furthermore, multi-center solutions are 
cer tainl y of interest in this context. Some ideas toward that question were given 
in |l32| . by extending Denef's construction of multi-center solutions, but a clear 
overview is not available. 



24 At the mome nt of writing, part of this group was working out those details in a large 
collaboration [108|| , which appeared after finishing this work, see 'outlook'. 
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Where are the microstates 

of a black hole? 



Summary 

This chapter tries to shed a light on the question what the microstates of a black hole 
are. The existence of such microstates is suggested by the fact that in the classical 
gravity description, a black hole has a Bekenstein- Hawking entropy. We give a short 
overview of the literature on the construction of black hole microstates in a gravity 
description. We start with a discussion of the fuzzball proposal, stating that for 
every black hole with Bekenstein- Hakwing entropy Sbh> there exists a number e SBH 
of horizonless, non-singular solutions that look like the black hole asymptotically, but 
differ from the black hole on horizon-scale. In a second part, we discuss a related 
way of explaining black hole entropy of a four- dimensional black hole in terms of 
multi-center configurations with a scaling property. Section \6. 1\ (fuzzball proposal) 
forms useful background for chavter [7l section \6.2\ gives motivation for chanter^ 
and discusses multicenter black hole configurations and their relation to black hole 
microstates. 
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6.1 The fuzzball proposal for black holes 

As we saw in chapter [2J the laws of black hole thermodynamics suggest that the 
horizon area behaves as an entropy. Scmiclassical arguments show that this is more 
than just an analogy. A full quantum theory of gravity must explain the origin of 
this Bekenstein-Hawking entropy Sbh, preferably by identifying a large number 
N — e SlBH of microstates, much like the large number of configurations of a gas in 
a bounded volume gives rise to a large entropy for the macroscopic description. 

The entropy issue has been partially addressed in string theory, mainly for 
supersymmetric black holes. One can identify 'microstates' of the black hole 
by studying the theory in a dual regime where (super)gravity is no longer 
valid, (e.g. through details of brane physics at low string coupling, or through 
the AdS/CFT correspondence). For supersymmetric solutions, the number of 
microstates is invariant under variations of the string coupling constant, because 
it is protected by supersymmctry. Cranking up the value of the string coupling, 
such that supergravity becomes a good approximation, shows that the number of 
microstates N counted in the other regime of the theory reproduces the black 
hole entropy Sbh as N = e BH (to first-order in the charges the black hole 
carries). Even though this approach has been extremely successful in reproducing 
the entropy from a microscopic picture, other open issues remain. First, we do 
not know what an individual microstate is in the supergravity picture. Related 
to this, we do not have a handle on how to understand or resolve the information 
paradox - the fact that information falling into the black hole does not seem to 
come out, at least not in the semiclassical approximation to black holes in general 
relativity. And what about the singularity that is hidden behind a horizon? We 
would expect that in a good quantum theory of gravity, quantum effects would 
resolve the singularity somehow. These questions must be dealt with in a regime 
where (super)gravity is valid: from the dual (field theory) point of view, this is an 
impossible task. 

In order to answer these questions, it is thus natural to ask the following question: 

What do microstates look like in the regime where the black hole exists? 

In other words, can we find an interpretation of black hole microstates, computed 
in a dual theory, on the gravity side? Or are such microstates, if they can be 
constructed, necessarily stringy in origin? This question and a tentative answer 
forms the basis of the fuzzball proposal, advocated by Mathur and collaborators 
and taken up by many different groups afterwards. According to this proposal, for 
a black hole with an associated entropy Sbh, there exist e BH smooth horizonless 
solutions (specified by a metric and other fields), called fuzzballs, which differ from 
the black hole on horizon-size scales^ This is illustrated in figure RTT1 

These fuzzballs should be solutions to the full quantum gravity (in casu string theory) and 
should be seen as the duals to the individual microstates discussed above. The hope is that most 
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(a) Black hole (b) Fuzzball 



Figure 6.1: Classically, a black hole is a singularity cloaked by a horizon (left). A typical 
fuzzball state has no horizon, only a 'quantum fuzz' stretching out to horizon size (right). 
(Figures inspired by t 13&].) 

Outline 

We give a more precise definition of the fuzzball proposal in section 16.1.11 with 
references to the original literature. We also motivate the proposal from AdS/CFT 
and hint at how it could solve the issues raised in the previous paragraph. In 
sections 16.1.21 and 16.1.31 we briefly discuss the construction of fuzzball solutions 
in five dimensions, carrying two and three charges respectively, since it is in the 
five-dimensional picture that the fuzzball proposal has received most attention. We 
discuss the relation to four-dimensional black holes in the latter section. We end 
with a conclusion in section [6.1.51 



6.1.1 The fuzzball programme 
The fuzzball proposal for black holes 

Consider a black hole with Bekenstein-Hawking entropy Sbh- The fuzzball 
proposal states that there exist e BH solutions that look like the black hole 
asymptotically, but differ from the black hole space-time on a scale typically of 
the order of the horizon scale. In particular, the fuzzball solutions carry the same 
asymptotic charges (electric/magnetic charges, angular momentum) as the original 
black hole. The black hole should then correspond to an average description, in 
analogy with the thermodynamic description of a gas as opposed to statistical 
mechanics in terms of microscopic configurations. This idea is depicted in figure 
16.11 Ori g inall y, the fuzzball proposal was put forth by Mathur and Lunin in 



134L Il35l . 11361 ] and was taken up afterwards by many researchers. In particular, 
good rev iews fr om different g roups have appeared over the last years, see for 
instance |l37l . 13. fl38 , 139 , 140 1 and references therein. 



These e BH states that are conjectured to exist. 



of these fuzzball geometries that can account for the Bekenstein-Hawking entropy, can be found 
as solutions to the (super)gravity approximation of string theory. 
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• ... have no horizon. If such a solution would have a horizon, we could 
associate a Bekenstein-Hawking entropy to it and would write it in terms 
of a number of other, fundamental, microstates. 

• ... are supposed to be non-singular. 

Below, we give typical fuzzball solutions and we will see they differ from the classical 
black hole solution on the horizon scale, the black hole should be replaced by some 
'fuzzy' solution. 




Figure 6.2: Sketches of black hole and fuzzball near horizon regions, depicted as throats. 
For a black hole (left) this throat is infinite and ends on the horizon (dotted line), behind 
which sits a singularity. For typical fuzzball solutions (as the two on the right), the throat 
is very long but not infinite and ends smoothly, there is no horizon. 



Black holes are found as solutions to general relativity or supergravity, so we could 
ask if all fuzzball solutions are solutions to supergravity. This is a hope that has 
turned out to be false: for a typical black hole, one cannot construct e BH fuzzball 
solutions that are all well-described by the supergravity equations of motion. 
Instead, we should consider supergravity as a low energy effective description of 
string theory and consider fuzzball solutions to the latter, more general, theory. 
This means concretely that we can have an interpretation of fuzzball solutions in 
terms of a metric and other fields, but the space-time metric need not always be a 
solution to supergravity (for instance, because the curvature becomes string scale 
and the supergravity equations of motion are no longer valid) and we can have 
excitations of many other fields (which need not all be supergravity fields, but can 
a priori also be other string excitations). 



Fuzzball solutions from the dual CFT 

The fuzzball proposal says that a black hole should be seen as some ensemble 
of horizonless solutions. In principle, such fuzzball solutions are conjectured to 
exist for all black hole solutions, whether they are supersymmetric, extremal or 
non-extremal. In practice, however, it is a formidable task to construct fuzzball 
solutions for a generic black hole solution. Instead, most successes of the fuzzball 
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proposal have been achieved exactly for extremal solutions. The reason is that these 
solutions develop an AdS region as one approaches the horizon and the fuzzball 
states can be compared to states in a conformal field theory, dual to the Anti-de 
Sitter space, by the AdS/CFT correspondence. 



Implications on black hole physics 

The original motivation for the fuzzball proposal lies in trying to solve the 
information paradox (see section f2.4[) . So far, the fuzzball idea seems indeed on 
its way to offer a solution. The origin of the information paradox lies in the study 
of black hole space-time near the black hole horizon. For a (large) black hole, the 
region near the horizon is a region of low curvature. It is therefore justified to 
study particle production in the black hole background, which is kept fixed. This 
leads to the celebrated Hawking radiation. The fact that the radiation reveals no 
details of what formed the black hole, leads to the information puzzle. Intuitively, 
one can understand that quantum effects that only change the black hole near the 
singularity, would not be able to resolve the information paradox, as the region 
near the horizon remains quasi unaltere d and the same arguments apply. This can 



be made more precise, see for instance 14lL Il35l Il42j . However, the requirement 



that a black hole should be replaced by some ensemble of fuzzball states, that have 
a non-trivial structure all the way up to the horizon, would evade these arguments. 
Computation of particle scattering off black holes interpreted as thermal ensembles 
of fuzzball states motivate that the thermal radiation emitted by a black hole reveals 
details (information ) of a ll m atter that fell into the hole, by correlations with the 



fuzzball states (see [139l Il43j ). Moreover, for black holes with AdS regions, this 
can be further motivated by the AdS/CFT correspondence: since the evolution in 
the dual CFT is unitary, so should the physics on the AdS side be and we expect 
the information paradox to be evaded. 



Results and outlook 

The main focus in the literature so far has been on constructing fuzzball states in 
supergravity in five dimensions. Using one charge only (e.g. a number of strings 
or D-branes of one type wound around a compact direction), we cannot model a 
five-dimensional black hole, so searches for fuzzball solutions start with two-charge 
solutions. For black holes with two asymptotic charges (for instance, D1-D5 black 
holes in five dimensions) , one has been able to construct all corresponding fuzzball 
solutions, for large charges. Many of them are well-described in supergravity, but 
a large subset are definitely stringy in origin. However, the two-charge system in 
five dimensions is only a toy model, as the two-charge black hole has vanishing 
horizon area and Bekenstein-Hawking entropy in the supergravity approximation. 
To describe a well-behaved black hole in supergravity with non-vanishing horizon 
area, we need to add at least a third charge. For three-charge systems in five 
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dimensions, the results are incomplete so far and searches for fuzzball solutions have 
always started by constructing large classes of horizonless solutions in supergravity, 
carrying the same asymptotic charges as the black hole. These supergravity 
solutions typically account for only a finite part of the Bekenstein-Hawking entropy 
but not all of itO 



6.1.2 The two-charge system 



Ten-dimensional solutions carrying two charges, namely Dl- and D5-brane charge, 
have been a useful test case for the fuzzball proposal. Originally, a large 
set of horizon-free supergravity solutions carrying th e sa me charges as the 
super symmetric D1-D5 black hole, have been found in 1351 ] and were proposed 
to correspond to microstates of the CFT. However, only a finite fraction of the 
black hole entropy can be reproduced from these solutions. Later, the entire class 



lilfliilliS . All these 



of solutions that reproduces the entropy were found in 
solutions preserve 1 /4 of the supersymmetry, since each type of brane breaks half 
the amount o f supersymmetry. The discussion of this section follows references 
"13^. [l47l. [l38ll . 



The naive D1-D5 black hole geometry 

We consider black holes in five dimensions, in compactified type IIB string theory, 
as this is the setup in which most tests of the fuzzball programme have been 
performed. It is useful to briefly repeat how we can make a black hole out of 
fundamental objects as strings and D-branes. Take ten-dimensional space-time to 
be of the form Mi 9 = Mi ; 4 x X5, where is five-dimensional space-time (with 
Lorentzian signature) and X$ is a compact space. By wrapping branes on the 
internal space X5, we can build solutions that are pointlike in Mi. 4. Different type 
of branes give different types of electric/magnetic charges in five dimensions. 

We take X§ to describe a five-torus, and write it as a four-torus times a circle, 
such that ten-dimensional space-time is compactified as M^g = Mi,4 x T 4 x S 1 . 
We consider N5 D5-branes wrapped on T 4 x S 1 , Ni Dl branes wrapped on S 1 
(i.e. the Dl branes are embedded in the D5-branes). We consider the corresponding 
supergravity solution. Denote again with y the coordinate on the circle and (t,x l ) 
the coord inates on M\^. Following the harmonic function rule (see for instance 



148L Il49l |). the ten-dimensional metric (in string frame) is 



dsl od = _L=(-dt 2 + dy 2 ) + ^HJhidx*) 2 + J |^d S 2 (T 4 ) , (6.1.1) 
\/HiH 5 V U 5 



2 In four dimensions, a black hole with non- vanishing horizon area has at least four different 
charges. It can be related to five-dimensional solutions through the 4D-5D connection, see below. 
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where ds 2 (T 4 ) is a metric on T 4 and Hi, H 5 are harmonic functions living in R 4 : 
ffi(r) = l + %, tf 5 (r) = l+%, r 2 = ][> 1 ) 2 (6.1.2) 

i=l 

The charges Qi,Q§ (with dimensions of length squared) are related to integers 
Ni,Ns counting the number of Dl and D5-branes (see [28| for a pedagogical 
derivation) 

Qx = ^p-N x , Q 5 =g s a'N 5l (6.1.3) 

where (2tt) 4: V is the volume of T 4 as measured with the metric ds 2 (T 4 ). After 
compactification, the five-dimensional metric in Einstein frame is given by: 



ds 2 = -f(r) 2 dt 2 + fir)- 1 dx*dx* , f(r) = ^HJh = \j (1 + ^)(1 + ^) 

(6.1.4) 

This metric has no horizon, but only a (naked) singularity as r — > 0. 

We conclude the D1-D5 black hole does not have a macroscopic horizon in 
supergravity. However, one can identify microstates in the dual CFT description 
carrying the same total D1-D5 charge, with a microscopic entropy 

S = 2nV2^NiNr , (6.1.5) 

to leading order in the charges. The appearance of a microscopic entropy is unclear 
from the supergravity solution, since the curvature stays well behaved near the 
singularity r = and higher-order corrections in the curvature do not generate a 
horizon. We show that we should replace the naive black hole geometry by smooth 
'fuzzball' solutions. 



D1-D5 fuzzballs 

The construction of fuzzball states, preserving 1/4 of the supersymmetries, for the 
D1-D5 system is given by considering a set of S- and T-dualities to the Fl-P system. 
This is a system consisting of a fundamental string (Fl) carrying momentum (P) 
along the internal directions. In particular, under the relevant dualities, the Dl- 
D5 system is mapped to a string wound N§ times around the y-circle, carrying 
Nt units of momentum along that circle. As Lunin and Mathur pointed out in 



134Lll36j . the important thing to note is that a string has no longitudinal vibrations: 
the momentum the string carries is realized through travelling waves giving only 
transverse excitations, figure 16.31 A string carrying momentum is thus not a point 
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in the transverse directions, but has a finite size. For a string in static gauge, with 




(b) 



Figure 6.3: A cartoon of the Fl-P system. In figure (a) we see the naive way of wrapping 



a string, figure (b) shows how a string with added momentum has a non-trivial profile in 
the transverse directions. 

worldsheet coordinates (r = t, a = y), the excitations are in the eight dimensions 
transverse to the t, y directions. Lunin and Mathur only consider excitations in the 
four-dimensional non-compact transverse space with coordinates x l (and not along 
the internal T 4 ). Such solutions are determined by a vibration profile F(v) = F l (v), 
with v = t + y the lightcone coordinate, appropriate for left-moving excitations|f| 

The metric for these solutions is smooth and has no horizon: the black hole is 
replaced by some 'fuzzball'. Due to the string carrying only transverse excitations, 
this should be seen as a 'blow-up' of the naive black hole solution (|6.1.ip . After 
performing the appropriate dualities, the metric in the D1-D5 frame is 



ds 



1 



10d 



: (-(dt + A) 2 + (dy + Bf) + y/HMda 




(6.1.6) 



where now Hi and H§, as well as the one- forms A = Aidx 1 , B = Bidx 1 are 
obtained by smearing the harmonic functions discussed for the naive black hole 
solution over a region in the four-dimensional transverse R through the profile F: 



H 5 (x) = 1 
H^x) = 1 



dv 



05 

L 



.1,(7, -f 



\x-F(v)\ 2 

\Hv)\ 2 
\x-F{v)\ 2 



dv . 



F(v) 



dv . 



B 



*4 dA , 



(6.1.7) 



where a dot means a derivative w.r.t. v and *4 denotes the Hodge dual in the four- 
dimensional non-compact transverse space M 4 with coordinates x l . Note that H§ is 
obtained by a uniform smearing, while Hi corresponds to a distribution weighted 



3 In general, we would expect the profile F l to be a generic function of both t + y and t — y. 
However, a solution having both left-and right-moving modes does not have minimal energy for 
a given momentum charge P and is therefore not extremal and a fortiori not supersymmetric. 
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with the first derivative of F l . Finally, the Dl charge is related to the D5 charge 



as 



11 ■ L 



L . 

5 ' \F(v)\ 2 dv. (6.1.8) 



n 



In later work, fuzzball states with angular momentum 144| and with internal 
excitations along both the x % and T A direction s have been constructed, as well as 
states with fermionic excitations, sec It is believed that these constitute 

all microstates of the D1-D5 system, as we briefly motivate below. 

Motivation for the D1-D5 fuzzball picture 

We summarize the evidence supporting the fuzzball idea for the D1-D5 system. 

The naive black hole has zero-size horizon and hence no Bekenstein-Hawking 
entropy. This is in seeming contradiction with the non-zero degeneracy one finds 
from the D1-D5 brane physics or dual Fl-P system. We can intuitively solve this 
puzzle by looking at the typical size r ~ ff uzz where two fuzzball states start 
differing from each other. In the Fl-P picture, this radius is of order string scale 
(l s = VcV). After dualizing to the D1-D5 system, one finds that the area Af uzz of 
the locus r = rf uzz calculated with the metric (|6.1.6|) behaves as expected for a 
Bekenstein-Hawking entropy: 

Sbh = 4t^ ~ V^Vs (6.1.9) 

This is very satisfactory: the area of the 'fuzzball region' satisfies a Bekenstein- 
Hawking type relation, agreeing with the microscopic entropy. It also follows that 
a typical fuzzball profile is bounded as |f(i>)| < Tf uzz . When r 3> r/„ M , we see that 
the fuzzball geometry (|6 . 1 . 6[) takes the same form as the naive geometry 1)6.1.10 : 
asymptotically, a fuzzball state looks like the black hole. 

A priori, in the classical supergravity theory, there are infinitely many such fuzzball 
states, one for each choice of the profile F. In order to associ ate a finite set of states, 
one needs to follow an appropriate quantization scheme. In |l5dj | , this was done by 
Rychkov through geometric quantization of the classical supergravity solution. In 
the end, the degeneracy of states can be found by a partitioning argument as the 
degeneracy of the N1N5 energy level in a system of four chiral bosons: 



Snychkov = 2ttW ^N ± N b , c = 4. (6.1.10) 

This correctly reproduces the entropy for bosonic excitations in the transverse 1R 4 . 
It is interesting - but unclear how - to see what geometric quantization for the 



most general fuzzballs [144lll45j would give, especially since the internal excitations 
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(along T 4 ) are not visible in supergravity. One expects to find the result for the 
full microscopic entropy, accounting for 8 bosonic and 8 fermionic modes (along 
M 4 x T 4 ), giving a total of c = f 2 and agreeing with (|6 . 1 .5|) . 

The best testing ground for the fuzzball proposal in the D1-D5 system, has been by 
comparison with the dual CFT. As a first step, one can perform a Fourier expansion 
as above for the most general profile F 1 (v), where I now also runs over the internal 
T 4 directions and all fermionic modes. The oscillators (Fourier coefficients) can be 
mapped directly to the creation operators for string oscillations in the Fl-P system, 
and by duality to (superpositions) of ground states in the Ramond sector of the 
D1-D5 CFT. The latter is the conformal field theory living on the 1 + 1-dimensional 
world volume of string formed by the common D1-D5 direction. Alternatively, this 
CFT can be seen as living on the boundary of the AdS3 throat of the black hole 
geometry (|6.1.4[) . By the AdS/CFT dictionary, one has been able to compare the 
physics on the gravi ty s i de and th e CFT side. For instance, one-point functions 
on both sides agree |l47l . Il5ll . Il46| , as well as absorption cross sections and travel 
times of particles in the fuzzball background/dual CFT state. 

^ Conclusion For the two-charge D1-D5 system, there is plentiful evidence for 
the fuzzball conjecture. However, there is no black hole with a regular horizon 
for these charges in supergravity. We can try to add more charges for a 
realistic test of the conjecture. 



6.1.3 The three-charge system 

We give a very brief overview of research in identifying fuzzball states for three- 
charge black holes in five dimensions. 

Above we discussed the D1-D5 system because it is best under control: there are 
maps from all microstates to the dual conformal field theory. Only the averaging 
procedure that should reproduce the black hole properties from the microstates is 
less understood. Note that there is one important caveat: the black hole one would 
naively construct out of Dl and D5 branes has no horizon itself, but corresponds 
to a naked singularity. 

In order to describe black holes with regular, macroscopic, horizons in supergravity 
in five dimensions, we need to add another charge. Most original literature looked 
at the D1-D5 system with added momentum (P) on the common direction of the 
Dl and D5 branes. Some success was achieved in this way. Two different paths 
have been followed since then in trying to construct microstates in the supergravity 
regime. The first one starts from a five-dimensional black hole or black ring with 
macroscopic entropy and tries to find smooth, horizonless solutions by tweaking 
the original sol ution , for instance by taking a certain limit. Of particular interest 



is the wo rk of [152J , which is discussed in the next chapter in the light of our 



work [P4]. The second path has by far been most succesful. It is inspired by 
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Figure 6.4: Four dimensional Taub-NUT space as a 'cigar'. Coordinates (6,(f)) are 
suppressed. 



the classification of s uper symmetric solutions of minimal ungauged supergravity 



in five dimensions of 153j . Through explicit solutions of the general equations of 



motion of five-dimensional maximal supergravity, one has been able to construct 
large classes of smooth so-called 'bubbling' solutions with three asymptotic charges. 
The epithet 'bubbling' refers to the non-trivial structure of these solutions. The 
four-dimensional spacelike part of the geometry of these solutions has non-trivial 
two cycles ('bubbles') which are of order horizon-size. The collaboration around 
Bena and Warner has provided many examples, see Q for a review and reference 
therein for related work. A lot of examples have been constructed for 'scaling 
solutions', where the several centers between which the bubbles form limit to a 
single point. We discuss similar solutions in four dimensions in section RT2l 



6.1.4 Relation to four-dimensional physics: 4D-5D connection 

Of special interest is the translation of the five-dimensional three-charge systems 
to four-dimensional setups in order to find 'microstates' of four-dimensional black 
holes. The guide is the so-called'4D-5D connection' to map three-charge solutions 
in five dimensions to four-dimensional solutions with four charges. The idea is to 
replace the four-dimensional R 4 spatial part of the five-dimensional geometry by 
a Taub-NUT space. Four-dimensional (Euclidean) Taub-NUT space is given as 
a circle fibration (with coordinate ip ~ ip + 2tt) over three-dimensional flat space 
(with standard spherical coordinates r, 9, </>): 

ds 2 = U(r)(dr 2 +r 2 (d6> 2 +sin 2 6'd0 2 )) + -^-i? 2 (dV' + iV(l+cos6i)d0) 2 , (6.1.11) 

V{r) 

where R is a constant and N an integer, while V(r) is a harmonic function in K 3 : 
NR 

V(r) = l + — . (6.1.12) 

To picture the Taub-NUT geometry, note that the actual radius of the ^-circle in 
the metric (|6.1.1ip is R(r) — V(r) -1 / 2 i?, which approaches R as r — > oo and as 
r — > 0. This geometry can be pictured as a cigar, see figure l6Tl Far from the tip 
of the cigar, the spatial part of the geometry looks like R 3 x 5" 1 and near the tip 
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of the cigar as R 4 . By varying the value of R, we can interpolate between a four- 
dimensional description (R — !> 0) and a five-dimensional one (R —> oo). Note that 
when R is small, we can perform a Kaluza-Klein reduction over the ^-circle. The 
lower-dimensional theory includes a magnetic monopole field A = — N (1 + cos 8)d(j). 
For this reason, this geometry is also referred to as the (five-dimensional) Kaluza- 
Klein monopole. We see N measures units of monopole charge. 

By placing a three-charge black hole in a Kaluza-Klein monopole background, one 
finds a four-charge solution in four dimensions where the additional charge is given 



by the monopole charge. This approach has been used in references |154Ul55lll56l ]. 
In four dimensions, one obtains horizonless solutions, which are not necessarily 
smooth: we conclude that fuzzball solutions in different duality frames may become 
singular. As long as they are entropyless (no horizons), we still accept them as good 
microstates in light of the fuzzball proposal. 

In the remainder of this thesis, we always work with the four-dimensional setup 
in mind. In the next section, we discuss a way of finding supergravity microstates 
in the four-dimensional picture, which forms the basis of the research presented 
in chapter |8] In the next chapter, we work out a particular relation between 
supergravity microstates of the five-dimensional D1-D5-KK system and multi- 
center configurations in four dimensions. (The DI-D5-KK system consists of 
the D1-D5 system discussed above, placed in a Kaluza-Klein (KK) monopole 
background, which can be related to a four-dimensional system through the 
standard 4D-5D connection.) 



6.1.5 Summary 

We have seen in previous chapters how black hole solutions in general relativity 
and extensions to supergravity give rise to several unexplained phenomena in the 
semiclassical approximation: How can we explain the Bekenstein-Hawking entropy? 
Does the information paradox lead to problems in defining a well-behaved quantum 
theory? In this chapter, we have hinted how these issues can be understood trough 
the fuzzball proposal. Evidence for the proposal was provided for the two-charge 
D1-D5 system of type IIB string theory. However, a lot of work still needs to 
be done for black holes with at least three different charges, in order to describe 
non-singular black holes with non- vanishing horizon area. 

One expects that a full set of solutions accounting for the Bekenstein-Hawking 
entropy of the black hole includes solutions which cannot be described by 
supergravity alone, but need the full string theory. However, so far fuzzball 
solutions for three-charge systems are only found in supergravity. Luckily, there 
are arguments that we can extract useful information about microstates even if 
only small part of the total microstates of the full theory are known (na mely , 
the supergravity states) , if they are suitably dense in the full Hilbert space [157| . 
Nevertheless, for the supergravity solutions constructed it remains to precisely 
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relate them to the dual CFT descriptions, as no general detailed map has been 
worked out. 

The questions raised above motivate further study for black hole microstates in 
supergravity. In the following, the focus is shifted towards four-dimensional black 
hole solutions. The reader can continue with the next chapter, where a map 
between four-dimensional multi-center solutions and five-dimensional fuzzballs is 
explained. The next section can be skipped for now. It gives an alternative way of 
describing 'microstates' of four-dimensional black holes, motivating the research of 
chapter [5J 



6.2 Black hole microstates from multi-center config- 
urations 



In this section, we return to four-dimensional black holes. The appearance of the 
black hole solutions in four-dimensional supergravity with multiple centers opens up 
a new interesting possibility of discussing the microscopic structure of black holes 
with one center. For certain sets of electric and magnetic charges T = (p 1 ,qi), the 
supergravity equations of motion allow for both a single center solution and one (or 
several) solutions with multiple centers, each with charges 1^, such that their total 
charge adds up to T. For certain charges Tj, one can find solutions such that the 
different centers can approach each other arbitrarily closely: for an observer outside 
the horizon(s), the multi-center solution becomes indistinguishable from the single 
center black hole with total charge T = J^IV The fine structure dissappears 
behind a single horizon, see figure 16.51 This behaviour is given the name scaling 




Figure 6. 5: The scaling limit for a solution with three centers. By taking the centers to 
approach each other, the solution resembled more and more a single center black hole. 

behaviour. Even though invisible for an outside observer, there is still a structure 
of the different centers deep down the black hole 'throat', associated with choosing 
relative positions of the different centers and the ways one can distribute charges 
Ti over the centers, for a given total charge T. 



The structure of the several centers down the throat leads to the possibility of 
associating an entropy to these configurations, by counting in some way the number 
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of possible distributions of charges among the several centers. This idea has been 
used to explain how to account for the entropy of the four-dimensional black hole 
with total D0-D4 charges. However, two different ways of calcul atin g the entropy 
for this system give different results: the first way, discussed in P. ll58| . can account 
for the total Bekenstein-Hawking entropy, but treats most of the charged centers 
only in a probe approximat ion, not taking the backreaction on the metric and 
other fields into account. In [158(, one does include the backreaction, but can only 
account for a small part of t he e ntropy. We discuss these two results, since they 



formed the basis of our work P7| . where we provided first steps in understanding 



this discrepancy. Similar scal ing solutions have been constructed for related five- 
dimensional systems, see e.g. dHa EiS EEH and for a review. 



6.2.1 Scaling solutions with total D0-D4 charge 
D0-D4 black hole revisited 

Consider type HA string theory compactified on a Calabi-Yau. A charge vector 
of the four-dimensional gauge fields is written as T = (p 1 ,qj). For a state with 
DO charge go and D4 charge p A , we then have T — (0,p A , 0, qo). For large charges 
(lo,P A ^ 1); gravity becomes a good description and a black hole is formed. The 
Bekenstein-Hawking entropy of this black hole is given as 



Sbh = 2n^^- : (6.2.1) 

where p 3 = D [ abcP A P B P C an d D^bc are the intersection numbers of the Calabi- 
Yau. 



Deconstructing charges 

We show how charges can be distributed over different centers giving the same total 
charge as the D0-D4 black hole. We take one center with D6 brane charge +1 and 
world volume flux inducing lower charges, one center with D6 charge —1 and world 
volume flux and a number of centers carrying DO brane charge to match up to the 
total charge vector T = (0,p, A 0, q) of the D0-D4 system: 



(6.2.2) 
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where T^g, Tyjg describe the charge vectors of a D6 brane and a D6 anti-brane with 
world volume flux inducing lower brane charges 

Toe = (1, 7^P A , ^D A bcP B P C , -^D A bcP A P B P C ) , 

Tug = ("I. \v A , -\dabcP B P C , ^D ABC p A p B P C ) . (6.2.3) 

and in addition, we have a number n of DO branes of charge Tuo.a = (0, 0, 0, 90,0), 
with total charge N = J2 a ?o,aj such that the total DO charge of the D0-D4 system 
is 

q = N - D ABcP A P B p c /24 = N — p 3 /24 , (6.2.4) 

where we defined p 3 — D abcP A P B P C ' ■ The given charges of the D6 — D6 — DO 
system have two regimes, depending on the relative value of the parameters N 
and p 3 /12 . In particular, when N > p 3 /12, the centers can approach each other 
arbitrarily closely and this charge regime is referred to as the scaling regime. For 
N < p 3 /12, scaling is not possible. 



Counting the entropy using probe quantum mechanics In the scaling regime 
with (N ^S> p 3 /12) (the DO charge is parametrically larger then the total D4 charge), 
the authors of Q showed that the quantization of these multi-center configurations 
gives a number of states N = e Smicro with 



Smicro = 2ny — — , (6.2.5) 

reproducing the Bekenstein- Hawking entropy (|6.2.1|) . However, this calculation 
makes two crucial assumptions: first, the DO branes are assumed to blow up to D2 
branes through a version of the Myers effect - this corresponds to DO branes that 
have non-Abelian degrees of freedom. Second, one performs a 'probe' counting of 
quantum mechanical ground states that ignores the backreaction of the DO (D2) 
branes on the geometry. 



Counting the entropy using geometric quantization In [5j, a geometric 
quantization of the solution space of the multi-center configurations above was 
considered. The solution space consists of all possible ways one can arrange the 
various D6 and DO centersO Classically, this can be done in an infinite amount of 
ways, but by performing a proper quantization procedure, one can find a measure 
for the number of states and hence the entropy of the one-center black hole with 

4 Not every combination of charges and positions of the centers gives a bound state and 
describes a well-behaved multi-black hole solution. The constraints the charges and centers have 
to obey for the D6 — D6 — DO system to describe a bound state, can be found in |fj|. 
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the same total charge as the multi-center configuration, the D0-D4 black hole. The 
results gives an entropy of the form 

Smicro ~ \/ qoP 3 ■ (6.2.6) 

For large charges, this is very small compared to the Bekenstein-Hawking 
entropy Hence, this suggests that counting supergravity microstates alone, cannot 
reproduce the entropy of the D0-D4 black hole. This way of reproducing the 
microscopic entropy does take the backreaction of the DO branes into account, but 
does not consider non-abelian degrees of freedom. 



6.2.2 Outlook 

We have seen that scaling solutions and more generally multi-center configurations 
can be used to obtain supergravity interpretations of black hole microstates. 
However, it is unclear that the entropy can be reproduced from these states. It 
seems that non-abelian degrees of freedom play an important role. In chapter[51 we 
re-investigate the multi-center configurations above. The purpose is to have both 
the effect of non-abelian degrees of freedom and the full backreaction of all centers 
on the geometry, to see if one can find more information on the black hole entropy. 




5D fuzzball geometries and 

4D polar states 

Summary 

The goal of this chapter is to give an explicit mapping between supertube solutions 
arising in the fuzzball picture in five dimensions and multi- centered solutions in four 
dimensions under the 4D-5D connection, and to interpret the resulting configurations 
using the tools developed by Denef and Moore Xt\ ]. In five dimensions, we consider 
Kaluza-Klein monopole supertubes with circular profile which represent microstates 
of a small black ring. The resulting four- dimensional configurations are, in a suitable 
duality frame, polar states consisting of stacks of D6 and anti-D6 branes with world 
volume flux. We argue that these four- dimensional configurations represent zero- 
entropy constituents of a 2-centered configuration where one of the centers is a small 
black hole. We also discuss how spectral flow transformations in five dimensions, 
leading to configurations with momentum, give rise to four- dimensional D6 anti-D6 
polar configurations with different flux distributions at the centers. 

7.1 Introduction 

Recent years have seen a significant progress in the understanding of the 
supergravity description of BPS states of string theory, both in four and five 
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noncompact dimensions. In four dimensions, it has been established that BPS 
stat es of a giv en c harg e are often realized as multi-centered solutions in supergravity 
72l . Il62l . Il63l 1771 . Il64j . An important class of multi-centered configurations are the 



'polar' states for which no single-centered s olutio n exists and which contribute to the 
polar part of the OSV partition function |l65| regarded as a generalized modular 
form. From the knowledge of their microscopic degeneracies, the full partition 
function was reconstructed in [73], leading to a derivation of an OSV- type relation. 
Another important type of configurations are the so-called 'scaling' solutions, which 
carry the same charges as a (large) black hole and can be seen as a deconstruction 
of the black hole into zero-entropy constituents [4{ (see also chapters H] and [5]) . 

On the five-dimensional side as well, the BPS objects are not restricted to single- 
centered black holes. There also exist supe rsym metric black rings and black hole- 



black ring composites 1661 11671 1 X 681 ] , see 1691 ] for review and a more complete 
list of references. There are also Kaluza-Klein monopole supertube solutions which 
carry the cha r ges of a black hole or black ring and are smooth a nd horizonless 



i7oL H35L EM El EzE Ezl Eli, Ezl EH, ESJ EH Ezl, EM EH- These can be 



seen as gravity duals to individual microstates in the CFT description of the black 
hole, leading to the 'fuzzba ll' p icture pro posed by Mathur and collaborators (see 
chapter © and refs. [H3, H EH, ES Il40l ] for reviews and further references). As 
was discussed in the previous chapter, in this proposal, the black hole horizon is 
an artefact of an averaging procedure over an ensemble of such smooth solutions. 

These zoos of four and five-dimensional BPS configurations are not unrelated, and 
it is often possible to continuou sly i n terp o late betw e en 4D and 5D configurations 



using the '4D-5D connection' [lJJ, |l7J, ll79|, [l80|, LLM llSi, see section IBTl 



Five-dimensional configurations can often be embedded in Taub-NUT space in a 
supersymmetric manner. The spatial geometry of Taub-NUT space interpolates 
between R near the origin and I 3 x S 1 at infinity. By varying the size of 
the S , one can then interpolate between effectively five and four-dimensional 
configurations. Under this map, a point-like configuration at the center of Taub- 
NUT space becomes a 4D pointlike solution with added Kaluza-Klein monopole 
charge. A ring-like configuration at some distance from the center goes over into a 
two-centered solution where one center comes from the wrapped ring and the other 
contains Kaluza-Klein monopole charge. Angular momentum in 5D goes over into 
linear momentum along S 1 in four dimensions. 

The goal of the current work is to analyze the map between a class of 'fuzzball' 
solutions in five dimensions and four-dimensional multicentered solutions under the 
4D-5D connection, and to interpret the resulting configurations in the framework 
of fri\ . We work in toroidally compactified type II string theory, and consider 
a symmetric class of 2-charge supertubes which are described by a circular profile 



170, 



flow 



171, 172, 173 



13511 13611 1441. as w ell as 3-charge solutions obtained from those under spectral 



1741 ] . Placing s uch super tubes in Taub-NUT space gives the 
solutions that were constructed in [l52l Il55l |. Applying the 4D-5D connection, 
we show that, in the standard type IIB duality frame, one obtains 4D solutions 
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which are two-centered Kaluza-Klein monopole-antimonopole pairs carrying flux- 
induced Dl and D5-brane charge and momentum. These solutions can be described 
within an STU-model truncation of J\f — 8 supergravity and can be seen as s imple 



examples of 'bubbled' solutions [HI, EM EM EM EM EM EM EH, EM (for 
a review, see ((3(). To make contact with the techniques developed for analyzing 
multi-centered configurations in Calabi-Yau compactifications, we transform these 
configurations to a type IIA duality frame where all charges and dipole moments 
carried arise from a D6-D4-D2-D0 brane system. In this duality frame, the relevant 
configurations are two stacks of D6-branes and anti-D6 branes with worldvolumc 
fluxes turned on. Those configurations fall into the class of 'polar' states in 4D for 
which no single centered solution exists. 



Outline 



In section 17721 we give the four-dimensional supergravity theory that results from 
the torus reduction of string theory that we consider, namely the STU model. We 
discuss how it fits to describe both a reduction of type IIA supergravity and type 
IIB supergravity. In section 17. 3[ we briefly discuss the construction of the multi- 
centered solutions we wish to consider, carrying total D2 and D4 charges, in the 
STU-model in the type IIA frame and construct multi-center solutions with total 
D2-D4 charge. We mention these are polar states. In section 17741 we transform to a 
U-dual type IIB duality frame and give the lift of our solutions to 10 dimensions. We 
show that the solutions represent supertubes embedded in Taub-NUT space, and 
discuss the limit to five non-compact dimensions, through the 4D-5D connection, 
to interpret our solutions as fuzzball states. For simplicity, the calculations of the 
previous sections are for solutions without DO charge in the type IIA picture (or 
equivalently, with no momentum (P) along the internal directions in the type IIB 
picure). We show how to add DO charge/momentum in section 17751 In section 17751 
we discuss the microscopic interpretation of our configurations from the 4D and 5D 
points of view. We end with some prospects for future research in section 17.71 



7.2 Type II string theory on T 6 

We consider type II string theory compactified on a six-torus T 6 . For our purposes, 
it is sufficient to consider a consistent truncation to a sector where only gravity 
and 3 vector multiple ts are excited. This sector is described by the well-known 
STU model [HI EM] of A/" = 2 supergravity coupled to 3 vector multiplets. The 
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bosonic part of the action is given by 



S 



1 



167tG 4 

, 2 



d ,x-\/—g 



R 



1 A d tl z A d' 1 z A 

2 ^ (Imz^ 4 ) 2 

A=l y 1 



r 

' 4 



(7.2.1) 



with z A = a A + ib A , A = 1,2,3, J = 0,1,2,3 and e 0123 = 1. We have left an 
arbitrary normalization constant 7 in front of the kinetic terms of the £7(1) fields 
for easy comparison with different conventions used in the literature. 

Below, we consider charged BPS states from D-branes in 10 dimensions wrapping 
internal cycles. These give rise to four-dimensional states carrying electric charges 
Qi and magnetic charges Q 1 , with Q 1 = J S 2 F 1 and Qi = J s2 G/ , (where 
Gi = ImJ\f]j*F J +ReJ\f]jF J and * denotes the Hodge dual). For later convenience, 
as we will be taking the size of one of the internal directions to infinity, it will be 
useful to work in conventions where we do not fix the coordinate volume of the 
internal cycles. The components of Q are then given in terms of integers qijP 1 
counting the numbers of wrapped branes a|3 

Qi = -t'v'Gap 1 , Qi = -TxVjGtqi . (7.2.2) 

7 7 

where T 1 ,Tj are the tensions of the branes in table I7TT1 and the V , Vj are the 
coordinate volumes of the cycles they are wrapping. 



7.2.1 Frame A 

We show how the STU model above follows from toroidally compactified IIA string 
theory. We choose the six-torus to be metrically a direct product of three 2-tori 
and choose one 2-torus to be rectangular, denoting its two circles by 5 4 , S 5 : 

T e = T 1 xT 2 xT 3 , Ti = S 4 x S 5 , (7.2.3) 

The 10-dimensional origin of the fields in H7.2.1J) then is the following. The vector 
multiplet scalars z A describe complexified Kahler deformations of the tori Ta'- 

B + i,J = z a uj Ai (7.2.4) 

where B is the Kalb-Ramond two form, J the Kahler form of T 6 and lj a are 
normalized volume forms on T A satisfying J Ta u>b = &b- The gauge fields arise from 

To find agreement with chapter [4] one should take the coordinate volume of all cycles equal 
to one in units of 2-K\fa' '. In that case, the relation between Q and T = (p,q) is Q = ^^ T. 
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reduction of the RR-sector of type IIA supergravity. In particular, the charges qi,p T 
correspond to D-branes wrapped on the various non-trivial cycles in the internal 
T 6 geometry. In particular, we write a general charge vector V either by a row 
vector or an element of the even cohomology of T 6 : 

T=(p°,p A ,q A ,q ) = p° + P A oj a + q A uj A + q uj vol , (7.2.5) 

with ui A = 3D A bc^b Aug and w V oi = A W2 A CJ3 and A = 1, . . . , 3 (The constants 
Dabc are proportional to the intersection numbers Dabc — |/waAwbAwc)^ 
Taking into account charge quantization, the components p 1 ,qi should be integers 
or T e u cvcn (T 6 , Z). For the orthogonal choice ()7.2.3|) . the D-brane interpretation 
of the charges is given in table 17.11 



qo ■ 


DO 


p° : 


£>6(Ti x T 2 x T 3 ) 


qi ■ 


D2{T X ) 


p 1 : 


DA{T 2 x T 3 ) 


92 : 


D2(T 2 ) 


p 2 : 


£>4(Ti x T 3 ) 


93 : 


D2(T 3 ) 


p 3 : 


£)4(T! x T 2 ) 



Ta6Ze 7. J: Type /L4 D-brane charges carried by our configurations. We have denoted the 
submanifold wrapped by the brane in brackets. 

Below, we consider the construction of general multi- centered BPS solutions in the 
STU model above, along the lines of Bates and Denef |l63j . 

7.2.2 Frame B 

We make a duality transformation to a type IIB frame such that multi-center 
configurations of IIA theory with DO, D2 , D4 and D6 charges qi.p 1 can correspond 
to typical fuzzball geometries in five dimensions that carry Dl and D5 charges, 
and possibly momentum (P) along one or more compact directions. Moreover, to 
interpolate between four and five-dimensional geometries, we want to place these 
solutions in a Kaluza-Klein monopole background!! We can then use the standard 
4D-5D connection (see section l(j.l.4[) . 

For these reasons, we go to a duality frame where p° becomes a Kaluza-Klein 
monopole charge with Taub-NUT circle S 4 , p 1 becomes a Kaluza-Klein monopole 
charge with Taub-NUT circle S 5 , p 2 becomes the charge of a Dl-brane wrapped 
on S 4 and p 3 becomes the charge of a Z?5-brane wrapped on S 4 x T 2 x T3. This 
is accomplished by making a U duality transformation consisting of a T duality 
along S 4 , followed by S-duality and 4 T-dualities along T\ x T3, as illustrated in 
table E21 This new duality frame is denoted 'frame B'. In this frame, the vector 
multiplet scalars z , z 2 , z 3 represent the complex structure modulus of T\, the 4D 

2 Recall that a Kaluza-Klein monopole in 10D is a 5+1-dimensional object whose transverse 4- 
dimensional space has Taub-NUT geometry or, in the case of several centers, a Gibbons-Hawking 
space. 
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IIB (frame B) 
KK5 (S 5 x T 2 x T 3 ) 
T (S\ S 5 ,T 3 ) KK5 (S 4 x T 2 x T 3 ) 
— > Dl (S 4 ) 

D5 (S 4 x T 2 x Hi) 

TaWe 7.D: U-duality transformation from frame A to frame B. 



IIA (frame A) 


IIB 


IIB 


D6 (T 6 ) 


D5 


NS5 


D4 (T 2 x T 3 ) T (S 4 ) 


D5 


S NS5 


D4 (Ti x T 3 ) — ► 


D3 


— ► D3 


D4 (Ti x T 2 ) 


D3 


D3 



axion-dilaton and the (complexified) Kahler modulus of T\ respectively. The £7(1) 
fields A and A 1 are Kaluza-Klein gauge fields from the metric components 
and g M 5 respectively, while A 2 and A 3 arise from the RR two form components 
C M 4 and C M 5. The 10-dimensional origin of the full set of charges in this frame 
is given in table 17.31 Frame B is naturally suited for discussing the relation to 
five-dimensional fuzzball solutions, this will become clearer in section 17.41 



q P(S 4 ) 

9i P (S 5 ) 

q 2 D5 {S 5 x T 2 x T 3 ) 

q 3 Dl (S 5 ) 



p° KK5 (S 5 x T 2 x T 3 ) 

p 1 KK5 (S 4 x T 2 x T 3 ) 

p 2 Dl (S 4 ) 

p 3 D5 (^ 4 x T 2 x T 3 ) 



Table 7.3: 10D origin of the charges in frame B 



7.3 Class of polar states in frame A 

We describe a particular set of 2-centered solutions where the centers are stacks of 
D6 and anti-D6 branes with worldvolume fluxes turned on. It can be shown that for 
these configurations no single-centered solutions with the same total charge exist. 
In the language of [77|, these are 'polar states'. 

We consider two classes of polar states: the first class carries no DO-brane 
charge and has four net D4-D2 charges p 1 ,p 2 ,p 3 ,qi. Through a spectral flow 
transformation (see section I7.5|) , we can obtain a second class of solutions which 
carry the above four charges as well as DO-brane charge q . In section [7741 we 
show that these two classes of configurations, after a U-duality transformation to 
frame B, give rise to smooth 'fuzzball' solutions placed in a Taub-NUT background. 
The solutions without DO-charge map to fuzzball solutions with Dl-charge and D5- 
charge in Taub-NUT space while the solutions carrying DO-charge map to fuzzball 
solutions with D1-D5 charge and momentum P in Taub-NUT. 

For simplicity, we only consider the class without DO charge in detail. The case 
with DO charge and its translated to frame B is treated briefly in section [731 
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Configurations without DO-charge 

The first class of solutions we want to consider consists of a stack of n D6 branes and 
a stack of n anti-D6 branes. Each stack of branes has U(n) = U(l) x SU(n) gauge 
fields living on the worldvolume. We turn on £7(1) worldvolume fluxes so that each 
stack carries lower dimensional D-brane charges as well. The fluxes we turn on are 
characterized by three numbers which, for later convenience, we label Nk,Ni,N 5 . 
In the vector notation of eq. (|7.2.5|) . i.e. T = (p° ,p x ,p 2 ,p 3 ; q i: q 2 , qz, go), the charges 
at the centers are 

ri = {-n,N K , 0,0; 0,0, 0,0) , T 2 = n ,0, jVi,jV 5 ; 0,0,0 .(7.3.1) 



Charge quantization restricts n, Nk, N±, N$ to be integers and n to be a divisor of 
NiN$. These configurations carry 4 nonzero net charges p 1 ,p 2 , p 3 ,q±: 

T tot = (0,p\p 2 ,p 3 ; qi , 0,0,0)= ^.JV^JVi.JVb; ^^,0,0,0^ . (7.3.2) 

We showed in our work |P4j that no single centered solution with this total charge 
r tot exists, using split attractor flow techniques. The states I\ and F 2 are thus 
'polar states'. 

One can then find the explicit expressions for the metric, scalar fields and 17(1) 
fields in terms of a set o f har monic functions that are sourced at the two centers 
with charges ri,r2 (see |163j ). We choose coordinates on R 3 such that the first 
center Ti is located at the origin and T 2 lies on the positive z-axis at z = a. The 
harmonic functions are 

H 2 = l + ^, H 2 = 0, (7 ' 3 - 3) 

i7 3 = l + ^, H 3 = 0. 

We have defined r + to be the radial distance (in flat R 3 ) to the second center : 



r+ = \Jr 2 + a 2 - 2ar cos , (7.3.4) 
and using (|7.2.2[) . the normalizations in the harmonic functions are given bj|f| 

Q n = \^gn Q K = ^^' N K 

3 (t.O.O) 



_ (27r) 2 (a')?g , r n _ (2 7 r) 2 (q')? g 

2Vt 2 1 — 2V 



3 From now on, we choose the normalization constant 7 in 17.2.111 to be 7 = 1. 
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where g is the 10D string coupling constant. The metric is then given as 



ds\ 



(dt + cu) 2 + Y 1 {H)dx 2 



yj —AH Q H 1 H 2 H 3 - {H H° - H^ 1 ) 2 . 
QkQiQs fr + a 



2aQ n 



1 (cos0-l)#. 



(7.3.6) 



(7.3.7) 



The solution for the U(l) fields and scalars can be fo und in [P4j . There is a 
constraint on the distance between the centers (see |l63j ) 



QxQiQb 

Ql - Q1Q5 



(7.3.8) 



Finally, note that the solution carries angular momentum, due to crossed electric 
and magnetic fields: 



J 2 = 



N K N!N 5 
In 



(7.3.9) 



7.4 Class of fuzzballs in frame B 

In this section, we make contact between the polar solutions constructed above 
and various horizonless supertube solutions in five noncompact dimensions that 
are central to the fuzzball proposal advocated by Mathur and collaborators. 

We briefly review these configurations. Fuzzball solutions in five noncompact 
dimensions can be seen as Kaluza-Klein (KK) monopole supertubes where the KK 
monopole charge is sourced along a contractible curve in 4 noncompact directions. 
One of the compact directions, which becomes S* 4 in our conventions (recall that 
we denoted T\ — S 4 x S 5 ), is a Taub-NUT circle that pinches off at every point 
of the curve. By adding flux to the KK-monopole, one can source the charge of 
Dl and D5-branes wrapped around the S 4 circle. For a circular curve, one can 
place this configuration in a Taub-NUT space with a different Taub-NUT circle, 
S" 5 in our conventions, and interpolate between five and four dimensions by varying 
the size of S 5 . We show that the four-dimensional configurations obtained in this 
manner are U-dual to the D6-anti D6 polar solutions we discussed above. 

In frame B, our class of polar solutions with charges (|7.3. If) (no DO charge) 
corresponds to two stacks of n KK monopoles and anti-KK monopoles with Taub- 
NUT circle S 4 carrying flux-induced charges of Dl, D5, momentum and KK 
monopoles wrapped on the S circle. The more general solutions discussed below 
(with DO charge), see (|7.5.2|) . carry momentum along S 4 as well. 
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Such solutions are smooth, and, as we show now, have the interpretation of KK 
monopole supertubes embedded in Taub-NUT space. 



7.4.1 Lift of polar states without DO charge 



In frame B these states correspond, according to table 17. 31 to two stacks of n 
KK monopolcs and anti-KK monopoles with Taub-NUT circle S 4 which carry flux 
induced Dl, D5 and KK monopole charges wrapped on the S 4 circle. We show 
that from a 10D point of view, these charges precisely correspond to the Kaluza- 
Klein monopole supertubes in Taub-NUT space that were constructed by Bena and 
Kraus in 11521. 



The harmonic functions of the solution are again given by (|7.3.3[) . However, the 
normalizations in the current duality frame are changed, according to l)7.2.2jl . 
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Defining H 1 = 1 + the constraint on the distance between the centers (|7.4.2p 
is 



„ = \QiQ5H 1 



(7.4.2) 



We give the ten-dimensional metric in type IIB. Choose coordinates x 4 along S 4 



and x 5 — R^ifi along S 5 . Making a coordinate transformation x 4 
ten-dimensional metric in frame B becomes 



t, the 



ds 1 



1 



[-(dt + kf + {dx 4 -s- kf] + VHHPds\ 
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IK 1 



cos Odd)) 2 + H 4 dx 2 



dx 2 
jj 3 as T 2 xT 3 i 



(7.4.3) 



where dx 2 = (dx 1 ) 2 + (dx 2 ) 2 + (dx 3 ) 2 . This metric describes four non-compact 
directions with coordinates (t, x , x 2 , x 3 ). The one-forms k and s have components 
along <p and ip and, using the distance constraint (|7.4.2j) . can be written as 
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(7.4.4) 



As we have argued, the above solutions represent the lift of a two-centered KK- 
monopole anti-monopole system in frame B (or a D6 anti-D6 system in frame A), 
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where the Taub-NUT circle for these KK monopoles is the S 4 . The KK monopoles 
sit at radius r — r+, while the anti- monopoles sit at the origin r — 0. At the 
position of these centers, the S 4 circle pinches off (has zero size). This is illustrated 
in figure [73] 




t 




s 5 








3- 


——— 




















-at 


> 7 



Figure 7.1: Left: The black circle represents a KK monopole supertube with a circular 
profile of radius a in 5 dimensions. At every point of the curve, the internal circle S 4 
(drawn in red) pinches off to zero size. Right: After placing another KK monopole wrapped 
on S 4 in the origin, the asymptotic geometry becomes l 4 x S 5 . As argued in the text, the 
S 4 circle pinches off along the curve as well as in the origin. 



H30. They 



These are precisely the solutions constructed by Bena and Kraus 
represent Kaluza-Klein monopole supertubcs which have been embedded into a 
Taub-NUT space which has the asymptotic spatial geometry R 3 x S 5 . By varying 
the radius i?5 of the circle S we can interpolate between solutions in 4 and in 
5 noncomp act dimen sions; this procedure goes under the name of the '4D-5D 
connection' Il77l. Il78ll. 



7.4.2 4D-5D connection and 5D fuzzball geometries 

We use the 4D-5D connection (see section IB. 1.4|) to show that the ten-dimensional 
solutions in frame B of the previous section above with four non-compact 
dimensions to obtain solutions with five non-compact dimensionsand show these 
are highly symmetric fuzzball solutions where the curve that defines the supertube 
is circular. 

We take the R$ — > oo limit keeping the following quantities fixed: 

2rR 5 = f 2 , 2aR 5 = a 2 /n 2 . (7.4.5) 

4 To make contact with the conventions in [152| , one has to make a further coordinate 
transformation <j> — > —<f>, 8 — > 7r — 9. 
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After taking this limit, the p 1 charge Nk of our configuration becomes a deficit 
angle and one obtains a configuration embedded in an orbifold space R 4 /Zjv k ■ We 
therefore specialize to the case Nk = 1 from now on, so that we obtain solutions in 
asymptotically flat space. We define charges Q±, Q5 which remain finite in the limit 
(|7.4.5[) and are the correctly normalized Dl and D5-brane charges in 5 noncompact 
dimensions: 

Qi = 2R 5 Q 1 = g(y a ' 3jV i ( q 5 = 2 R 5 Q 1 = ga'N b . (7.4.6) 

The solution (|7.4.4|) ca n, in this limi t , be written as a fuzzball solution with a 
circular profile function 17C)I . 135 , 136 . 144 1: 



ds 2 



-j== [-(dt + kf + (dx* - s - k) 2 } + VlPlPdx 2 + yj—ds^ xT3 , 



where dx 2 = (dx 1 ) 2 + (dx 2 ) 2 + (dx 3 ) 2 and the harmonic functions and one-foms 
k, s take the form 

H> = 1 + 9±[ L ^, H* = 1 + 9±( L ^L, (7.4.7) 
L Jo \x-F\ 2 L J \x-F\ 2 

s = we / ^ dx a , d(s + k) = -* 4 ds. (7.4.8) 

L> jo \x — F\ 2 

The profile function F(v) describes a circular profile in the x 1 — x 2 plane: 
F 1 = # cos F 3 = 

2tt, 
L 

where L = ^g<L. The averaged length of the tangent vector to the profile should 
be proportional to the Dl-brane charged 

L Jo 



F 2 = l gin 2& ' pA = q ' (7-4.9) 



Qi = % / W\ z dv. (7.4.10) 



5 As a consistency check, one sees this is the case using the constraint 1 17.4. 211 on the distance 
between the centers, which reads = xMIMk ; n the limit l7.4~5l 
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7.5 Solutions with DO charge/momentum 

We are also interested in solutions with DO charge in frame A, which correspond to 
fuzzballs with momentum (P) along the internal directions in frame B. We obtain 
these solutions by a spectral flow transformation on the charge vector. These 
transformations consist of adding a harmonic form S to the Born-Infcld flux on 
the worldvolumes of the two stacks of D6 brancs in frame A, while in frame B 
they correspond to a spectral flow transformation in the dual CFT. We choose this 
specific way of discussing the addition of DO charge, since it leaves the discussion 
about polarity unchanged: whether a given charge is polar or not, is left unaffected 
by spectral flow, see e.g. fn\ . 



7.5.1 Spectral flow and solutions with DO charge 

The second class of solutions we are interested in is obtained from the ones 
considered above by a spectral flow transformation T — > e s rj^| We can choose 
S such that the new configuration carries nonzero p 1 ,p 2 ,p 3 ,qi charges as well as 
DO-chargc qo, while keeping qi and q-$ zero. There is a one-parameter family of 
spectral flows S which does the job and which we label by a parameter m: 

S — —mNj^uji + mNiU2 + mN 5 u}^ . (7.5.1) 

When taking charge quantization into account, the parameter m could be fractional 
but such that m is a common multiple of l/iVi, I/A5 and 1/Nk- The charges carried 
by the two centers are then: 

_ _ ne -(m+Jj)A r R-wi+mA r iw 2 +mA r 5"3 
p 2 _ ne -mN K ui 1 + (m+±)N 1 u)2+(m+± : )Nz,uj 3 j-y g 2) 

and the total charge of the solution is 

r to t = (o, N K , m,N 5 , (^m + ^\ NiN 5 , 0, 0, -m (m + ^ N K NiN 5 \ . (7.5.3) 

The angular momentum of these configurations is independent of the parameter m 
and still given by (|7.3.9|) . For m — we recover the configurations of section [7731 



6 We consider the addition of this charge by the effect of large gauge transformations of the 
B-field, under which the B-field shifts with a harmonic form. Gauge invariance requires this is 
accompanied by a shift in the world volume flux, resulting in a transformation of the charge vector 
B — > B + 5, r — > e s F. Large gauge transformations change the boundary con ditions at infinity 
and, in the dual CFT have the effect of inducing a spectral flow 188, 164, 189]. 
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7.5.2 Spectral flow and fuzzball solutions with momentum 

In the dual frame B, the solutions of frame A with added DO charge through a 
spectral flow transformation labeled by a parameter m, carry nonzero momentum 
charge P on the S 4 circle, see the identification of charges of table 17.31 Whe n we 
take the special case Q\ = Q5, we find precisely the solutions constructed in [l 55j ] 
representing fuzzball geometries with momentum placed in a Taub-NUT space. 

We can again take the 5D limit R$ — > 00 as discussed above. Taking again Nk = 1 
to get solutions in flat space, one obtains t he f i ve-dimens ional fuzzball solutions 



with momentum that were constructed in [17ll . 1 172 . Il73l Il74| . These solutions 
were originally obtained by applying a spectral flow transformation in CFT to the 
five-dimensional solutions without momentum (|7.4.8j) . They carry the 5D charges 

P = NxNsm (m + £) , ( ' 

where P denotes the momentum on the S 4 circle. Flux quantization imposes that 
the parameter m should be an integer. 



7.6 Microscopic interpretation 

We now discuss the microscopic interpretation of the solutions we considered both 
from the 4D and 5D point of view. 



Solutions without DO charge (frame A)/ no momentum (frame B). Let us 

start with the configurations (17.3.1)) without DO-charge in frame A. We showed 
that these arise, through the 4D-5D connection, from 5D fuzzball solutions with 
circular profile which carry macroscopic angular momentum J12 = NiN^/n and 
are placed in a Taub-NUT geometry. 

The first thing to note is that we should see our 4D solutions as coming from 
small black ring microstates in five dimensions^ We can then ask which states in 
the dual CFT correspond to the configurations (|7.3.1[) from the 5D point of view. 
The D1-D5 CFT is a defor mati on of a symmetric product CFT with target space 
(T 2 x T 3 ) NlN5 /S NlN5 (see [HI] for a review). The CFT states corresponding to 



7 A priori, the 4D solutions could be zero-entropy constituents of a spinning black hole or of 
a black ring in five dimensions. The 4D configuration corresponding to a spinning black hole in 
5D, would be a small black hole with charges (0, N^, Ni, N5, NiNs/n, 0, 0, 0). However, this is a 
polar charge for which there cannot exist a single center black hole solution. This interpretation 



also corresponds to the one argued in 136, 190, 191, 19 
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([7.3. 1|) are ground states in the R sector that carry the quantum numbers 

-^0 — — 4 — j Ml — — 4 — i 

J — 2n_ ' J — 2n ' {I.O.I) 

P = L -L = 0. 

The above states belong to a 'microcanonical' ensemble of R ground states at fixed 
Dl-charge N±, D5-charge N 5 , and angular momentcH J12 — NiNs/n, J34 = 0. 
When n 1, J12 is sufficiently far from the maximal value NiN 5l and there is 
an exponential dege nerac y of states carrying these quantum numbers, leading to a 



microscopic entropy [192 1 



Smicro = 2V27iViViiV 5 - J 12 = 2V2ttJn 1 N 5 (1 - -) . (7.6.2) 



ft is expected on the basis of general arguments [1941 ] that, after including higher 
derivative corrections to the effective action, there exists a black ring solution with 
a matching macroscopic entropy. It is an open problem to explicitly compute 
such corrections in toroidal c ompactificatio ns, unlike the case where the four-torus 
T 2 x T 3 is replaced with K 3 [lM Il9li Il95t . 

Finally, we comment on what system these are microstate of. Consider therefore 
the case Nk — 1, corresponding to one unit of Taub-NUT charge. When a small 
black ring is placed in Taub-NUT space with Nk — 1 and the radius of the Taub- 
NUT circle is decreased, one obtains a 4D configuration consisting of two centers. 
One center, coming from the wrapped ring itself, becomes a small black hole in 
4D, while the other ce nter, com ing from the Taub-NUT charge, is a KK monopole 
carrying zero entropy 190l 19l| . In our duality frame A, the first center is a small 



D4 - D2 black hole with charge (0, 0, Ni, N 5 , NiN 5 /n, 0, 0, 0) and entropy given by 
(|7.6.2p and the second center is a pure D4-brane with charge (0,1,0,0,0,0,0,0). 
The total charge of this system is exactly the total charge of the D6-anti D6 
configurations (|7.3.ip (for Nk = 1) and therefore we can see our 4D polar D6-anti 
D6 configurations as zero-entropy constituents of this two-centered configuration. 



Solutions with DO charge (frame A)/ momentum (frame B). A similar 
discussion shows their CFT counterparts have quantum number^ 

L = N X N 5 (m 2 + a + 1/4) , Lo = , 

J 3 = -^P(2m+i), j3 = _i^ ; (7.6.3) 

P = L - L = JViiVgrn (m + £) . 

8 A different ensemble, whe re the angular momenta are not fixed, was advocated in the light 
of the OSV conjecture in [l9l| 

9 They are related to the CFT states above by an additional left-moving spectral flow with 
parameter 2m. 
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In the CFT, the parameters n and m should be quantized such that n is a divisor 
of NiN 5 and m is an integer. This matches with the conditions we found from 
charge quantization in the corresponding D-brane configurations. These states are 
part of an ensemble of CFT states with fixed D1-D5 charges, angular momenta 
J 3 , J 3 and momentum P. The degeneracy is again given by (|7.6.2D . 



7.7 Conclusions and outlook 

In this chapter we identified four-dimensional multi-center D-brane configurations 
that correspond to a class of fuzzball solutions in five noncompact dimensions under 
the 4D-5D connection. In a type IIA duality frame where all the charges come from 
D6-D4-D2-D0 branes, the relevant 4D configurations are two-centered D6-anti D6 
solutions with fluxes corresponding to polar states . 

The fuzzball solutions considered here are highly symmetric, where the profile 
function that defines the solution is taken to be a circular curve. Let us first 
comment on the fate of more general fuzzball solutions under the 4D-5D connection. 
A fuzzball solution arising from a generic curve typically does not have enough 
symmetry to be written as a torus fibration over a four-dimensional base and can 
hence not be given a four-dimensional interpretation. However, ac cord i ng t o the 



proposed dictionary between microstates and fuzzball solutions in [1471 . Il51j , the 
subclass of fuzzball solutions that semiclassically represent eigenstates of the R- 
symmetry group should possess U(l) x U(l) symmetry and are represented by 
(possibly disconnected) circular curves in the x 1 — x 2 and x 3 — x A planes in the 
coordinates . Such solutions have isometries d/dcf> and d/dip as well as along the 
Taub-Nut direction d/dx 4 , and should therefore be the lift of axially symmetric 
solutions in four dimensions. When the quantum numbers are chosen appropriately, 
these would describe other constituents of the 4-dimensional 2-centered system with 
entropy ()7.6.2[) . It would be interesting to explore this ensemble of four-dimensional 
configurations. 

We would also like to comment on the relation between the present work and black 
hole deconstruction see section [6.21 In four dimensions, say in our frame A, 
there exist multi-centered 'scaling' solutions with centers so close that their throats 
have 'melted' together and which are asymptotically indistinguishable from single 
centered solutions. Such solutions can carry the same charges as a large single- 
centered D4-D0 black hole, and can be seen as a deconstruction of such a black 
hole into zero-entropy constitutents. The scaling solutions consist of a 'core' D6 
anti-D6 system with flux, and a 'halo' of DO-brane centers added to it (again, 
see for more details on the formalism of 'cores' and 'halos'). The scaling limit 
consists of taking the total DO-charge to be parametrically larger than the magnetic 
charge p 1 p 2 p 3 . The entropy of the black hole in this limit can be understood by 
treating the DO-branes as probes a nd c ounting the supersymmetric ground states 
of the probe quantum mechanics |l96j . The 'core' D6 anti-D6 system in these 
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configurations is precisely of the kind that we studied in this chapter and mapped 
to 5D fuzzball solutions. Indeed, for the special values n=l, m = — 1/2 of our 
parameters we obtain the following charges at the centers 

r i-\ ^ ^ -^1 NkN * NkN ^ n kNiN 5 

1 ^ ' 2 ' 2 ' 2 ' 4 ' 4 ' 4' 8 

/ N K JVi 7V 5 ^1^5 N K N 5 N K N X NkNiNA 

2 \ ' 2 ' 2 ' 2 ' 4 ' 4 ' 4 ' 8 J ' 1 j 

These are precisely the charges that appear in the core of the scaling solutions in 
It seems natural to expect that, for the other values of our parameters m and 
n, our configurations can serve as the core system for the deconstruction of a black 
hole with added D2-charge. 

The relation to deconstruction could have interesting implications in five dimensions 
as well. If we take a scaling solution in four dimensions, dualize it to frame B and 
take the 4D-5D limit, we should end up with a configuration carrying the charges 
of a large D1-D5-P Strominger-Vafa [2j black hole. The scaling limit implies that 
we have P ^> N1N5, which is equivalent to the Cardy limit Aj <C c where the 
CFT microstate counting is performed. Therefore such configurations would be 
candidates for describing typical microstates of the D1-D5-P black hole, and it 
would be interesting to study such solutions in more detail. 



8 

Godel space from wrapped 

M2 branes 



Summary 

This chapter can be read by different types of readers, depending on their interests: 
(1) interest towards black hole entropy in supergravity, (2) to have some intuition 
about the Godel space-time, a space-time with closed timelike curves, (3) to see a 
super symmetric embedding of three-dimensional Godel space-time in string theory. 
The outline at the end of the introduction is a helpful guideline. In particular, 
we show that M-theory admits a supersymmetric compactification to the three- 
dimensional Godel universe of the form Godelz X S 2 X CY3. We interpret this 
geometry as coming from the backreaction of M2-branes wrapping the S 2 in an 
AdS3 X S 2 X CY3 flux compactification. In the black hole deconstruction proposal 
given in chapter^ similar states give rise to the entropy of a D4-D0 black hole. By 
dualities, the system can be obtained as a compactification of either type IIA/IIB 
string theory and F-theory. This chapter summarizes the work with Thomas Levi, 
Joris Raeymaekers, Dieter Van den Bleeken and Walter Van Herck in fj-"/j/ . 
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8.1 Introduction 



BPS states have played a major role in the successes of string theory, from the 
understanding of black hole microstates to nonperturbative checks of dualities. An 
interesting set of BP S states is that of super symmetric D-branes in an AdS g x S p 
background (see e.g |l97i Il98l Il99l 200l 201 1 and references therein). Such states 



are of interest for the AdS/CFT correspondence in general. Furthermore, in the 
special case where the background geometry corresponds to the near horizon of 
an extremal black hole, string or ring, there are strong indications that such BPS 
states, formed by wrapping branes arou nd the S p p art o f the geometry correspond 
to black hole (string or ring) microstates 202 . 196l . 4, 158 1. The study of such sphere- 



wrapping branes h as so far been performed purely in the probe approximation 
|l99l 12021 j 196. 203], see chapter for a specific example. There are however some 
indications that these branes strongly backreact on the background geometry, and 
that some of their properties can only be fully understood once these effects are 
properly taken into account. 

In this chapter we take a first step at studying the fully backreacted geometries 
corresponding to such wrapped branes. We specialize to the M-theory flux com- 
pactification AdS3 xS 2 x CY3 and construct supergravity solutions corresponding 
to M2-branes wrapped around the S 2 . Note however, that by taking the CY3 to be 
T 6 or K3xT 2 and applying U-dualities these solutions can be mapped to similar 
configurations in type IIA/IIB string theory or F-theory. 

We start our search for these solutions by noting that all the dynamics can be 
captured by a reduction to three dimensions and performing a consistent truncation 
to the fields of interest. As we will discuss in detail, the problem can be brought 
back to studying three-dimensional gravity with a negative cosmological constant, 
coupled to an axion-dilaton system: 

s 3d 1 ftffiLLi*?). (8.1.D 
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To our knowledge this three-dimensional theory has never before been studied in 
the literature. This is somewhat surprising as three-dimensional gravity with a 
negative cosmological constant is a surprisingly rich gravitational theo r y th at is 



well explored and remains the subject of present investigations (see [204J, |205| and 
references therein). Furthermore, the abo ve theory without a cosmological constant 
was the subject of the classic paper |206l |. and is very closely related to F-theory. 

Due to its embedding in eleven-dimensional supergravity the above bosonic action 
is naturally completed into a supersymmetric theory. We show that this theory 
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has 1/2-BPS solutions that are all locally Godel spac43 : 
,9 I 2 ( 3dx^ 9 3dx 2 + dy 2 \ 

ds t=-(-( dt +--f + - y2 j , r = x + iy. (8.1.2) 

The full eleven-dimensional solutio n can be read off by substituting this metric in 
formula below. Godel space ^ has a long history and this work provides 

a n ew s upersymmetric embedding into string/M-theory. For an earlier example 
see |208j . More precisely our work shows that M-theory has a compactification of 
the form G6del3 x S 2 x CY3 that preserves 4 out of the 32 supersymmetries. For 
other em beddings of spaces with closed timelike curves in string theory, see e.g. 



153, 20 



Godel space suffers from closed timelike curves (CTCs). We study some simple 
domain wall configurations, made out of smeared M2-branes, that allow us to glue 
Godel space to AdS3. The initial hope was that this w ould eliminate the CTCs 
as it does for a similar system dubbed the 'hypertube' [210j . Unfortunately, at 
present we have not been able to find a global solution that fully eliminates CTCs. 
We remain optimistic that a future treatment, either with another patching or a 



smooth resolution of the patching such as was found for the hypertube [154L 1183 
will resolve this issue. Nevertheless, the glued geometries we have found seem very 
interesting from the point of view of holography!! 



Outline 

In the next section, we briefly review and discuss the supersymmetric properties 
of the wrapped M2-brane states that motivate our study and detail our flux 
compactification of M-theory to three dimensions. This section is of interest for 
readers with an interest in questions regarding black hole entropy. In section lSUl we 
give the Ansatz and equations of motion, appropriate for supersymmetric solutions. 
The solution we find, three-dimensional Godel space, is detailed in section 18.41 
Section 18.51 covers how the Godel space can be supersymmetrically glued to AdS 
space through the introduction of an appropriate domain wall. Finally, section [STU 
presents some discussion and suggestions for future directions. 

1 G6dcl's original space-time was four-dimensional, but it is nothing but the direct product 
of a non-trivial three-dimensional space-time with a space-like line. It is this three-dimensional 
space-time that we refer to as Godel space. 

2 Note: we give an alternative way of gluing Godel space to an asymptotically AdS space in 
the next chapter. The remarkable observation is that in that setup, the requirement of unitarity 
in the CFT dual to the AdS space, is tantamount to having no more closed timelike curves in the 
geometry. 
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8.2 Motivation 



8.2.1 Probe M2 branes and black hole entropy 



Before embarking on the construction of backreacted solutions of S 2 -wrapping M2 - 
branes, let us review these BPS objects in the probe approximation 199l I202L 1203 
as a motivation. 

Our starting background is M-theory compactified on AdS3 x S 2 x CY3 and we 
assume that the anti-de-Sitter factor is global AdS3 and not a local solution such as 
a BTZ black hole. Such a background ar ises e.g. in a certain limit of a D6-anti-D6 
configuration when lifted to M-theory [i, 164 1 (see below). Introducing coordinates 
p (radius), a (time) and an angle ip ~ ip + 2ir, the AdS3 part of the metric is 



dsl 



I 2 [- cosh 2 p da 2 + dp 2 + sinh 2 p dip 2 ] 



.2.1) 



and the isometry group in three-dimensions is SL(2,M.)l x SL(2, ] 

We add to this background a probe M2- 
brane (or anti-M2-brane) wrapped on S 2 , 
which behaves as a massive point particle 
in AdS3. As can be seen from (|8.2.ip . 
we cannot place a static particle (with 
respect to the global time a) at finite p, 
as it experiences a gravitational potential 
and will fall towards p = 0. A spinning 
particle however, obeying ip = a + est, can 
stay at any fixed constant radius p = pa. 
The po-dependent momentum conjugate to 
ip determines the DO-brane charge after 
compactification on a circle to type IIA in 
ten dimensions. Such spinning M2-branes 
are BPS states and are the objects we study, 
see Fig. O 




AdSs 

Figure 8.1: The 
the S 2 and has a 
a + constant, in th 



BPS M2-brane wraps 
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e external AdSs space. 



As explained in chapter [SI these wrapped M2 brane probes in global AdS3 x S 2 
play an important role in counting the entropy of the D0-D4 black hole in the 
deconstruction proposal. In this proposal, the D0-D4 charges are redistributed 
over multiple centers, one carrying D6 brane charge, one carrying D6 anti-branc 
charge and a large number of DO centers (D4 charge is induced through world 
volume flux on the D6-branes) . Counting the number of ways one can distribute 
the DO centers to form a total D0-D4 black hole in this way, gives a measure of 
entropy. Two different approaches give different results, see section lb. 21 



1. In [4j, the authors conjecture the DO branes carry non-abelian degrees of 
freedom and should be described in the M-theory, by exactly the M2-brane 
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probes discussed above. Counting the number of ground states for such M2 
branes, gives the correct number for the D0-D4 black hole entropy. However, 
one needs to consider the M2-branes as probes (backreaction on the metric 
is not considered). 

2. In 5], an alternative way of counting the number of states for the 
deconstructed setup is given, that does not reproduce the entropy, only 
a parametrically small part of it. This second approach did take the 
backreaction of the branes into account, but did not imply using non-ableian 
degrees of freedom. 

It seems that the non-abelian nature of the DO branes is crucial in deriving the 
entropy. We thus find the motivation for studying the M2 brane probes above: 
we want to study the backreaction of M2 probe branes on the AdS3 x S 2 x CY3 
background, in hope to find a backreacted version of the entropy arguments above, 
that includes the effect of non-abelian degrees of freedom. The work in this chapter 
should be seen as a first step in that direction: we were not able to attack the 
entropy issue, but did find an interesting solution representing the backreaction of 
the sphere- wrapped M2 brane probes. 



8.2.2 Backreaction of M2 branes: fields and effective description 

The arguments of the last section lead us to search for supersymmetric solutions 
where the fields that are sourced by the sphere-wrapped M2-branes under 
consideration are turned on and to consider how they backreact on the AdS3 x 
S 2 x CY 3 geometry. 

We begin with the bosonic part of the eleven-dimensional supergravity (M-theory) 
action. In our conventions it is given by 

^ = ]5" / d U x^gR, - ^- I Fi A *F 4 + i / A 3 A F 4 A F 4 , (8.2.2) 



we put the eleven-dimensional Planck length to one and write F4 = dA$. 
We seek solutions sourced by M2-branes that wrap the two-sphere in the flux 
compactification of M-theory on S 2 x CY3. To consider how these M2 branes 
backreact on the geometry, we need to specify how the metric and four-form F4 
are affected. We assume that only the three-dimensional part of the geometry is 
changed, while the four-form F4 couples to the M2 brane world volume. See figure 



We make a consistent reduction for such solutions using the ansatz 

ds 2 n = r 2 - 2/3 (dsl + d4 2 )+T^ 3 ds 2 CY3 , (8.2.3) 
F 4 = dA A u 2 + UJ2 A J C y 3 ■ (8.2.4) 
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AdS 3 





M 3 



s 2 



CY3 



Figure 8.2: In figure (a) we sketch the form of the AAS3 x S 2 x CY3 background, with M2 
brane probes wrapped on the S 2 (in purple). Figure \(b )\ shows pictorially how we expect 
the M2 branes to affect the background: the three-dimensional geometry changes to some 
manifold AI3 (to be calculated) and F4 couples to the brane world volume (blue). (In red, 
we have the part of the flux F4 needed to support the background.) 



The dynamic Calabi-Yau volume (measured in units of 11-dimensional Planck 
length) is parametrized with a scalar T2 . The volume form on the S 2 with constant 
radius is L02, and </cy 3 is the Kahler form on the unit volume Calabi-Yau. In 
this ansatz we allow two contributions to the M-theory gauge field F4: the part 
along LO2 A Jcy 3 describes the flux needed to support the background (red cycles in 



figure 8.2(b) I, while the first term in (|8.2.4[) is the one sourced by sphere- wrapped 



M2-branes (blue cycles in figure |872(b) ) 



The degrees of freedom in this Ansatz are the components of the three-dimensional 
metric 173, the Calabi-Yau volume T2 and the electric field A in three dimensions. 
We describe the one-form A in terms of a real scalar field ti , as this is more natural 
from the three-dimensional point of view, using the Hodge duality: 

dA = -*-^±, (8.2.5) 

where *3 is taken w.r.t. the three-dimensional metric ds§. Finally it is natural 
in three dimensions to combine the dualized electric field t± and the Calabi-Yau 
volume T2 into one complex scalar r as: 

t = n + ir 2 . (8.2.6) 

One can then check that for an Ansatz of the form specified above, the 
eleven-dimensional equations of motion become equivalent to those of the three- 
dimensional action (G3 is Newton's constant in three dimensions): 



We point out a few interesting facts about this reduction: 



MOTIVATION 
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theory 


background branes 


source branes 


M on S 2 x T e 
IIB on S 3 x T 4 
IIB on S 3 x T 4 
Z7B on S 3 x T 4 

F on S 3 x T 6 


M5's 
F>3-F>3 
Dl -F>5 
Fl - NS5 
D3-D3 


M2 on S 2 
D3 on S 3 

D5 on S 3 x T 2 
NS5 on S 3 x T 2 

F>7 on S 3 x T 4 



Table 8.1: Embeddings of the three-dimensional axion-dilaton system in various higher 
dimensional theories related by U-duality. The axion-dilaton r is in each case a modulus 
of the toroidal compactification. The background branes produce a near horizon AdS3 flux 
compactification, and the source branes couple to r. For details of the embedding into 
different higher- dimensional theories, we refer to the appendix of ]P7J . where the explicit 
U-duality chains are given. 



Although we are mainly interested in the M-theory origin of the three- 
dimensional system (|8.2.7|) discussed above, solutions to (|8.2.7[) can of course 
be embedded in any higher dimensional theory that allows (|8.2.7p as a 
consistent truncation. Of special physical interest are embeddings in a type 
IIB string theory on S 3 x Ma (with M 4 either K 3 or T 4 ), which is the 
near horizon limit of the D1-D5 system. In the probe approximation, branes 
wrapping the S 3 have been conjectured to account for the entropy of the 
Strominger-Vafa black hole in a similar manner as th e S 2 -wrapping M2-branes 
in the M-theory frame did for the current setup [21 ll ] . Performing an S-duality, 
one obtains another interesting duality frame where only NS sector fields are 
excited and which could be the starting point for a sigma-model description. 
In another duality frame of interest, our system describes the backreaction 
of D7-branes wrapped on S 3 x A4 4 . In this frame, the field r is the standard 
axion-dilaton of type IIB. Our configurations can then be viewed as nontrivial 
solutions of F-Theory. For an overview, see Table 18.11 



Instead of compactifying to three dimensions, one can instead consider the 
five-dimensional theory obtained by reduction on the Calabi-Yau alone. This 
reduction gives us the action of J\f = 1 supergravity in five dimensions. The 
complex scalar r is then part of the universal hypermultiplet. To account 
for the charge and backreaction of probe branes wrapped on S 2 we must 
seek solutions with non-trivial hyperscalars turned on. There is an exte nsive 



literature on t he general framework of finding solutions in this situation [212 



I2H Eli [215^ . though few specific examples are known. Our solution is a 



new example with non-trivial hyperscalars. 
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8.3 Three-dimensional system and Ansatz 

In this section we discuss the equations of motion for supersymmetric solutions to 
the three-dimensional action 

s -'ih;h 3 ^'{ R+ i- { >'- 1 ^)- ^ 

This system describes three-dimensional gravity with a negative cosmological 
constant A = — I /I 2 , coupled to a complex scalar r = t\ + 1T2, which has a typical 
axion-dilaton type kinetic term, describing a sigma model for the SU(1, 1)/U(l) ~ 
SL(2,R)/ SO(2) symmetric space. There is an SL(2,R) global symmetry and a 
U(l) local (gauge) symmetry, carried by the one- form A (Hodge dual of n, see 
eq. (|8.2.5|) ) . In the I — > 00 limit this action is that of the seminal paper on cosmic 
strings by [2061 ] . Note: we have introduced a coupling constant /1 in front of the 
axion-dilaton action. Positive energy requires fi > 1 and from the previous section 
we know that the M-theory reduction fixes ijl = 3/2, which is the value we are 
interested in (the eleven-dimensional origin of the scalar t\ is as the Hodge dual 
of the electric field sourced by the M2-branes, while T2 is the dynamic Calabi- 
Yau volume). Nevertheless, we are able to construct solutions for more general 
although it is not clear whether these allow for a supersymmetric embedding. 

8.3.1 Equations of motion and Ansatz 

The equations of motion one obtains from the three-dimensional action (|8.2.7p are 

2 , > d( a Tda\ f 

Ra0 + »g°g = 0*~ 1 ) 2 ■ ( 8 - 3 - 2 ) 

d a (V^99^d fj r) + l ^— gg ^ d -2l^ = Q. (8.3.3) 

T2 

It is important to note that, due to the specific 'non-standard' kinetic term for 
the scalar r, equation (|8.3.3p — from varying with respect to f — only features 
derivatives of r and not of f . Furthermore,the probe branes we started from were 
moving with a constant velocity. By a linear coordinate transformation, one can 
make them static w.r.t. the new time direction t , i.e. at a fixed time-independent 
position. The metric in these new coordinates is then stationary (we have shifted 
the rotation of the probe to a rotation of space-time). 

Therefore, we seek stationary solutions to the backreacted syste m (|8.3.2l8.3.3p as 
well: dtT — 0, for a specific time coordinate t. As was shown in [2061 ] for the flat 
space analog of our system (I — 00), these two facts combined imply that the scalar 
equation of motion can be solved by choosing r to be (anti)-holomorphic in the 
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complex coordinate naturally made up of the remaining two spatial coordinates. 
Moreover, this implies the solution is supersymmetric. One can see from 1)8. 3. 3p 
that this remains true even if the full three-dimensional metric is not flat but when 
the spatial part of y/gg a/3 consists of constants. 

Metric Ansatz: Any stationary metric in three dimensions for which y/gg a/3 = est 
along the spatial directions, is equivalent to the form 



dsl 



l - (-{dt + x? + e 2 ^ zrz) dzdz^j . (8.3.4) 



This metric describes a timelike fibre over two-dimensional flat space, which we 
parameterize in complex coordinates z. 



Equations of motion bis: With the metric Ansatz (I8.3.4|) . the r equation of 
motion (18.3.3|) reduces to 

ddr + i^^=0. (8.3.5) 

It can be solved by taking r t o be an arbitrary holomorphic or antiholomorphic 
function. As we have shown in |P7| this gives a supersymmetric solution. 

We further assume that r is a holomorphic function 

t = t{z). (8.3.6) 
Using the metric ansatz (|8.3.4|) . the Einstein equations (|8.3.2[) are written as 

d x = ^e 20 dzAdz, (8.3.7) 

e 2<#> drdf 
dd^-— = — (m — 1)~t _ | _ - (8-3.8) 

The equation for <j> is the Liouville equation with a source term provided by r. 



8.3.2 Solutions - a short discussion 

We have seen that choosing a holomorphic function t(z) in principle determines 
the solution, specifying the warp factor (j> and the one-form x of the metric through 
the Einstein equations (|8.3.7[) , (|8.3.8D . Note that the complex scalar r lives on the 
upper half plane, as its imaginary part ti , is positive (think about the interpretation 
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of r 2 as the Calabi-Yau volume). In conclusion, the holomorphic maps from the 
spatial base with coordinate z to the upper half plane with coordinate t(z) classify 
the solutions. However, unexpected difficulties appear. These are most easily 
discussed by starting with the flat space analog (I = oo). 

Z) Flat spa ce (K = 0, or I = oo). In this case, the three-dimensional system is 
that of [206, 9lf. It describes the three-dimensional part of the geometry 
and the relevant fields for either cosmic strings in four dimensions or D7- 
branes in ten-dimensional type IIB supergravity (r is then the axion-dilaton 
of type IIB string theory) . The spatial base with coordinate z is the complex 
plane. It is argued that the SL(2,K) symmetry associated with r, is broken 
to SL(2,Z) by quantum effects. One should then consider solutions that 
are SL(2, Z)-invariant. This is achieved by considering holomorphic maps 
from two-dimensional space (the complex plane with coordinate z), to the 
fundamental domain F, where F is the SL(2, Z)-quoticnt of the r-complex 
upper half plane H F — H/ SL(2, Z). There is a function that provides a one- 
to-one map from the complex plane (coord, z) to the fundamental domain 
(coord. t(z)), namely the j-function. Solutions are constructed using this 
map. 

Z) Negative cosmological constant, (A < 0, or I finite). This is our three-dimen- 
sional system. Again, holomorphic maps t(z) determine the solution. 
However, the spatial part of the geometry, with coordinate z is no longer 
the entire complex plane. Instead, one should consider the spatial part of the 
geometry to be described by a manifold with a boundary. This can be seen 
for instance by considering the solution with constant r, namely AdS3 space. 
AdS3 has a different topology than flat space: the spatial part of the geometry 
has a boundary, and has the topology of a disk, namely a two-dimensional 
surface bounded by a line. Alternatively, we can describe the spatial part of 
the geometry by letting z run over the upper half plane, as this has the same 
topology. Now things get more complicated. In order to find finite energy 
solutions, one would prefer to follow the prescription of 206], and restrict 
to SL(2, Z)-invariant solutions, by constructing a holomorphic map from the 
spatial part of the geometry (the complex upper half plane with coordinate 
z) to the fundamental domain F. However, such a holomorphic map cannot 
be found, because the domain and the range have different topology. We thus 
do not have a natural way of constructing SL(2, Z)-invariant solutions. 

In light of these difficulties, we ignore the SL(2, Z) invariance and study the identity 
map 

t{z) = z (8.3.9) 

from the spatial base, considered as a complex upper half plane to the entire r- 
space H (not restricting to a fundamental domain). The above map is one-to-one 
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and has a first-order pole on the boundary at z — too. More general multiple-to-one 
maps can be locally brought into this form by a conformal transformation. The 
metric for this choice of r is derived in appendix IA.21 We discuss the form of the 
solution for the specific choice t(z) = z in the next section. Note that because of 
the pole at the boundary, this solution has infinite energy (alternatively, infinite 
energy is seen from the fact that the map t{z) = z covers an infinite amount of 
fundamental domains.). We will also discuss this issue in the next section. 



8.4 Our solution: Godel space 



We discuss a solution to the three-dimensional system given by the action 



S: 



1 



3d 



16ttG 3 



d„Td^T 



.4.1) 



The three-dimensional metric is (|8.3.4|) . where the spatial base with coordinate z 
is taken to be the complex upper half plane. We consider the metric solution when 
the complex scalar t(z) is the identity map on the upper half plane 

t{z)=z. (8.4.2) 

We have prov en that solutions with holomorphic axion-dilaton t(z) are supersym- 
metric in 



P7[. We do not give the details, only the resulting geometry. 



Metric: three-dimensional Godel space 

Defining z — x + iy, the solution for the metric is (see appendix IA.2I for details) 



, , dx . 9 dx 2 + 

-H(dt+— ) 2 + J 

y y 



dy 2 



(8.4.3) 



after a rescaling of the time coordinate t — > jit. This is the metric of timelike 
warped Anti-de Sitter space (see for instance [2161 ] ). It describes a timelike fibre 
over Euclidean AdS2, also known as the hyperbolic plane. The latter is the upper 
half plane (x,y) endowed with the metric (dx 2 + dy 2 )/y 2 . 



We distinguish three cases: 



• fj, = 1 In this case, this is just the metric of global AdS3. This is no surprise, 
because in this case the complex scalar r decouples from the metric (its 
coupling constant ji — 1 in the action becomes zero). 
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fi > 1 For /j, > 1, including the case of interest \i = 3/2, the timelike fiber 



is stretched, and t he s pace is known to be the Godel geometry |217j . Godel's 
original solution [2071 ] was four-dimensional: it is a direct product of the 
three-dimensional space above, with /i = 2, and a line. This is one of the first 
examples of a three-dimensional supersymmetric Godel space in the literature, 
see also [208]. We discuss below that the stretching of the timelike fibre 
induces closed timclike curves. 



/i < 1 



Formally one could also take fx < 1, in which case the timelike fibre 
is squa shed with respect to pure AdS3. This space has no closed timclike 
curv es |216| and also appears as a solution to topologically massive gravity 
[2181 ]. However it arises from an unphysical matter source: as we can see 
from (|8.2.7|) . it requires a 'ghost' axion-dilaton with a wrong sign kinetic 
term. Alternatively, one can see it as coming from a perfect fluid source with 
negative energy density (see (|8.4.5[1 below). 



Properties of Godel space 



We restrict attention to p, > 1 in what follows. 

Link to original Godel solution. Godel's original solution was four-dimensional. 
The metric of four-dimensional Godel space has the form ds| = ds§ + dz 2 , where 
ds 2 represents the solution (|8.4.3|) above with /.i = 2 and z is a decoupled fourth 
direction. From now on, we call the three-dimensional part of the geometry, with 
fi > 1, Godel space and denote it G6del3. Godel's solution was originally obtained 
as a solution of gravity with negative cosmological constant A = —l/l 2 in the 
presence of a pressureless fluid source. It is instructive to check that the energy- 
momentum tensor of our scalar field solution r = x + iy behaves exactly as a 
pressureless fluid: 



T = — 



1 SS T (/l - 1) 1 



8ttG 3 



8irG 



3 ^2 



:g^d p Td p T 



3.4.4) 



where the unit vector is it^ 
1 n - 1 



|<5q and the energy density of the fluid is 



2nGd 2 



§.4.5) 



Setting fi — 2 we again find the expression in [2071 ] . The fluid flow is rotational 
since *3(u A du) is a nonzero constant, indicating that Godel space rotates around 
every point. 
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Appearance of CTCs. It is well known that Godel space suffers from causal 
pathologies in the form of closed timelike curves (CTCs). These are most apparent 
in the coordinate system which has the Poincare disk as the spatial base. The 
following coordinate transformation takes us to this frame: 



1 + w 

z = i- , 

1 — w 

t = i + 2arg(l - w). 



.4.6) 



We define w = re llf and drop the tilde on t to get 



ds 2 = ^ 



-fx(dt 



2r 2 



dr 2 + r 2 d(p 2 
(l-r 2 ) 2 



14.7) 



In the above form of the metric, it is easy to see that the vector field d v becomes 
timelike for r > so that (^-circles become closed timelike curves for these values 
of the radius. 



Problems with the solution 

We have already encountered one unwanted feature of our solution: the appearance 
of closed timelike curves. But there is more. The solution for r reveals that it 
carries an infinite amount of £7(1) charge (remember that t± is Hodge dual to a 
gauge field for the local [/(l)-symmetry. In terms of eleven-dimensional fields, this 
(J(l)-charge is just M2-brane charge). We comment in some detail. 

In the upper half plane coordinates, the solution r(z) = z has a pole at infinity, 
so we expect to have some source there. We continue the discussion in the disk 
coordinate frame (t,w,w), as it is useful to visualize the axion-dilaton solution r. 
Using the mapping to the disk coordinates Q8.4.6p . we find 

t(u>) = 4±^. (8.4.8) 
1 — w 

The form of r(u>) reveals a source is located at the point w = 1 on the boundary. 
We argue this graphically. First, one can check the lines of constant dilaton T2 are 
circles tangent to w = 1. Using the relation of T2 to the gauge field (|8.2.5D 

and the metric (18.4.3|) . one can furthermore show that also plays the role of 
the scalar potential for the electric field, so these circles are also equipotential 
surfaces. The electric field lines are the lines of constant t\ and are orthogonal to 
the equipotential circles. These properties are illustrated in figure [B~51 
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From the form of the electric field 
lines, it is clear that there is a source 
at the boundary at w — 1. Since 
the interpretation of the gauge field 
in eleven dimensions couples to M2 
branes, the source reveals the pres ence 
of M2 brane charge. In our work P7| . 
we found that the amount of charge 
is infinite (I omit the details here), 
leading to an infinite energy solution. 
The fact that the global Godel space 
carries an infinite amount of charge 
is probably due to the fact that the 
axion-dilaton solution covers an infi- 
nite number of fundamental SL(2,Z) 
domains. It seems plausible that one 
can obtain finite charge solutions by 
taking appropriate quotients of the 
global Godel space, but we do not have 
a clear view on how to achieve this at 
the moment. 




Figure 8.3: The Godel solution in disk 
coordinates. Circles within the gray zone 
and centered at the origin are closed timelike 
curves. The solid lines are equipotential 
surfaces (constant Tz), the dotted lines are 
electric field lines (constant ti). The brane 
source is at w — 1. 



8.5 Joining Godel space to AdS space 

One of the original motivations in studying the three-dimensional system (|8.2.7|) . 
was to analyze solutions corresponding to branes wrapped around the S 2 of an 
AdS3 x S 2 geometry. However, we found a solution of the form G6del3 x S 2 , which 
no longer has AdS asymptotics. Both from the point of view of holography and from 
the black hole microstate motivation it would be interesting if there was some kind 
of 'embedding' of these solutions into an asymptotic AdS space-time. Probably the 
most straightforward way of realizing such a setup is by enclosing a Godel region 
carrying the M2-charge by a domain wall that cancels this charge. Then, as in 
three dimensions all vacuum space-times are locally AdS3, on the other side of the 
wall we are guaranteed to find a local AdS3 space-time. In P7| , we realized exactly 
this idea, although it turns out that, under our assumptions, demanding that the 
AdS-side of the domain wall is connected to the boundary is equivalent to having 
a negative tension domain wall. In the case we have the Godel part of space-time 
on the outside then the domain wall is made up of more familiar positive tension, 
smeared out M2-branes. For an overview see Fig. 



An othe r mo t ivati on to consider such a domain wall construction is the analogy 



12 1 0j | . In these references the authors show that one can remove the 



to 

closed timelike curves of Godel-like space-times by introducing a domain wall that 
connects it to an AdS-like spacetime. Naively one would hope the same effect to 
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take place in the current setup. However, for our setup, this seems not to be the 
case, as closed timelike curves are present in the space-time even after introducing 
the domain wall, as we show below. We were not able to find a more general 
construction that eliminates the closed timelike curves, see below. This however 
remains an interesting goal for future research. 

Placing a domain wall: The idea is to look for the possibility of having a domain 
wall (a two-dimensional hypersurface, dividing three-dimensional space-time in two 
regions), such that on one side of the domain wall we have Godel space, and on 
the other side we have a locally AdS space. We ask the metric and the complex 
scalar to be continuous as we go across the domain wall, to have a good solution. 
However, the fields do not have to be differentiable as we go across the wall: there 
can be a jump in derivatives of the fields, inducing diverging second derivatives 
(delta- functions). For a cartoon, see figure \8A[ We conclude the field equations 



Figure 8.4: Fields are continuous across a domain wall, but need not be differentiable. 
This means the domain wall acts as a source for the field equations. 

can have delta-function singularities at the location of the domain wall. To cancel 
these delta- functions, we need to place source terms at the location of the domain 
wall. We demand these source terms carry M2 brane charge, in order to cancel 
the M2 brane charge carried by the Godel region. Therefore, we propose a domain 
wall made up out of M2 branes. Since M2 branes couple to the Calabi-Yau volume 
T2, we also propose to put the source branes on constant T2. In the upper half 
plane coordinates of Godel space, we put the domain wall at y = t<i = Y, with Y 
a constant. 

The glued solution: In |P7l |. we performed the calculation for a domain wall with 
the properties above (with M2 brane charge, at y = Y = est). We do not present 
the details of the calculation, we summarize the results. Denote the tension of 
the domain wall as a. We take units such that a is normalized to have norm one, 
but we allow negative tension (a — ±1). We find two possibilities, summarized in 
figure 18.51 



Fields , k 



Domain 



Wall 




Normal coordinate 
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-a = 1 





-a 



1 

AdS 3 


i J/ 

y = Y 


G6dcl3 


X 




Figure 8.5: Overview of the different gluings. On top we have presented the picture in 
the upper half plane coordinates x,y, most natural to Godel space at t — est. On the 
bottom the glued space-time is presented in global AdS coordinates. The di sk s hown here 
is a a =cst slice of the cylinder that is AdS3. As discussed in our article \P1J . in these 
coordinates one still has to make an identification, inducing CTCs. Note that we have 
introduced the standard Penrose coordinate 9, defined by tan 6 — sinhp. The left hand 
side is that for the choice of a = — 1. In this case the AdS part of space connects to the 
boundary, but the domain wall has negative tension. On the right hand side the situation 
is depicted for the opposite choice. Now the Godel part connects to the boundary and 
the domain wall has positive tension and an interpretation as smeared M2-particles. (the 
constant e was introduced in \P'k l. but can be neglected in the present discussion) 



The case we would be most interested in is that of negative a, as then the glued 
space-time is asymptotically AdS and we know how to do holography on such 
spaces. However, a = — 1 implies negative tension for the domain wall. Even 
though negative t ensio n domain walls are not unheard of, either in supersymmetric 



theories ( see e.g. |221| ). or as orientifold-type objects in string/M theory (see e.g. 



222, 223]), clearly it is harder to interpret them in terms of fundamental M-theory 
branes. It might still be interesting to understand these glued spaces in more 



CONCLUSIONS AND FUTURE DIRECTIONS 



189 



detail through holography. Moreover, we found that the solution with Godel glued 
to AdS, involves making a certain identification on the coordinates, that induces 
more CTCs. Instead of losing the bad properties of Godel space, we run into more 
trouble and do not have a well-behaved solution. Finding a well-behaved gluing 
with the desired properties (asymptotic AdS, no CTCs) remains a goal for future 
research. 

B® 3 Note: as an aside, we attempted a similar gluing of Godel space to AdS space, 
without the presence of the scalar r. In this case, there is no gauge field 
and we do not need to require the domain wall to carry any charge. Wc 
were able to successfully perform the gluing in this case. Even though the 
interpretation in terms of the eleven-dimensional system above is lost, it is 
still a nice result. It is given in short in the next chapter. 

8.6 Conclusions and future directions 

In this chapter, we have constructed supersymmetric solutions to three-dimensional 
axion-dilaton gravity with negative cosmological constant which describe the 
backreaction of S 2 -wrapped M2-branes in M-theory. We found a class of solutions 
where the axion-dilaton is holomorphic and where the local geometry is that of the 
three-dimensional Godel universe. These solutions preserve four supersymmetries 
in agreement with the analysis in the probe approximation. We have also shown 
that our solutions can be glued, in a supersymmetric manner, into asymptotically 
AdS3 geometries by including a charged domain wall. 

Let us comment on some aspects which deserve a better understanding and some 
interesting directions for future research. A first puzzle is that our backreacted 
solutions have M2-brane sources only on the boundary, whereas in the probe 
approximation discussed in the section 18.21 it appeared as if the M2-branes could 
be placed anywhere. This could point to the existence of more general solutions 
with sources in the interior, but it could also be due to the fact that these are 
codimension-two objects producing long-range fields; hence the probe picture might 
be unreliable. Another feature of our solutions is that the brane charge residing on 
the boundary is actually infinite. This can be seen as a consequence of the fact that 
r takes values in the entire upper half plane. One way to obtain a 'stringy' finite 
charge solution, would be to identify values of r related by SL(2, Z) transformations 
and make a similar identification on the coordinate z of the base manifold. The 
M2 brane charge would then be finite. A similar procedure would work for an 
arithmetic subgroup of SX(2, Z). One should note that such constructions in 
general involve identifications generated by timelike vectors and will produce more 
closed timelike curves. Nevertheless, such configurations are finite-energy, finite 
charge BPS solutions, and one would expect them to contribute to the path integral. 
It would be interesting to understand their role better. 
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Our original motivation for studyi ng this system was the black hole microstate or 



deconstruction proposal [2021 11961 . |4|, 1 1 581 ] , where it was argued that S wrapped 



M2-brane probes have a large quantum mechanical degeneracy (coming from 
lowest Landau levels on the internal Calabi-Yau) that can account for the black 
hole entropy. An interesting question is whether this degeneracy can also be 
understood after including the backreaction. This might furthermore clarify the 
relation between these deconstruction states and other BPS solutions carrying the 
black hole cha rges that are more closely related to the original fuzzball proposal 



[137L HioL 139]. Al though various BPS so l utio ns were explicitly constructed, see 

e.g. (ll5ril74ll72lll^l^ it was argued recently that these 

might only account for a subleading fraction of the black hole ensemble |224l [j| . It 
would in particular be interesting to understand the deconstruction microstates in 
a dual CFT and see if and how they evade the bound of |5[ . Our gluing procedure 
in the previous section is a first attempt in this direction. It would be interesting 
to explore more general gluings into AdS3 and their holographic interpretation. 
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Aside: Relating chronology and 
unitarity through holography 

Summary 

We consider a ball of homogeneous, rotating dust in global AdS3 whose backreaction 
produces a region of Godel space inside the ball. We find the geometry outside of the 
dust ball and compute its quantum numbers in the dual CFT. When the radius of 
the dust ball exceeds a certain critical value, the space-time contains closed timelike 
curves. Our main observation is that precisely when this critical radius is exceeded, 
a unitarity bound in the dual CFT is violated, leading to a holographic argument for 
chronology protection. 

Relation to chapter [BJ In the previous chapter, we discussed a three-dimensional 
system of gravity, with a negative cosmological constant, coupled to a complex 
scalar r. We found a solution, three-dimensional Godel space, that has closed 
timclike curves (CTCs). A first try to eliminate the CTCs by gluing Godel space 
to a locally anti-de Sitter space failed, as discussed in the previous chapter. In 
this chapter, we discuss a similar idea, that gets rid of the CTCs and leads to an 
interesting observation (see below). 
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ASIDE: RELATING CHRONOLOGY AND UNITARITY THROUGH HOLOGRAPHY 



We study the toy model of a three-dimensional combined gravity and matter system 
with negative cosmological constant, where we do not specify the microscopic 
matter content in detail. We assume that the matter sector can effectively produce 
a source of pressureless dust, but we do not consider any more dynamical equations 
it could come from. (In terms of the discussions of the previous chapter, we do not 
consider the scalar equation of motion for r, but only consider its effect as a source 
to the Einstein's equations.) 



9.1 Introduction 



Kurt Godel was the first to emphasize that Einstein's equation, in the presence 
of seemingly innocuous matter sources, c an le ad to causality violating geometries 
containing closed timelike curves (CTCs) \207\ . Since then, classical solutions with 
CTCs have popped up ubiquitously, including supersymmetric versions of Godel 
space in supergravity theori es, b oth in 3+1 dimensions as well as in their higher- 
dimensional parent theories 153]. Such space-times lead to a variety of pathologies, 
both within classical gener al re lativity as well as for interacting quantum fields 
propagating on them (see 225] for a review and further references). This led 
Hawking to propose the Chronology Protection Conjecture, stat ing that regions 
cont aining CTCs cannot be formed in any physical process |226| . It is expected 



2271 ] that a fully consistent treatment of such a dynamical argument behind 
chronology protection requires the issue to be addressed in a quantum theory where 
both matter and gravity itself are quantized. 

The AdS/CFT correspondence |228| proposes that combined quantum gravity and 
matter systems on anti-de-Sitter (AdS) spaces have a holographic dual description 
in terms of a unitary conformal field theory (CFT) in one lower dimension. It is 
therefore ideally suited to study the issue of chronolo gy p rotection in asymptotically 
AdS spaces. Indeed, several examples are known [229j where the appearance of 
CTCs in a BPS sector of the bulk theory is quantum mechanically forbidden as it 
would correspond to the violation of a unitarity bound in the dual CFT. In this 
chapter, we show that a similar conclusion holds for 2+1 dimensional Godel space 
and give a simple argument that creating a patch of Godel space large enough to 
contain CTCs would require violating unitarity in the dual CFT. The important 
novel feature is that the results do not rely on supersymmetry, but o nly on th e 
general properties of gravity theories on AdS3 that were established in f230L l23l | . 



9.2 Ansatz for a Godel-AdS solution with dust 



We consider Einstein's equation with negative cosmological constant A = — l/l : 

Rab — TjRgab — J29ab = SltG^Tab , (9.2.1) 



Ansatz FOR A GODEL-ADS SOLUTION WITH DUST 
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where G3 is the (2+l)-dimensional Newton constant, I is the AdS3 radius and we 
take 

Tab = 2nGl 2 UaUb ' (9.2.2) 

with u a unit timelike vector and p a dimcnsionlcss number parameterizing the 
energy density. 

We solve Einstein's equations (|9.2.1[) for a homogeneous ball of rotating dust, where 
we take the energy density p to be nonzero and constant inside the ball and zero 
outside. Inside the ball, the metric is that of Godel space, while outside we expect a 
metric of generalized BTZ type characterized by a mass M and angular momentum 
J. 



Inner (Godel) region On the inside, we have the Godel space metric 



cist = I 1 



-(dt + (i 



(1 -r 2 ) 



d4>f 



dr 2 



fi- 



(1 -r 2 ) 2 



(9.2.3) 



where r runs between and r® < 1, the radius where the dust region ends. The 
angular coordinate <p is identified with period 2tt. The Einstein equations determine 
p in terms of the energy density p of the dust as 



1 



(9.2.4) 



The physical values are p > 0, for positive energy, and p < 1, for a Minkowski 
signature of the resulting metric. Note that for /x = 1, (p = 0), the metric describes 
global AdS3. When r exceeds the critical value l/yfil, CTCs appear since d<j, 
becomes a timelike vector in the region r > 1/ JpZ. We depict the regions with 
CTCs in figure [9"7T1 both for the geometry and in (r , p) parameter space. 



Outer (locally AdS) region Outside of the dust ball, we take a metric Ansatz 
which is a vacuum solution to (|9.2.1[) and which generalizes the BTZ metric: 



dsi 



-(u - M)dP + Jdidcj) + ud(f> 2 + 



du 2 



f(u) = u 2 - Mu + 



(9.2.5) 



The angle <j) is identified with period 2-7T and the real parameters M, J are the 
ADM mass and angular momentum (in convenient units) respectively This metric 
is taken to hold for values u > uq. Below, we relate uq to ro- 
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(a) 



(b) 



'"(> 



Figure 9.1: The appearance of CTCs in the Godel region in terms of the 
parameters ro and p. On the left: when ro > 1/^/JL, or equivalently ro > ^/l — p, there 
are CTCs in the shaded region of the geometry. Figure on the right: the (ro,p) parameter 
space. Again, the (darkest) shaded region corresponds to having CTCs in the Godel space. 



M 



Region I 



Region III , Region III 

AdS, \ 



4^ 



Region II 

-1 1 

(a) 




Figure 9.2: Left: the three different types of geometries described by the locally AdS metric 
()9.2.5I) . in terms of the two parameters (J,M). Note that global AdS corresponds to (J = 
0, M = —1). Right: the same (J, M) -parameter space. The geometries in the shaded 
region correspond to a non-unitary dual CFT. 



Ansatz FOR A GODEL-ADS SOLUTION WITH DUST 



195 



We discuss the properties of this class of metrics in (J, M) parameter space. We 
have three regions: the locally AdS metric describes either the BTZ black hole, a 
spinning conical defect, or an overspinning object, see also figure [ 



Z> Region I: M > \ J\ > 0. The metrics (|9~2"31) describe BTZ black holes [232 1. 
The coordinate u ranges over R. The function / has two positive real zeroes, 
which correspond to the inner and outer horizons. (In the region u > 0, the 
standard radial BTZ coordinate is related to u as u — r^ TZ .) 

Z> Region II: For — M < \ J\ < 0, henceforth referred to as region II, the metric 
describes a spinning conical defect. The function / has two negative real 
zeroes, between which the signature of the metric becomes Euclidean. One 
can verify that at the largest zero u +1 the metric has a conical singularity 
arising from a pointlike source. The range of the u-coordinate is u > u + and, 
as before, there are CTCs in the region where u + < u < 0. There is one 
exceptional point, namely M = — 1, J = 0, for which the geometry becomes 
smooth global AdS3. 

D Region III: — |J| < M < \J\. The metric describes an overspinning 
object. The function / has no real zeroes and the metric is free of curvature 
singularities, while u ranges over the real line. The space contains a 'naked' 
CTC region for negative values of u. 

Let us also briefly discuss part of the AdS/CFT dictionary. One finds that the 
outside spaces (I9.2.5j) correspond to states with conformal weig ht*0 

L = ^(M + J + 1), L = ^(M-J + 1). (9.2.6) 



The central charge of the CFT is given by c = ^ |23u| . Unitarity implies that 
conformal weights in the CFT are positive, leading to the bound Lq > 0, Lo > 0. 
In terms of M and J, this is equivalent to 

M + 1>\J\. (9.2.7) 

States violating this bound are forbidden by unitarity and, according to the 
AdS/CFT conjecture, cannot be part of the spectrum in a consistent quantum 
gravity theory on AdSa . Figure 19.21 shows the region where this bound is violated 
in (J, M) parameter space. 



Matching the regions. We match the two geometries at r = r$ to u = wo( r o) 
by solving the Einstein equations across the shell r = r Q . This matching gives 

1 The Virasoro quantum numbers of the spaces 19.2.51 1 can be extracted following the standard 
procedure of co mputing the renormalized boundary stress tensor and extracting its Fourier 
coefficients 233] . 
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(M, J, Ho) in terms of the physical parameters of the solution, r ( rad ius of the 
Godel patch) and p (the energy density). After some algebra (see |P8|) one can 
check that there are 2 solutions, by choosing the angular momentum J to be either 
positive or negative. 



M . - (1 -^-r'';-f» + ;°' 1+ " 2 » . (9 .2,) 

(!-^o) 2 (! -pr 



u o = n r ° (1 2 / n ""V (9-2.10) 
(1 -rg) 2 (l -p) 2 



We fix this freedom by taking J to be positive (the positive sign in the equations) . 

As the range of the physical parameters is < ro, p < 1, one finds that the solutions 
above only give rise to spinning conical defects and overspinning objects. This can 
be seen by considering the map (ro, p) — > ( J, M). Details can be found in P8(, we 
just give the pictorial representation in figure [ 




Figure 9.3: The range of solutions in (M, J)-space that is traced out by all allowed 
possibilities for (ro, p) through eqs. (|9.2.8[) and (|9.2.9[) . The darkest shaded region contains 
CTCs. We only give a specific range in (J, M)-space, the region with J < is the mirror 
image around the vertical M-axis. 
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9.3 Chronology protection in gravity from unitarity in 
CFT 



The key observation is that, as can be seen from figure 19731 the region with CTCs 
in the geometry corresponds exactly to a violation of the unitarity bound in the 
dual CFT. We discuss this a little bit more. 

• CTCs in our matched solutions. Remember that a priori we have two regions 
in which closed timelike curves can appear in the solution. The inside part 
of the metric (Godel space) has CTCs when r > -y= = ^/l — p, the outside 
metric when uq < 0. But observe that by (|9.2.10D these two conditions are 
equivalent, hence either no closed timelike curves appear at all, or they appear 
both in the inside and outside parts of the metric. In parameter space these 
closed timelike curves can only appear in the darkest shaded region in figure 



• The unitarity bound M + 1 > \ J\ (eq. (|9.2.7[) ). This gives an extra constraint 
on which outside metrics are physically acceptable. Taking a look at the 
relation between M,J and ro,p, we see that the bound for the absence of 
CTCs rg < 1 — p precisely coincides with the unitarity bound M + 1 > |J|. 
This can be seen directly as by ()9.2.8|) . (19.2.9|) 

M+l \J\- (1 _ rg)a(1 _ p)a . (9.3.1) 

Hence our main observation: the condition of unitarity is equivalent to that of the 
absence of closed timelike curves. 



9.4 Outlook 

In this chapter, we have discussed an example where the appearance of CTCs in 
a Godel region within AdS3 was shown to precisely coincide with the violation 
of a unitarity bound in the dual CFT. It was important that the Godel region 
was supported by pressureless dust such that we only needed to solve the Einstein 
equations (there are no other fields, e.g. no scalar field that supports the dust as in 
the previous chapter). Moreover, our observation does not rely on supersymmetry, 
contrary to similar discussions in the literature. 

Based on our result and other examples in the literature [229l | , it would be natural 
to propose an AdS version of the Chronology Protection Conjecture, stating that 
regions with CTCs in AdS spaces cannot be formed as a result of any unitary 
process. The AdS/CFT correspondence could in principle be used to address 
whether this proposal is true in general. If so, it would be very interesting to 
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gain insight into the deeper dyn amical mechanism that prevents the formation of 
regions with CTCs, see e.g. [220] for some proposals in the context of string theory. 

Note added: In a recent work, we were able to find such a dynamical mecha nism , 



explaining the removal of CTCs in the three-dimensional system studied here [234 1 . 
The removal follows from an embedding of the three-dimensional system, studied in 
this chapter, in ten-dimensional type IIB string theory. The responsible mechanism 
is the condensation of extra light degrees of freedeom that exist in string theory, 
but do not reveal themselves in the (super)gravity approximation. We found that 
those degrees of freedom are 7-branes, wrapped on an internal 7- manifold. Those 
7-branes are particles from the three-dimensional point of view. They condense 
on the r -circle, where they become massless and excise the problematic region of 
Godel space, much Hike above. In this way, the results above relating unitarity in a 
dual field theory to absence of CTCs in bulk spacetime apply in that more intricate 
setup as well. 
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Conclusions 



Summary 

This chapter gives concluding remarks on the topics discussed in this thesis. These 
topics are the two main research fields mentioned at the introduction and a third one, 
which unexpectedly followed from the original motivations. For detailed conclusions 
with outlook, we refer to the conclusions to each chapter. Here, we only give the 
main idea of the research topics dealt with in this work, we highlight which were the 
new contributions and we give the most important pointers for future work. 



First-order formalism for black holes and beyond 

Due to the constraints by supersymmetry, the equations of motion for the many 
scalar fields that arise in (super)gravity for spherically symmetric black hole 
and p-brane solutions can be formulated as first-order equations in terms of a 
superpotential W(q): 

<^' = « (10.0,, 

The q % are the scalar fields (j> a of the supergravity theory and a function U in the 
metric (redshift factor). We investigated when eqs. of the form (|10.0.1[) arise for 
non-supersymmetric solutions and what the necessary conditions are. New results: 
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> For gravity, coupled to a gauge field and one scalar field (a dilaton) in 
arbitrary number of space-time dimensions D, all black hole and p-brane 
solutions are found from first-order equations of the form (|f O.O.f p . 

> Before, the assumption was made that the superpotential should take on 
the split form W(Z7, <f> a ) = e u W{(f) a )^\ We have shown that for general non- 
supersymmetric black holes, this factorization property does not hold. 

> The necessary condition: the description for the scalar fields must be 
integrable in the sense of Liouville (for n scalar fields q\ their must be n 
constants of motion that commute under the standard Poisson brackets). 

> A method of principle to construct W for scalar manifolds that are symmetric 
spaces illustrated in an explicit construction of W for the non-extremal, non- 
supersymmetric dilatonic black hole. 



There are new results 108j that clearly prove that exactly for scalar target spaces 
that are symmetric spaces, the system is Liouville integrable. This covers all 
supersymmetric and non-supersymmetric solutions to supergravity theories in four 
dimensions with M > 2 and some with Af <2. What remains to be done is to give a 
construction of W in all these cases and investigate it properties. For non-extremal 
black holes, this is still largely unexplored. A related question is: what about 
multi-center configurations? For supersymmetric solutions, these can be obtained 
from a set of first-order equations [72( . Maybe some of th ese re sults are applicable 
to more general multi-center solutions. A hint is given in jl32l |. 



Black hole microstate in (super)gravity regime 

Ultimately, the question of what a black hole microstate is can only be answered 
in a full quantum theory of gravity. It is in this light that the fuzzball proposal of 
Mathur should be understood. Luckily, there is a large class of these 'microstates' 
that are solutions to the classical equations of motion of the theory, i.e. they are 
well described by classical supergravity. However, these classical microstates should 
be properly quantized to be able to explain the black hole entropy. Nevertheless, 
much can be learned from the classical description. We focus on the interpretation 
as multi-center configurations in four dimensions. New results are: 

t> An exact relation between fuzzball state of five-dimensional black rings and 
four-dimensional multi-center configurations. The latter configurations are 
microstates of a two-centered solutions in four dimensions, with total D4- 
D2(-D0) charge. 

1 This intuition comes from the structure of the superpotential for supersymmetric black holes 
W ~ e u \Z\, with \Z\ the central charge function. 
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> M2 probe states in an AdS3 x S 2 x CY 3 background of eleven-dimensional 
supergravity play a role in a successful entropy counting for the D0-D4 black 
hole. We found the backreaction of this system is of the form G6dcl 3 x S 2 x 
CY 3 , where G6del3 is the three-dimensional Godel universe. 

> The latter leads to a supersymmetric embedding of three-dimensional Godel 
space in M-theory, which was not done before. 

An entropy counting for the D0-D4 black hole was not obtained. The reason is 
that we could not link G6del3 to an asymptotically AdS space-time. Towards 
future research, it would be of importance to better understand the backreaction 
of these states, to shed light on the important question whether or not the entropy 
of the D0-D4 black hole can be understood from supergravity solutions alone, or 
one needs the full (quantum) string theory. This would shed light on the validity 
of using mainly classical geometries in the fuzzball and related proposals. 

Causality in gravity and unitarity in quantum mechanics 

There have been many examples constructed of seemingly well-behaved matter 
sources that give rise to space-time geometries with closed timelike curves (CTCs). 
However, the presence of CTCs leads to problems with causality. This has led 
Hawking to state the Chronology Protection Conjecture: regions of space-times 
with CTCs should not be formed in physical processes. This conjecture is similar to 
the Cosmic Censorship Conjecture of Penrose, which says that naked singularities 
should not be formed in nature. Both are physical requirements that, on the level 
of general relativity, one has to put in by hand, to exclude unwanted features. The 
extension of general relativity to supersymmetric theories and string theory, has 
shown that often, these requirements are automatically included by consistency. 
For instance, cosmic censorship often follows naturally in supersymmetric theories 
through the BPS bound for the mass of black hole solutions. Similarly, chronology 
protection seems to have a deeper meaning in supersymmetric theories. For 
many supersymmetric solutions to supergravity and string theory with CTCs, the 
presence of a causality violating regions in the space-time, goes hand in hand 
with unitarity violation in a dual quantum mechanics (by using the AdS/CFT 
correspondence). We have found a three-dimensional example, that gives further 
evidence for a deeper meaning of causality violation: 

> Through AdS/CFT, the condition for CTCs in the geometry is exactly the 
same as the one for unitarity violation in the dual CFT 

> The observations do not rely on super symmetry. 

A priori causality (a property of a classical geometry) and unitarity violation (in a 
dual quantum theory) are two totally unrelated concepts. The new example and 
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earlier ones suggests that there is a general connection between the two. It would be 
interesting to investigate this in more detail. A first idea would be to use aspects 
of the AdS/CFT, for example to compute the stress-energy tensor on the gravity 
side from the dual CFT and investigate its properties. Of related interest would 
be to extend these ideas beyond the AdS/CFT correspondence. 



A 

Some technical details 



A.l The §^fj sigma model (details for chapter EJ 

We define the SL(3, R)/ SO(2, 1) coset element in the Borel gauge 

L = exp(x 1 ^i 2 ) exp( X °£; 2 3) exp( X 2 £i 3 ) exp^fZo + \<t?H 2 ) , (A.l.l) 

where Hi and if 2 are the Cartan generators of st(3) and the E a are the three 
positive root generators. We use the fundamental representation of sl(3) and choose 
the following basis for the generators 





















2 











• 


: 









: 








^0 = ^ 2 0. ffi = I I) I) I . (A.1.2) 
and the three positive step operators 

E r2 = ( I , E 23 = (0 (I ll. E y , jo I) I . (A. 1.8) 






The generators T\, A = 1, . . . , 8, of SL(3, R) are given by 

Ta = {Hq, Hi, E12, E23, Ei 3 , Ej 2 , Ej 3 ,Ei 3 } . (A. 1.4) 
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Then the coset element is explicitly given by 



/ 1 ,1 1 ,2 $L \ 

'e"2v / 3 2<p e^x 1 e 2 (x°X 1 + X 2 ) 



L 



\ 



e V3 





e 2V3 2 ^0 

e 2V3 + 2 



(A.1.5) 



/ 



To find the metric on the coset we define the symmetric coset matrix M. via Ai = 
Lr]L T where rj is the matrix whose stabiliser defines the specific isotropy group 
SO(2, 1) of the coset. To reproduce the sigma model (|5.6.35p we choose 

7] = diag(+l, -1, +1) , (A.1.6) 
whereas the other sigma model (|5.6.52[) has another SO(2, 1) defined by 

7] = diag(-l, +1, +1) . (AT. 7) 

The metric is ds 2 = — \ T^dA'JdA^ 1 ), the Cartan involution for A <E sl(3, ffi) is 

0(A) = -r]A T r] . (A. 1.8) 



A. 2 Technical details for chapter [B] 

We solve the equations of motion (|8.3.7[) . (|8.3.8|) . 

It is instructive to note the differences with the flat space limit (I — > oo) of |206l |. In 
that scenario, the equation (I8.3.8j) for the conformal factor tfi is a Poisson equation 
with source, while we found a sourced Liouville equation (extra exponential term). 
Another difference is the topology of the spatial base manifold. In the presence of 
a cosmological constant, the spatial base has the conformal structure and topology 
of the disk, as opposed to the flat case where the topology and conformal structure 
are those of the Riemann sphere. In our case the equations ()8.3.7p . (|8.3.8p still have 
an elegant solution, but it is not straightforward to construct 'stringy' solutions 



where r has nontrivial SL(2,Z) monodromies as in [2061 ] . 



A. 2.1 Constant axion-dilaton: AdS 3 

When t is constant, we are in the pure gravity case and the metric (|8.3.4p describes 
local AdS3 , written as a timelike fibration over Euclidean AdS2 . We illustrate how 
AdS3 can be written in this form and introduce two usful coordinate systems. 
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The general solution to the Liouville equation (|8.3.8I) without source and to the 
equation for the one-form \ IjSHZt i£l 

e2 '=(T^l)2< X = 2Im^ + d/, (A.2.1) 

where g(z) is an arbitrary holomorphic function and f(z,z) an arbitrary real 
function. These arbitrary functions reflect the conformal invariance and shift 
symmetry of our Ansatz. The resulting metric is locally AdS3. This is made explicit 
through the coordinate transformation to global AdS3 coordinates (a,p,ip): 

t + f 

tanh(p) e^-^ = g(z), (A.2.2) 

in terms of which one obtains the standard global AdS3 metric (|8.2.1|) . AdS3 is what 
we expect, since r = est implies that the three-dimensional action just contains 
three-dimensional gravity and a negative cosmological constant. Moreover, this 
then gives the eleven-dimensional background solution AdS3 x S 2 x CY 3 . 



A.2.2 Holomorphic axion-dilaton solutions: Godel space 

We explore non-trivial (supersymmetric) solutions to the equations (|8.3.7I8.3.8|I . 
with non-constant axion-dilaton field, which should be seen as the backreacted 
geometries due to wrapped M2-brane sources. The class of solutions we find, has 
brane sources on the boundary, its local geometry is that of the three-dimensional 
Godel universe. In fact, the simplest solution is global Godel space, providing a 
new supersymmetric embedding of the Godel universe in string/M-theory. 



Solving the equations: We can solve the r equation (|8.3.5|) by taking r to be a 
holomorphic function: 

t = t(z). (A.2.3) 

This leads to 1/2-BPS solutions (see appendix of [p3])E1 Next we turn to the 
equation for the one- form \ (|8.3.7|) . It is solved by a simple modification of (|A.2.1j) : 

iFor notational simplicity we are a bit sloppy in distinguishing between the holomorphic partial 
derivative and the corresponding Dolbeault operator, denoting both with d. We trust the reader 
to distinguish between them by checking if the result is a scalar or differential form. 

2 We could take r to be antiholomorphic, which replaces brane sources with antibranes and 
preserves different supersymmetries. 
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X = 21m {d<t> + (1 - n)d In r 2 ) + d/. (A.2.4) 
Again, the arbitrary real function / reflects a shift symmetry of the metric Ansatz. 

It remains to solve the Liouville equation (|8.3.8f) for the conformal factor e 2 * in 
the presence of the source term. We write the equation as 



Ve 2 * = [ddln-~\e 2 * = -( f i-l)?^. (A.2.5) 



The source term on the right-hand side is quite special in that it is an eigenfunction 
of the the non-linear differential operator T> — 99 In — i. Indeed, we can write it as 

. ^.drdf „/ drdf\ . ^ 

Therefore a solution to the equation (jA.2.5[) is given by 

e 2 * = ^. (A.2.7) 



This solution is a special case of those obtained in [235j . Let us discuss the 
uniqueness of our solution. As far as we know, there is no proof of uniqueness 
of the solution (|A.2.7|) in the literature. Nevertheless, since we work in three- 
dimensional gravity, we know that a given energy-momentum tensor completely 
determines the local geometry, so that other solutions to (|8.3.8|) (if any) must 
give a locally equivalent metric. Boundary conditions then provide the global 
structure. However, there seems to be a unique simply connected and geodesically 
complete solution. In this solution the spatial base, parameterized by (z,z), has 
the conformal structure and topology of the disk, as in the case of global AdS 3 



The Godel solution: As discussed above, we can take r to be any single- valued 
(possibly multiple-to-one) meromorphic function from the upper half plane to itself. 
The simplest case, which we study in the remainder of this work, is to take 



t(z) 



(A.2. 



which is one-to-one and has a first order pole on the boundary at z = ioo. More 
general multiple-to-one maps can be locally brought into this form by a conformal 
transformation. With / = in (|A.2.4[) and defining z = x + iy the metric is 



7 2 1 

as = — 



-(dt + /!— f 
V 



dx 2 + dy 2 



y 



(A.2.9) 



3 We have not considered the interesting generalization of taking the base to be a quotient of 
this disk and r to have nontrivial SL(2, Z) monodromies. We hope to return to this in the future. 
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Rescaling t [it, one recognizes the metric of timelike warped AdS (see e.g. 216]) 
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